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ON MULTIVALENT HARMONIC MEROMORPHIC
FUNCTIONS INVOLVING HYPERGEOMETRIC
FUNCTIONS
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Abstract

In this paper we introduce a subclass of multivalent harmonic meromorphic functions defined
in the exterior of the unit disk by using generalize hypergeometric functions. We derived
sufficient coefficient conditions and shown to be also necessary for this subclass by putting
certain restrictions on the coefficients, distortion theorem, extreme points and other
interesting results are also investigated.
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1. Introduction

A continuous function f =u +iv is a complex — valued harmonic function in a domain
D c Cifboth uand v are real harmonic in D . We can write in any simply connected
domain D, f=h +§, where 4 and g are analytic in D .

Hengartner and Schober[3],considered harmonic sense preserving univalent mappings
defined on U = {z:| z [> 1} that map oo to oo and represented by
f(z)=h(z) +@ + Alog | z |where h(z)=az + Zanz’” , g(z)=pPz+ anz’” are

n=0 n=l1

analytic in U and | [>| B 20,4 € C, further ,let us denoted the family zp (H) consisting

of all harmonic sense-preserving multivalent meromorphic mapping

f(2)=h(z)+g(z) (1)
Where

M2)=z"+D a,,.2 """, g(2)=> b,z """ b, <Lz]>1 (2
n=1 n=l1
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For 0<a<2(1-k),0<A<1,—<k<1,0<0<10<&<landz=re”;1<r<ow;B,E 0and

N | —

a arereal .
Furthermore, for real or complex numbers «,,a,,.....,a, and

Bis By B (B, #0,-1,-2,-3,...; j =1,2,..,5) , we define the generalized hypergeometric

RN T o)
ful’lCthl’l’-"r'g'-“" vany hgy 1310 0uay [Hgs Z) by

=0 ,r_ ! oy )it

VIX] Jpasead C¥g In
p]i"_lg.l".l'_.....r.-lp...-"_.......-'3..-5_'= = - s — 3
n={]

|
In g ln T

S

(g<s+1liq.s € Ng=NU{0};:z € ld),

Where (x), is the pochhammer symbol, defined in term of Gamma function I",by
Fx+k
(), = Lo,
I'(x)
Corresponding to a function H ,  (&,,.....a; B5..., B32) = 2* aFs (Qyseeees @5 Brsens By 2)

, we consider a linear operator H , , («,,...,&; B,,..., B,; z) defined by the convolution

P

Z
H,(0)eees s Broes ) ¥ H |, (@ s Brseens By 2) :m.(u >—p)

Let H,, (a,....at ;B B,): zp(H) - zp(H) defined by
Hp,q,s(al,....,aq;,Bl,...,,Bs)f(z):HW(al,...,aq;ﬁl,...,ﬁs;z)*f(z) 4)

(@B, #0,-1,-2,3,.5i=1.2,0,q, j = Loys, > —ps f € ) (H);z € U)

For notational simplicity, we use shorter notation

H;l,q,s (al) = Hp(ala"'aaq;ﬁla"'aﬁx)

Thus, from(4) we deduce that after simple calculations, we obtain

(;u+p)n+p(ﬁl)n+p""(ﬁs)n+p Z—n+p71

n+p-1

Z(HE, (@) f(2)=z"+3)

n=l1 (al)ner"'(aq)ner

)

We note that the linear operator H is closely related to the Choi-Saigo-Srivastava

Operator [2]. In view of relationship (5)for harmonic function " = /4 + § given by (1),
we define the operator

H,,J(@)=H,, )+ H,, &)

Psq,s

We introduce the subclass GO,, (B, 4,k, p) consisting of all functions f satisfying
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A z(H% z)) /H* z
Rel(is ey Zhasd OV IH}, ()
Az(H,,, f(2)'/H,,  f(z)+(1-pi)
.The special case of this class was studied by A.R.S Juma et al.[5].Also the subclass of
Multivalent meromorphic harmonic functions with

- pk(1+ e’ )} > pa (6)

b

2 | p <1 (7)

n+p-1 ‘

o0
—(n+p-1)
Qs p-t ‘Z - Z

n=1

f:z”+i
n=l1

that satisfies(6) is denoted by @(,B ,A,k, p) The particular case 4 =0, p =1 recently
is investigated by [4] for univalent harmonic functions defined in U ={z:|z |< 1}..

We also note that the class of harmonic multivalent meromorphic functions have been
studied by O.P.Ahuja and J.M. Jahangiri [1].

In order to study the various properties of GO,, (B, 4.k, p)) we need the following result
Due to O.P. Ahuja and J.M. Jahangiri[1].

Theorem 1: Let f=h +§ with # and g are given by (2). If

an+p71‘+ | bn+p—1 |S p-

S (n+ p—1)

Then f is harmonic, sense preserving and multivalent in U and f € zp (H).

Theorem 2: Let f=h +§ with 4 and g are given by (2).Furthermore ,let

i{[2(n+p—l)—p(a +2k)(An+2pA—-A-1)]

n=l1

x (An—A+1)]|b

a,., | +[2(n+p—1)— p(a +2k)

wipa T3 (n) < p(2-2k —a)

©)
1 U+ P) (B iy (By)
2 (&) e (@y) sy

is sense preserving multivalent meromorphic harmonic functions with f € GO,, (S, 4,k, p)

Where 0<a <2(1-k),0<A<1,—<k<land T} (n)= "2 Then f

Proof : If the inequality (9) holds for coefficients of f =h +§ , then by (8), f is sense

preserving and harmonic multivalent in U . Now we want to show that feGO,(B,A,k,p).
According to (6) we have

Re [2(H}, 1(2) -z(H)  2(2))]1+e"”)
Az(Hp, W2)) —z(H}, g(2)))+(1-pA)H, hz)-H, g(2))

where z=rei7,0£7/£2ﬂ,0£r<l,0£a<2(1—k),0£2.£1,%£k<l,0£0<l,0£§<l.

—pk(1+e*) > pa,

Let N(A,z)=z(H! h(z)) —z(H!:, g(z))11+e”)— pk(l1+e*)[
Az(HY , W(z)) —z(H, 2(2))+(1-pA)H ), h(z)-H) g(2)]
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and

M(A,z) = 2z(H,,, h(z)) —2(H,,, ,g(2)))+ (- pA)H,, h(z)-H,  &(2)).

By using the fact Rew > pa if and only if |p(1 -a)+ w| > p(1+a)—w], it is enough to
show that

|p(1—a)M (A,z)+ N(A,2)~| N(4,z) - p(1+ )M (Z,2) |2 0.

Therefore

N{X z) +p(1 —a)M(Xx, 2)| = (1 + €4 (2(H? h(2)) — 2(H, .9(z) ) — pk{1 + %)
P\ P

pg.a’tL

A(=(HE, Jh(2)) = 2(Hpgeg(z)) + (1 = pA)(HL, (2) + Hpgag(2))] + p(1 — a)[M2(HE, Jh(z)) -

Pg.s L pg.a' L

+(1 — pA)(HE, h(2) + Hi 2D

pg.a'l

= |[(1 + €¥) — pAk(1 + €%) + pA(1 — a)]z(HE, h(z))

(1= pA)pk{(l + &) — p{1 — a){1 — pA)|HE, hiz)— (1 +e?) — Apk{1 + €€) + p(1 — a)\]z( HE.

gty

—=pk{{l + €)1 = pA) = p{l —a){l — pA)|Hs, 90z}
FILHAY N Py \ M HUipg.ed0 2,

o0
= |[{1+ g“;;- — pAk(l + %) + pA{1 = a)][pzF - z-::;rr +p = ansp1Ty{n)2 ';”+p_-'\']
n=]

s n}
=[{1= pAlpk(l + %) = p(1 — a){1 — pA)]l2F + Z rfn_,_p_;T;::n}z_';”"'p_.':]

n=l
£
—L] - gj'g:.l -_ p},,k:‘]_ - glhu -+ p 11— I,Jl. _ Z{:I? = ],‘-'hn+p—'TP \ T2 1'Z_L*’:_"p_-'

s =
=lpk{l + €91 — M) = p{l — o)1 = pAl] by n 1 T {n)z—(rtp-1}
PR FA A o A Al +p Bt

n=1

> (3p— 2kp — pa)|2ff - Z:E:n +p=1)+pl=a-2k)(;n+2p = -1)] x

|#nip—1 |Tp'”£n}|z|_f”+p_:: - Z'_E::n +p=1)+p(l=a-2k)(In =+ 1)]|brip |Tp“::n}|z|_"”+‘='_"\'
n=]

Also we have
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IN(M z) = p(1 + a)M(X, 2)| = |1+ %) (2(HE, h(2)) — 2(Hg.sg(2)) — pk(1 + €*) x
'_AZ:Z!'_H;q_ah (2)) = 2{H}os0(2))") + (1 = pA) H‘,':_,I,_a}r::z} + Hiag(2))]

=p(1 + o) [Mz(H} h(z)) = 2{ Hpgsg(2))) + (1 = pA)(Hp, ,hi(2) + Hpgag(2))]]

=|[{1 + %) = pkA(l + %) — pA(1 + a)|z(H*. k(z)) = [(1 = pApk(1 + %)

P48

+p(1 + a)(1 —pA)|HE, Al(2z) = [(1 + &¥) — Apk(1 + e¥) — p(1 + a)A|2{ Hhqeg9(2))

—pk{l1 + €)1 = pA)+p(l + a){l — p\)|Hfq.9(z)]
o a
> (pa + 2pk — p)|z|F + Z'_E:'_rr +p—-1)—pll+a+2k){n+2p-A-1)] x
n=]
=
|@n_p_1 [T {m)|z|~m+F-1) 4 Zi?f_r: +p—1)=p(2k+ 1+ a)(An = A+ 1)]|bpypi |TE(n)| 2|~ {m+P1,

n=1

Thus,

|p(1= )M (A,2) + N(A,2)| = [N(%,2) - p(1 + )M (2, 2)|

—(n+p-1)

>2p(2-2k—-a)z|" =2) [2(n+ p-1)— p(a +2k)(An+22p - A-D]a,,,, \T;‘ (n)z
n=l1

— 2i[2(n +p=1)—plo+2k)(An— A+ 1)]b,,+p,1\T; ()| z"7> 0 (by (9)).

So, f €GO, (B,A,k,p).

Theorem 3: Let f =h +§ with 4 and g are given by (2).Then f € GO, (B,A,k, p) ifand
only if
Z{[2(n+p—l)—p(a +2k)(An+2pA—A-Dla,,,  +[2(n+ p-1)— p(a+2k)

n=l1

x(An=A+Dp,,, 3T (n)/ p2-2k-a)<1

(10)
Proof: The "if" part is clear, since GO,, (S,,k, p) = GO, (B,A,k, p),for "only if" part we
show that f ¢ @( B, 2, k, p) if the inequality (10) does not hold. So, we must show that

Re z(Hy, h(2) —z(H}, g(2)) (14 pk(1+¢5)— pa)
Az(HY, h(2)) = z(H ), g(2))+ (1= pA)H ), h(z)-H}, g(2))
= Re{iz)} >0, where
D(z)
C(z) = z(H}, h(2)) —2(H, . g(2))11+ ") — pk(1+e™) + o) x
[Az(H ), h(2)) —2z(H}, g(2))+ (- pA)H,, z)-H}, g(2))],
also
D(z)=Mz(H,, =2) —z(H,, g2)]+(1-pl) (H,, 2)-H,, g(2)) ,
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then

C2)=pR-2k-a)|z|’ —i{[2(n+p—l)—p(a+2k)(ﬂ.n+2pﬂ.—ﬂ.—l)]an+p71 | T, (n)x

n=1

| 2" H2(n+ p-1) = p(a+2k)(An - A+ Db, , 3T (n) | 2|77

n+p-1

and

Upon choosing the values of z on the positive real axis, where z = r < 1,then we must show
that

{(2—2k—a)—i{[2(n+p—l)—p(a+2k)(ﬂ.n+2pﬂ.—ﬂ.—l)]

an+p71‘ +

by, TS (n) /41 - i (An+2pA—A—1)

n=1

+[2(n+ p—1)— p(a +2k)(An— A +1)]

an+p—1‘Tpu (n)’,.*(”*zP*l)

+y (An=A+D)b,,, T (n)\ | 2P > 0, (11)
n=l1

We note that the last inequality is negative for r sufficiently to 1, then the inequality (10)

does not hold, therefore Re{%} is negative .This contradicts the required condition
z

for f € GO, (B, 4.k, p).
Next we obtain the distortion bounds and extreme points.

Theorem 4: (Distortion Bounds) : Let f € GO,,(S,A,k, p) . Then
|f(2)<r”+pQ2-2k—a)r™" and |f(z)2r"—pQ2-2k-a)r”

Proof: Let / € GO,,(B,A,k, p) .Then for |z| =r>1,we have

. ——(n+p-1)
|f(Z)| :| Zp + Zaner—lTpu (I’l) | Z | (rer=h _aner—lTpﬂ (I’Z)Z

00

—(n+p-1
S ]/'p + Z(anerfl + bl’l+pf1 )Tp‘u (n)r (n+p )

n=1

—(n+2p-1
an+p71‘ + bn+p—1‘)TpH (}’l)l" (r+2p=h

<r? +r7”2(
n=1

<r? +r7”i{[2(n+p—l)—p(a+2k)(ﬂ.n+2pﬂ.—ﬂ.—l)]

+[2(n+ p—1)— pla +2k)(An— A +1)]
<rf+p2-2k-a)r .

an+p71TpH (n)‘r*(nﬂp*l)

bn+p71Tpu (n)‘r*(’ﬁzl’*l) ]}

The left hand inequality can be proved by using similar arguments.

Theorem 5: (Extreme point): The function f(z)=h(z)+ g(z) € GO, (B,4,k, p)if and

only if  f(2)=D(S,, 1l 1 (D) +T,,, 18,0, (D)2 €U, p 21 (12)

[122]
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Where
hP*I (Z) = Zp > hﬂ*’p*l (Z) = Zp + p(2 — 2k — a) Z*(”er*l) s
[2(n+ p—1)— p(a +2k)(An+2pA—A-DIT} (n)
2-2k—-« .
8,1 (2)=2".8,,, () =2" - P ) J—

[2(n+p—1)- p(a +2k)(An+2pA—A—-DIT,) (n)

For (n>1), Z(Snw +7,.,0)=1S,,,,20,T, 20 Inparticular the extreme points of
GO,/ (B.2.k,p) are {h,,.,fand g, }.

Proof: Suppose that f can be written of the form (12),then

f@)=8,h,,(2)+T,,g,,(2)

+iS (" + p2-2k-a) Zf(nerfl))
rep-l [2(n+ p—1)— p(a +2k)(An+2pA— A —-DIT¥ (n)

+i T @ - p2-2k-a) P
et [2(n+ p—1)— pla+2k)(An+2pA—A-DIT (n)

= (S ATy )+ Y p2-2k-a) 5 g _
=R ’ S 2+ p—1) - pla+2k)(An+2pA— A= DITH (n) """

p2-2k-a) zf("“’*l)]
[2(n+ p—1)— p(a +2k)(An— A+ DIT, (n) Lripar _

Since

i T (MQ2n+p-1)-pla+2k)(An+2ip -2 -1))x
p(2-2k-a)
[2(n+ p—-1)— p(a +2k)(An+2pA—A=DIT, (n)

S, p)+ Q2+ p=1) - pla +2k)(An - A +1))x

p(2-2k-a)
[2(n+ p—1)— p(a +2k)(An — A+ 1)]T/ (n) T} = P2k =@ S+ L)
<p(2-2k-a).

So by Theorem 3, f € GO,,(B,4,k, p).
Conversely, if f € GO, (B,4,k, p), then by Theorem 3 we have

im[(%n +p=1)=pla+2k)(An+2ip-A-D)a,,, T} (n)+

Q(n+p—1) - plac+2k)(An— A+ )b, T (m)]<1.

n+p-1
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_[2n+p-1)— pla+ 2k)(An+2pA—A-=DIT) (n)

Putting S =
S nepm P2 -2k-a)
2n+p-1)— + 2y An—- A +DT*
I . :[ (n+p-1)-p(a )(An T, (n) 0<S,, <1 and
p(2-2k—-a)

r,,=1-§,,- z (S, 0 +T,.,,),we get required result.
n=l1

We define the convolution of fand gas f * g by the following

——(n+p-1)

) B o )
(f * g)(Z) = Zp + zaner—lanrple rep D _ zanrpfldnerfl z
n=1 n=l1

for

= T © ——(n+p-1)
f(Z)=Zp +zan+p712 (rer=h _zanrple

n=l1 n=l1
and

——(n+p-1)

) B o )
g(z)=zp +zcn+p712 (rer=h _zdfﬁpflz
n=1 n=l1

Now we verify the convolution and convex combination properties of the class
GO, (B, Ak, p).

Theorem 6: If f(z) € GO, (a,A,k, p) and g(z) € GO, (B,A,k, p), then for
0<pB<a<21-k),f*geGO,(a,ik,p)c GO, (B,,k,p).

Proof: By assumption f(z) and g(z) satisfy the coefficient inequality (10), then we have

> [2(n+p-1)—pla+2k)An+2pAl— A —-D]T(n)
z [ . an+p—lcn+p—1 +
p p(2-2k-a)
i [2(n+ p—1)— p(a +2k)(An— A + DT, (n) ]
p p(2-2k-a)
< i [[2(n +p—-1)—pla+2k)An+2pA—A—-1)] Gy
p p(2-2k-a)
S[2(n+ p—1)— p(a+2k)(An— A +1)] 4
; p(2—2k—a) bn+p71 ]Tp (n)

The last inequality bounded by 1, since f € GO, (a,A,k, p)so,

f*geGO,(a,A,k,p)c GO, (B,4,k,p).

Theorem 7 : Te family GO,, (a,4,k, p) is closed under convex combination .

Proof : Let f,(z) e GO, (a,A,k, p)for j>1 be defined by the following form

——(n+p-1)

0 0
_ ~(n+p-1)
fi(z)=z2"+ Zanw—l,_/z - anw—l,_/z (@, 2 Oandb,, ., ; 2 0).
n=1 n=l1

Therefore by Theorem 3 , we have
[124]
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[

i 2(n+p-1)— p(a+2k)An+2pl -1 -1)]

a .
p(2-2k—-a) ey

pla+2k)(An— A +1)]

i[2(n+p—1)—

by TH (M) ST o, (13)

p(2-2k-a)

Then we can write for ZS_/ =1,0<§, <1, the convex combination of fas

n=1

sz(Z)—Z +Z(ZS/ le/)z*(fﬁp 1) z(zs/ ’le/ (n+p71)'

n=l j=1 n=l j=1

From (13) we get

i [[2(n+p—1)—p(a +2k)(An+2pA -2 =DIT; (n)

n=l1

[2(n+ p—1)— p(a +2k)(An— A + DIT, (n)

p(2-2k—-a) Z‘ Guprs)

P(2-2k—a)
[2(n+ p—1)— p(a +2k)(An+ 2pﬂ, - A=DIT) (n)

(Z Sibyipa;)]

a .
p(2-2k—a) S

[2(n +p—1) - pla+2k)(An— A +DIT, (n)

pQ2-2k-a) ’””"]}Sgl

Therefore

S5 f,(2) € GO, (. Aok, p).
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