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Idempotent Reflexive rings whose every simple singular right module
are YJ-injective
Mohammed Th. Younis AL-Nemi’

ABSTRACT

In this paper we study rightidempotent reflexive ring whose simple singular
right R-module isYJ-injective, we prove that this type of ring is right weakly

T = regular ring, we show that if R is N duo or NCI ring and R is right idempotent
reflexive ring whose every simple singular right R-module is YJ-injective then R is
reduced weakly regular ring
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1- Introduction

Throughout in this paper B is associative ring with identity and all modules
are unitary. For a subset £ of B | the left(right) annihilator of X in R is denoted by
I(X)r(X).If X ={a}, we usually abbreviate it to la)(r(@))- we write
J(R), N(R), N*(R), P(R), Z(R) for the Jacobson radical, the set of

nilpotent elements,the nil radical (that means the sum of all nil ideals), prime radical
(that means the intersection of all prime ideals) and left singular ideal respectively. A

ring R is called NI if N*(®®)=N@®)[6]. A ring R is called 2-primal if
N(R) = P(RI1). et I be a right (left) ideal of R,then R/I is a right (left) N-flat if and
only if for each @€ I. there exists be I gnd positive integer n such that
a™#0 and a" =ba"(@" =a"b)[8]. A ring R is said to be right weaklZ = —
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regular ring if for each @ € R | there exists .€ € R and positive integer n such that

A ring R is said to be right weakly regular ring for each @ € R | there exists

b.c € R guch that Call a ring R, S-weakly regular ring if

a € aRa*R. for all Call a ring R NCI if N(R) is contain a non-zero ideal
of R whenever N(&) # 0. Clearly, NI ring is NCI [3]. A ring R is said to be N duo if
aR=Ra, for all @ € N(R)[]2].

A ring R is said to be reflexive if @RP = 0 implies PRa =0 for A
ring R is said to be right idempotent reflexive if €Ra =0 implies @Re =0, for

A right R-module M is called Yl-injective if for any O # @ € R, there
exists a positive integer n such that @” # 0 and every right R-homomorphism of
a™R into M extends to one of R into M [11].YJ-injectivity is also called GP-
injectivity, by several authors [5].

2. Some properties of idempotent reflexive ring whose simple singular
module is YJ-injective.

In this section we give some properties of right idempotent reflexive ring
whose every simple singular right R-module is YJ-injective then R is semiprime,
J(R)=0, and right weakly ™ = regular ring.

Every semiprime ring is reflexive, and every reflexive ring is right idempotent
reflexive, but Kim in [4], gives example of right and left idempotent reflexive ring
but notsemiprimenor reflexive ring. The next theorem gives condition makes the
idempotent reflexive ring implies to reflexive and semiprime ring.

Theorem 2.1

Let R be a ring whose every simple singular rightR-module is YJ-
injective. Then the following conditions are equivalent:

1- R is semiprime.

2- R is reflexive ring.
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3- R is right idempotent reflexive.
Proof:
1—2—3, it is clear.

3—1
We shall show there is no nilpotent ideal in R, if not, suppose there

exists0 # @ € R with (@R)* =0 aRaR =0 _ that is mean RaR € (@) there exists a
maximal right ideal M of R containing r(a).if M is not essential, then
M =r(e)ywhere 0 #e=¢e*€R since RaR € rlade M = *r'[e], then eRaR =10 oo
eRa =10, since R is right idempotent reflexive ring,
aRe = 0,ae = 0,e e rl@) € M =r(e), e* = 0. which is a contradiction. Therefore M

is an essential right ideal of R,we get that . Hence, there exists appositive integer

n=1 such that @ # 0 and any R-homomorphism of @ R into R/M extends to one of R
R

f: aR — -
into R/M, we define = such that flar)=r + M \yhere ¥ € R 1t is clear that

f is well define right R-homomorphism, since R/M is YJ-injective, there exists

R
b+Me -
such that

1+M=f{r:z:}=(b-M}[a+M}=ha+M,1 +M = ba +M,1-bﬂEM;since

, we get that 1 € M. which is also contradiction. Therefore @ = 0 | This is shows

that R is

Theorem 2.2

Let R be a right idempotent reflexive ring whose every simple singular rightR-
module is YJ-injective. Then R is left nonsingular.
Proof:

Let @ € Z(Rguch that @a* = 0. then either or not, if not, there exists a
maximal right ideal M of R containing RaR +7{a). If M s not essential, then
M=r(e).where 0#e=e*€R  gince RAREM =1 then eRaR=0 ¢
eRa = 0.By the same method as in the proof of Theorem 2.1, we get that
RaR +r(a) = R.in particular there exists YZ€R and ver@ guych that
yaz+v=1, ayvaz + av = a,ayaz = a, gince @ € Z(R), then yvaz € Z(R), that is
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mean 0'az) is essential left ideal of R, so {vaz)NI # 0 for all left ideal I of R, in

special case we take / = Ra. then [(raz)NRa # 0,50 there exists for some
d € R0 = xyaz = dayaz = da = X, gince @VaZ =@ _ we get that ¥ = 0. therefore
Iraz)NRa =0, put [vazdis essential left ideal of R, it follows that R@ = 0. that is

mean @ = 0. Therefore R is left non singular.
Theorem 2.3

LetR be a right idempotent reflexive ring whose every simple singular rightR-

module is YJ-injective. Then R/ J(R) is N-flat left R-module.
Proof:
We shall to show that R/ J(R) is N-flat left R-module, if not, suppose there

exists0 # a € J(R). either or not, if not,
. . . . .. n n .
there exists a maximal right ideal M of R containing Ra"R +r(@")hif M s not
essential, then M =7(lwhere 0#e=e*€R gince Ra"Re M = r(€) then
eRa"R=0 o eRa" =0. gince R is right idempotent reflexive ring,
a"Re=0,a"e=0,eer@")cM=r(),e*=0. which is a contradiction.
Therefore M is an essential right ideal of R, we get that R/M is YJ-injective, there
exists a positive integer n and @™ # 0 such that any R-homomorphism of @"R into
:a"R - - n
R/M extends to one of R into R/M,let = such that f@"r)=r+ M. where
r € R | fis well defineright R-homomorphism, since R/M is YJ-injective, there exists

R
b +Me —
[ such that 1+M=f(a™ )=(b+M)(a" +M)=ba™ +M,

1+M=a"b+M,1 - ba™ € M.since ba"™€ Ra"R € M.we get thatl € M. which is a
contradiction. That is mean Ra"R +7@") =R, ip particular there exists .Z € R
and ver@”) such that

yaz v =1, aya"z +a"v = a",a"ya"z = a",

b
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since@ € J(R). 50 , a"d=a",with a” # 0 _ Therefore J(R)is N-flat left R-
module.

Lemma 2.4

Let R be a right idempotent reflexive ring whose every simple singular rightR-
module is YJ-injective. Then J(R)=0.
Proof:see Kim [4].

Corollary 2.5
Let R be a right idempotent reflexive ring whose every simple singular rightR-
module is YJ-injective. Then N*(R) =10
Proof:
SinceN"(R) is the large nil ideal of R, It is clearly that J(R) contains every nil ideal, so

N*R) € JR).but /R = 0. by Lemma 2.4. This is shows that N*(R) = 0.

Theorem 2.6
Let R be a right idempotent reflexive ring whose every simple singular rightR-

module is YJ-injective. Then R is right weakly ™ —vegular yjpg
Proof:

Let @ € R, then either or not, if
not, there exists a maximal right ideal M of R containing F@ "R+7r@") If M g not
essential, then M =7(hwhere 0#e=e*€R since Ra"Rc M = () then
eRa"R=0 g, eRa"=0. gsince R is right idempotent reflexive ring,
a"Re=0,a"e=0,eer@)ecM=r()e*=0. which is a contradiction.
Therefore M is an essential right ideal of R, we get that R/M is YJ-injective, there
exists a positive integer n and @™ # 0 such that any R-homomorphism of @"R into

:a"R - — i
R/M extends to one of R into R/M, let = such that f@"r) =7 + M, where
T €R | as we show in Theorem 2.2, f is well define right R-homomorphism, since
R
. .. . b+Me -
R/M 1s YJ-injective, there exists - such that

1+M=f(a™ )=(b+M)(a@"™ +M)=ba" +M,

1+M=ba™ +M,1 - ba™ € M.sinceba™ € Ra"R € M.we get thatl € M. which is a
contradiction. That is mean Ra"R +7@")=R, jn particular there exists .Z € R
and v € 7@") guch that ya"z + v =1, a"ya'z + a"v = a", a"ya"z = a®, for

all@ € R. Therefore R is weakly ™ — regular ,jpg
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3.ldempotent reflexive ring whose every simple singular module is YJ-
injective and it relation with other rings.

In this section we give different condition to the Idempotent reflexive ring
whose every simple singular module is YJ-injective to get the reduced, weakly
regular, S-weakly regular ring.

Remark (1)
N duo ring whose every simple singular right R-module is YJ-injective need
not to be reduced ring as we show in this example.

Z., Z
rR=[¢ 7] o
Let 0 Z.1 where Z: is the ring of integer modulo 2. Then the only

b ol
nilpotent element in R is lo  0l.

Np_[@ 1[é: Z]_[o Z
[g u]R‘[g u] 0 Z,l_[n n~2
1 [Z: Z0 13_ 0 Z,
R'E u]_ 0 ZE]LOJ u]_lz u]
That is mean R is N duo ring, and clearly every simple singular right R-
module is YJ-injective. But R with this condition need not be reduced, therefore R

need another condition to get reduced ring. The following theorem with condition that
the ring it well be idempotent reflexive ring make the ring is reduced.

Theorem 3.1

Let R be N duo and right idempotent reflexive ring whose every simple
singular rightR-module is YJ-injective. Then R is reduced ring.
Proof:

We shall to show that N(R) =0, if not, there exists 0 # @ € NR)yith a* = 0,
if aR+r(a)=R. there exists a maximal right ideal M of R containing
aR + r(@kthen by the same method as in the proof of Theorem 2.1, M must be

essential right ideal of R, we have . Hence,there exists
appositive integer n=1 such that @ ¥ 0 and any R-homomorphism of & R into R/M

R - —
extends to one of R into R/M. Let = such that flar) =r + M \where , fis

well define right R-homomorphism, since R/M is YJ —injective there exists

R
b -I‘-J'l-'ij

- such that
1*tM=f(a)=(b+M)(a+M)=ba+M,1+M=b+M,1-baeM, gince R is
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N duo ring and @ € N(R), we get aR=Ra, , sol € M. which is a contradiction.
Therefore @R +r(@=R. [ particular there exists Z€R and V€ r(@) such that
az +v =1,a°z + av = 0 = a.for a]] @ € NR). This is shows that R is reduced ring.

Remark (2)
NCI ring whose every simple singular right R-module is YJ-injective need not
to be reduced ring, the ring in the example of Remark(1) every simple singular right

R-module is YJ-injective, also the ring is NI ring, where NR)= {[z 0 ]} every NI
ring is NCI. The ring R is satisfies two condition and it is not reduced, the following
theorem with the condition right idempotent reflexive ring make the ring reduced.

Theorem 3.2

Let R be NCI ring and right idempotent reflexive ring whose every simple
singular rightR-module is YJ-injective. Then R is reduced ring.
Proof:

We shall to show that N(R) =0, if not, @ # N(R), since R is NCI ring, so N(R)
is contain a non-zero ideal I, but I is nil ideal, It is clearly that J(R) contain every nil
ideal,since R is right idempotent reflexive, so form Proposition 2.4, we get that

JR)=10,5 1€JR)=0,1=0, that is mean must N(R) be in ideal, similarly
N(R) € J(R) = 0, N(R)=0.This is shows that R is a reduced ring.

Theorem 3.3
Let R be a right idempotent reflexive ring whose every simple singular rightR-
module is YJ-injective. Then the following conditions are equivalent:
1- R is reduced ring.
2- R is N duo ring.
3- R is 2-priaml ring.
4- R is NI ring.
5- R is NCI ring.
Proof:
1— 2, it is clear,2 — 1. by Theorem 3.2
1—3—4—5 itisclear, — 1. by Theorem 3.1

Theorem3.4

Let R be a right idempotent reflexive ring whose every simple singular rightR-
module is YJ-injective. Then R is weakly regular ringlf R satisfies one of the
following condition.

1- R is reduced ring.

2- R is N duo ring.

3- R is 2-priaml ring.

4- Ris NI ring.

5- R is NCI ring.
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Proof:
We shall prove R is weakly regular when R is reduced, and prove of the other
condition clearly from Theorem 3.3.

We shall to show that RAR +r@d) =R, for all d € R.if not, there exists
0 # a€R.guch thatRaR +r(@)# R.there exists a maximal right ideal M of R
containing RaR + r(a), since R is reduced, then M is essential right ideal of R. we

have . Hence,there exists appositive integer n such that @™ #0 and any R-
. :a"R - -

homomorphism of @~ R into R/M extends to one of R into R/M. Let - such

that f@"r) =7 +M wherer € R. fis well define right R-homomorphism, since R/M

R
b +Me -
is YJ-injective there exists - such that

1+M=f@)=0G+M@"+M)=ba" +M,1-ba" e M, ba"™ e RaRe M, 1

which is a contradiction. Therefore RaR +7 (g)=R, for all a€R. In particular there

exists y,= € R and v € 7@ gych that yaz + v =1, ayaz + av = ayaz = a. This
is show that R is rightweakly regular ring.
a(l -yaz)=0,1-yaz e r(a) = l(a), gince R is reduced ring,
(1 -vazla=0, a = yaza. so R is also left weakly regular ring. So R is weakly

regular ring.

Corollary 3.5

Let R be a right idempotent reflexive ring whose every simple singular rightR-
module is YJ-injective. Then R is S-weakly regular ringIf R satisfies one of the
following condition.

1- R is reduced ring.

2- R is N duo ring.

3- R is 2-priaml ring.

4- Ris Nl ring.

5- R is NCI ring.
Proof:

From Theorem 3.4, R is reduced ring if it is satisfies any above condition.
Since R is reduced weakly regular ring, then R is S-weakly regular ring.

[153]

e M,



The Fourth Scientific Conference of the College of Computer Science & Mathematics

References

1.

10.

11.

12.

Birkenmeier, G. F. Heatherly, H. E. and Lee, E. K. (1993), Completely prime
ideals and associated radicals, Proc. Biennial Ohio State-Denison Conference
1992, edited by S. K. Jain and S. T. Rizvi, World Scientific, Singapore, New
Jersey —London-Hong Kong, pp. 102-129.

Gupta, V. (1976/77), Weakly ™ —regular rings and group rings, Math. J.
Okayama Unvi., Vol. 19, No. 2, pp. 123-127.

. Hwang, S.U. , Jeon, Y. C., and Park, K. S. (2007), On NCI rings, Bull. Korean

Math. Soc., Vol. 44, No. 2, pp. 215-223.
Kim, J. Y. (2005), Certain rings whose simple singular modules are GP-
injective, Proc. Japan Acad., Vol. 81, Ser. A, No. 7, pp. 125-128

. Kim, N. K. Nam, S. B. and Kim, J. Y. (1995) " On simple GP-injective

modules" Comm. Algebra, Vol. 23, No. 14, pp. 5437-5444.

Lee, Y. and Huh, C. (1998), A note on T = regular rings,KyunGpook Math.
J., Vol. 38, pp. 157-161.
Mason, G. (1981), Reflexive ideals, Comm. Algebra, Vol. 9, No. 17, pp.1709-

1724.

Mohammed, H. Q. (2009) “Certain type on injectivity, flatness and regular
rings”Ph. D. Thesis, University of Mosul, Iraq.

Ramamurhi, V. S. (1973), Weakly regular ring,Canda. Math. Bull., Vol. 16,
No. 3, pp.317-321.

Yue Chi Ming, R. (1980),0n V-rings and prime rings, J. of Algebra, Vol. 62,
pp. 13-20.

Yue Chi Ming, R. (1985), On regular rings and artinian rings, II, Riv. Mat.
Univ. Parma, Vol. 4, No.11, pp.101-1009.

Wei, J. and Li, L. (2010), Nilpotent elements and reduced rings*, Turk. J.
Math., Vol. 34, pp. 1-13.

[154]



