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Bayesian Analysis for Parameters of Multivariate
tFA model with Simulation
Abstract
In many kinds of pollution, such as economic and environmental pollution,
the researchers use the normal linear model to present their data studies. That
selection may be inaccurate because the data of those studies do not vacate
from outlier observations, which have great effect on the estimation problem
even if they are processed or removed from the sample study. These processes
lead to facts defacement to the decision maker. For that reason, the non-
normal linear models has been found out to combat that matter. That error
term in these models belongs to the family of probability distributions which
resist outliers, for example, the multivariate t and mixture normal
distributions.
The factor analysis model belongs to the family of linear models and

because the multivariate data sets do not vacate outliers .For this reason this
paper is concerned with studying the t factor analysis model. The model
analyzed by Bayesian technique in which the common factors are treated as
fixed and random variables . We supposed that all parameters of both two
models were unknown and their prior distributions belong to conjugate
families.

The number of extracted factors in factor analysis models cannot be
determined a prior .On this foundation, in Bayesian analysis, these factors are
treated as random variables. We obtained a posterior probability criterion to
choose the number of extracted factors for the two models. We choose the
number of factors in which they must be entered, and the model which they
have maximum posterior probability.

All results that we concluded were applied to empirical data sets which are
generated by simulation in two different sample sizes (n=50,100) at different
values of the degrees of freedom for the distribution of the error term. Also,
we selected different forms of factor loading matrix and variance matrix of
error term. Matlab (7.9) language is used in data generation and analysis.
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(29)

p(F | X )o

sp (F) daladl Jalsall ddgiiaal (5u) Lok

N

F =(HA0'W-1XJ.(|n —xwix)? +(30)

gl oyl ye (A) Jalsall cOlans dstad) Llalell 33U i) aisill slay) oy
t NV e o (02) 2 Basdd) (1AL F L) d @iad) @) sy

DA FX, o el exp {— 21 trwl[R +(AF = X AF = X) }} .

2
o

exp{- 2:_2 (,u—)_(x,u—)_(),} ..(31)

(10) sbaall 3 Lgigas Ga(Ry ) Aoladl) 3l Lle
t V) e 0 (A F) 3 diital) el Gad Jlaa¥) ayysill e Jseanlly

p(AF | X)o[[[pluAF oy | X, 02 )t (0% Hpdy do”

o’y u
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t e Jeant JalSl sy odlel b 5ysSaall Alslaall ilisSe e sl 2y

|PA|7m+n+g—p—2
P (A’ F | X )OO m+n+q-p-2

‘(A'PAlA)_l +(F-F,)z*(F-F, )" ’

S sl e Jeasi (F) I 4 el 8 3yl bl e JalSl ola) das
Y e Cipay sl (A) dalsal) st ddsiiaal Jaled) (322U

m+n+q—p-2 m+n+q—p-2

p(A|X)kP | 2 .|(A'PA‘1A)2 2|z - (32)

Z=1,+XP X - XPIA(APA) APX
F, = (APIA) APX
Pe =3 (x, X, X n{i— )i X) — XX"+ B+ AHA'~ AHA, — AgHA'+ AgHA,

j
j=1

Slagsill ga ol (A) Jalsall cDlant dsioad ol 3 Jia¥) aysll & Ly
Jalpall ddgias o dltal GOl Jal¥) asl) padtid Cagw Lild 13 Aailall dllaay
t Y ey (F) bl

_ p(AFIX)
PIATF.X) = p(F | X)

..(33)
ol yily g canlil) iuhcA (A) COLaadill ddghian e TN u_d\ Jgaal) T pa s il g

:‘:Jr—dmas(legj &

-m+n+q-p-2

2 .. (34)

p(A| lg,ono

RF+(A-AA)GA(A-AA)
F) F F
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!

G.=FF +H
F
! ! -1
A. =AO+(X—AOFJF [FF +H] PO
. )3

!

>

R. =3 (x, —x)x, - x) +B+AOHAO'—[X F +A0H]GA1[X F +AOH}
=

F =L

e S8 1A (A;j &) sl adgi (Matrix t-Distribution) as slss Jis (34) Alaleal

P s Aalall Jalsal) ddgiiney ddag piiall (A) Jalsal) Clans A8 giiadd aydll ()

n

-1
ABA0+(X—AOFJF{FF +HJ ...(35)

(pxq)

e Sl 5yl daleall 3 Cipmally calal) Jalsall Dlant A ghmal (G2) Ldie (S
) Tl el 38 hal Golad) ey ll sl Aabe Fbshmo e adimy =t V) ¢ o
Filter ) sl dusyy 4 gican Uadll mdy &, = X ~ Ay F Uaill a8 4icay (Sas HAT haa
.(Kalman Filter) ;al& claiye 4 sicas Ll ams «(Gain

Jelsill Glee s hals (31) Aabeall ) gsm gl any oslag) i o (1) Jamssiall anidl (Ga) osie U
) oy il o (FoAs o) clabadl ) A Leile

p(ul x,y/)ooj”p(y,/\,lr,m X, )f(o? do? dA.dF ..(36)

FAG?

() 2+ Bsial (g) Jasial) asial sl 33 Jaa¥) sl e doans JalSH) ey

t ) JSEIL haay die s

~y
/Jl X’l//~ Np(x’ﬁj
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5 (V/=VA/) 2 Bg il (Om) ey

Uy =X =2 .(37)

Laxie (A,F) 2 Jagpdal(y) 1 G JWia¥l aysill (e () 4 (G2) %o o Jsmand) 2y

) e (A,F):(A’\B,IQBJ

s P AFIX)
p(le,FB,AB) oA FX) ..(38)

Sl ga () e gsind Y Gl 250l ged ge oSl b 5ysSaal) Aslaall CHlisSa (imgsat ays

‘;fz}h Comy o) Gy ugSaa D Bl o Jiann il

F) F

m+n+g-1 _ !
pw | X, F,Apdy| 2 .exp{;ltry/1|:RF+(A-AAJGA(A-AEJ }}

sed (1) 3l S e Ul

!

A RF+(A_AF]GF(A_AFj
..(39)
m+n+q-2p-3

-
Il

Hlpde Sale () ¢oss Laxie 1L
: ) e 05K (02) 2 Bdall (1A ) clabeadl @jidal Gl Jiay) asl &)
plee, Ay | 2 pop(u). pldlpso ) plylo )

oo|l/,|m§q.exp{ Ly wl[B +(A—AO)H(A—AO)’}} ...(40)
20
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SV (F) 5 (X)) saalial 48 il 28U Ay Jlasy

p(x,, f, 1 A, 02 )=plx, | .0 A p,0% ) (£ lo?) .. (41)
t ) S e ey (07) 2 assdal) (1, Ay) Sledaall @ljisial) 30U s gl

o A | X, F, a2 o). p(X. F | 2, Ay, 02 )plus, Ao ?)

m+n+q
| { zznn}

-try T '
xp{ 2;’2 j_l(xj—y—Afj)(xj—y—Afj)+(A—AO)H(A—AO)+B} .(42)

Y e (A) 1 ohaledl B Jlaa) apsill slag) S

p(A] X, F)wIII p(,u,A,l//| X, F,O'Z)f (O'Z)d,u.d(//.dO'2

o2 A u

D e Juant JalSal) aey,

m+n+q—p-2

(A=A (A=) . (43)

(10) dslaall 8 ddyea (Gp s A R ) Gb Wle

Logpiall ye (A) Jalsal) cDlant dsiiad daledl GO ey aysill Jiai(43) dabaal
COLend Asiiaal (J2) Le (s ¢ (Matrix t-Distribution) es 815 Jier sy (o?) -
tosayodlel b )sSal agysill dad siall Aail (g5l (A) Jalsal

As = A, +e,F'(FF'+H)" ..(44)

(pxq)

il Ay dhgiasy bal) 23y« (X — AF) 3 gl o5S55 ladll aa Jiay (&) o) 3
(Kalman Filter) oellS sl o 48 sinay Lyl s «(Filter Gain)
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(025 As 1) ol Ao QS Hslae 1 55 ¢(42) Aslaall Y 5352l (1) 3 (o) e Sy s
o e s (F) 2 ial (i) Aaleall o ialell GadU ¥ a3 s e Jomni

p(l//|X,F)= J.“. p(,u,A,l//| X, F,Gz)f (crz)d,u.dA..dO'2

P A u

tle Joant (JalSill dlee sl eodled 85580 Asleal) ciliga g mysaill aayy

Py | X, Floly] 2. {w} ...(45)

14 Al e Alaia¥) ey ) e (F) = sl (i) 3 maled) 33U sl & Lass

t V) ey () A o sNeadl e 3331 w53l (Mode) J) siell padius o s Liild

Ln I f(x)dx > I Lnf (x)

Lnp(y | X,F)= [Lnply | X,F,0?)}f(c? o ...(46)
m+q -m+q-p-1
R_| 2 . 2 2 _m+g-p-1 1
o Fot) - gl L
m+a) \ m + 2
" ) 2

Lo duani ply | X F,0?) Gkl aadall sl sl sy

Lnply | X, F,0?)= LnK —%‘p_l Ln(o?)-M*+a=P=1 Loy~

5 -.(47)

le duani (43) Aaladl 3 il
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Ln(y | X,F)= j{Ln(K)—%_p_an(az)—erqz_p_l.Ln|y/|— _try 'R } (0% o
vo?

= Ln(K)—%_p_1 I Ln(oz)—%_p_l..f(az)daz —%_p_l.LnM I f((fz}io'2

Vol Vol

—gtry/'lR I ( )dO'

tle Juand () () Ao oDlel 8 8)sS0l) Alslaall 455 diusial) 305

oLnp(y | X,F) _ m+gq-p-1 & Loy |_litr| wR. (48)
ow 2 oy 20 F

DAY aall Alially sl Gablsie Clighian i Juals 5 diall sl acld dlasialys

:(Petersen and Pedersen,(2008)) el 2 8583l Aaladl) (e

a%tr(Ac *B)=—(c*BAC ) =—(CTATB'C )

A=1, ; X*'=y?' ; B=R: f e Jeant anll,
0 -1 - TpT,,, T . Q\ﬁ\_ﬂ
%tr(lpw Re)=—{v I Rew ) )

Jue (sl ddsiiad) 03] GusSadl Gl 1Y cililcie disias o () & ashe o WS,

Wt

oLn X, F m+q-p-1 . 1] . ' _
ply |X,F)__m+q-p-1 _[WlRpwl}
oy 2 2

t e Jeani iallodlel 85583 ddital slslues

oLnp(y | X, F) :[_ mtq-p-1, +1W_1RF'}//_1 o
oy 2 2
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t VS () d w ose Glo Jeas (i) ) s oSlel b35Sl Alslaal) Jass

‘PB:L
n+q-p-1

(10) Usleall 8 Ledyps Ga(R:) &) 3

sl GO sV gl ) gsall ade Joanit (1) Jwsiall 4nial (Ja) e L
t ol Ly Cipmy cale: illapuadill (any sha) anys ¢ (F,02) 2 g siiall (11, A, ) lalaall

-m+n+q _1 n ,
plee Ay | X, F.o? boly| 'exp{z Zijf,}'
O ja
n -\ -1 < -1 -1
exp{- oo (u=x) (y—X)}-eXIO{ZGZ try ™ [Re +(A_AF)GF(A_AF)]} - (50)

t VU L aie e (Fryp,0?) 2 dagpda) (1) 3 cdaledl GadU sy apysil Gla

g o=x=" ..(51)

fexall culal) L6
o Y (1) Leladl Alabaad) & Copmally ¢ Lalal) Jilail) 23 sal 518l PIA (e culilll 2l
die o sing aniall b Gl Luagitl 8 (X)) Jlsdall axiall & sl ey
aaally loledl Jlail) zagai) slSlaal) aladinly @lldy ¢ofive adg & ¢ (p=10) <iie

23a] eyl O s wysill G Ly « (Matlab 7.9) 4l alasiulys (n=100,n = 50)
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8 ey ¢ (A) alsadl cDiand dghany (g)) Waall 2y V) Bpall dap o ading Jalsal)
1 as Uadd) aad @il cpliily it ddsiome Jiah ) () J Ailide af pasd 23 388 (b
slelall Qb = Slail Al sdiall Ul Al 3 (A) 5 (v)

(tFA) zisail 4y il @il 1.6

@@ (V)  Ofiad Lyl 358 1, (0,v,p) e (n) pas I3 Adlpde Ao g L -]
t oY) e s () A shoad] JISaT 4D L jils (v =108)

w =05l ;o w=091,
w = Diag(0.9,0.9,0.9, 0.9,0.9,0.75,0.75,0.75,0.75,0.75)

sy Glie Gy ((1=50) aamy Uadll aal clie i e dand Cage Gl
.(n=100)

Ay g ol chale Jalse dusnd b z3sa¥) 3 AR Lalall Jalgal) 2 G i
(n=50100) anss t5(0,10,15) e Oitues ¢t5(0,8,15) (e (100,50) anas (st (e
Ay ) gikay) st (A) ol a3

05 0

o O O O O o
O O O O O O O o
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0 05]

Bl JSED5(0.7) 2 edel L S0l disiiad) 3 (05) dad JS Lsi(A,) SEI) IS

.(0.9) 2 (0.5) L

0
0
0
0
0
|
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f Y JRAIL A i (p) dawsid) 4xie—4
,u'=[0.301 0.379 0.479 0501 0.793 0.852 0.898 0.951 0.987 1.032]

Kronecker ) Laklis Ly (y) Lugiall daie (g ax tFA Gsyj Gl gSa Langxig

px1

Jeani Nivie (1@ p),, Slaugiall (e dighas o Juans (‘:XL

n

) claalsl asie ae (Product
el 85)€3d) eVl wiealy N=100 5 =50 alaa¥l X clilal) dsine e

S (A) Aaladl Jalsadl cDlians A siiad Gl aysill (A)) adsell dalea ddsias yaail
G I3(A,) wandl Legia JY) eial)l st ¢ Gmsbuie oba G Lnatl Al ans
Hiph Lesiol 3 o labdl Jidatll 3hh saal ¥ Al clly Jilas & 8, «(pxq)
Ay Lyen & delal Jalsall Claatl) ddghias (A,) ey Al ClS)al
& (7) Dabaadl ki) (H) ddgacad)l o (A) 3 Gl apsll 40l dadedlly  ¢(Varimax)
Cayes Lild (8) Alalaall & Capadls () 3 Golaal) aysilly ety Lashge (H =201, ) oy L il
(B=021,) 5 (m=4) dyall day
(tFA) gisal cilalua iy alall Jal sl 23t Gadl &35 2.6
st Aalall Jalsall 20al BN Jlaia¥) lme olion g el el o D g3al aaiiind
(oilsie e Sle (f) 5% Lexie (13) Aataddl Chasdind 3y ¢ (tFA) z3sail clabee i
Cism g JiaY) Aalad) Jalsall 220 L) &5 ¢ GO Jleisd agdall wigyleslll 38T 2y

(1) Jsanl il de IS 8 G0 JLisd rnke fiples) ST Wes (53 (Ul 3 Jay

(Q) Jalsall 23ad 3 Jleiad alall syl gl gy 2(1) Jsaal
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2019 (28) dxibasy) a glall 48| jal) dlaall

Slsie e Sle () o5 Laxie (tFA) z35ady

de gana (Q) Jalsall 2xe

Ll 2 3 4 5
1 -118.358 | -99.513* | -103.473 | -111.972
2 -113.569 | -109.641 | —-105.301* | -112.529
3 —-105.093 | -95.4450 | -83.920* | -104.723
4 -130.701 | -127.934 | -123.001 | —-122.995*
5 -127.995 | -112.203 | -126.081 | —-107.123*
6 -113.562 | -110.333 | -102.235 | -96.650*
7 -139.564 | -113.740* | -130.881 | -126.133
8 -136.221 | -121.007*| -129.469 | -132.384
9 -122.250 | -120.187 | —-118.975* | -121.022
10 -156.481 | -151.432 | -121.507* | -127.649
11 -151.191 | -148.126 | -150.221 | —-141.019*
12 -139.322 | -130.011 | -124.162 | —-102.026*

(Q) Jalsadl a3ad (rasall) B Jlatadld adall aly M oll A o) Jhiais *
235l ldedd s sl w8 ¢ Lelall Jiatl z3 50 Gaulid) Jalsall 3 a3 g
SR sl e (39) 5 (37) 5 (35) 5 (30) sledd il PAa o (o s AFS )
((2011 « 20a))

& 5583l VA aaals il LSy ((A) dshiaall (Ga) @liie dasde DA
COlend Bstas (o S pualic af Bl i) B pid) gl LS ad O oai ol
cyns e IS 8B gl (ULl dighias Al Aol vodgall dagas dalall Jalgall
CDlsend A gian o ae byl Ll Gulinn (A) Asiadl (Gy) L) gl Sl ad &)
claill a8 G e (Kas -(v=810) sl dapys (AgsA,sA,) Al Jalsall

aals ((v=10) dpa Aapn (Gn) cslul )08l (A) dstas 3 Jalsall dginall (Dlaaill)



BlSlaall aa cifpsiiall aaeia tFA 7igal cilaleal ju Jalad [136]
(v=8) Luie (A) ddgiaall jp idl dyginall dalall Jalgall Clanii ad e ST il
& (20) Uslaal) Crariinly ¢ Slgdall (IFA) #3503 dalall Jalsall 2o 508 5 Lgusis 43yl
Aple sl G ol 8 sS3dl (2) Jsaadly Aagall dalall Jalsall 23al 330 Jlaia¥) s

clall jaeals (Q=234,5) Levie dLaliivwall dalgall saal 33U Jlaiad apbal

(Q) Jalgadl 222l 3D Jlaiad canalal) 2igle gl ey 2(2) Jgaand)

Lilssie huxia (f,) 050 Ladie (tFA) z35aY

de gana (Q) Jalsall 2xe

bl 2 3 4 5
1 -240.516 | -168.210*| -221.305 | -198.508
2 -221.289 | -170.272* | -188.872 | -176.013
3 -213.409 | -193.615 | —-190.212* | -191.044
4 -268.599 | -266.391 | -210.604* | -237.139
5 -256.447 | -250.044 | -200.039* | -244.022
6 -220.328 | -218.456 | -210.076 | -207.191*
7 -227.508 | -244.072* | -268.222 | -260.681
8 -261.403 | -256.259 | -250.726* | -251.671
9 -229.114 | -193.044 | —-187.409* | -211.184
10 -278.153 | -230.227 | -227.001* | -256.974
11 -273.102 | -226.216 | -260.624 | —-213.238*
12 -250.588 | -233.130 | -246.681 | —227.877*

(Q) Jalsadl a3l (asall) B LD aplall wipple gl deg Jef Jici o
5 (49) ¥alaall aladsaly (115 w) (D) Chote Clia BiCa canliall Jalgal) 220 3aa% 22y
(44) Udleal p23iis (A) Jalgall Dlant 4 ghomal () e W« szl e (51)
(2011 ¢ 2eal) ki)
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Conclusions alalitiuy)
t ol L lellea) (S lalinin] (e degane () Auhall 038 (0 Juagill &

Clagial) ) iy (1) Jwsidl aniey oF) delsall ddshiadd G Jlaa¥) ayall &) .
Multivariate  Normal ) 5 (Matrix t-Distribution) a5 a5 cdailall ddlaay)
Glaal) e 0 () Wadl i) ol i)l daaass «(Beta) 5 (Distribution
Aalal) e ddlaay)

Ssie e e () 058 L tFA z3sail 3 Jalsall <Dlyand Bghaad (G2) e 005 -
dghal Bl aisill adsell Aadas ddshias o adiny 0 IV aba e St Jsdialls
md) Wilsde (& MNFA (f,) dlls 3 Lsas (s abiay (S Al Tas 4] lilime cDlentl
Kalman ) GallS ciladije 4 giae Lad o oFilter Gain) muijill iy 4dsiiae Uil
.(Filter

Glalall Jalaill el 3 liaall Ayginal) dalall Jalgall 232 G pail)l culall DA (e 0
Lalall Jalgall 230 32y 3 il aamy il Wilsdie Sldley ¢ Jlsde e Sale (f)) o5 Laa

Mgaj\ R 'B.JLJ)'.) MM\

Recommendations luasil)

N3l Aallae 2uy llyg dFA cytia ClelS 520 dbyaal legle Jeantivad) bl oy 4jlia o)
NFA alaaiul dalleall cliball Jeo daladl Jidssll oha) &5 ¢ cbpaiall saaiall cilibal) 8
. MNFA §tFA _adsails dalladd) Jd cililad) s

(D) @bt alagy ¢gaaal) Jal&ill Gihla saa] ) (Gibbs Sampling) (s Aules aladsial .
ol sl lalaal 33 i) aysill (s L Lelall Jlail Gsyg’i Cilaleal Ay il
Aaslal) ey clasll o
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) gl adaad daa)yled aladinly bl Jdadll gl Glaleal (Ga) Shaie alsg) W3
. (Expectation Conditional Maximization) \gil&iia

o) sl ety Lagd (adls Adia clily e Ayl il Gl .4
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