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Abstract

In this paper, we present extension forms of Dai, Yuan (DY) and
Fletcher, Reveres (FR) CG algorithms. Our modifications and based on
introducing a non-quadratic model (sigmoid function model). These
modified algorithms are implemented with Wolfe conditions, where initial

step size «, in each iteration is taken as a, =a,,*,/|d,,|/|l4,| and the

global convergence of the modified DY algorithm is investigated. These
modified algorithms are tested on some standard test functions and
compared with the original DY and FR algorithms showing considerable
improvements over all these comparisons.
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Introduction:

Conjugate gradient (CG) methods represent an important class of
unconstrained optimization algorithms with strong local and global
convergence properties and low memory requirements. A survey of
development of different versions of non linear CG method with special
attentions to global convergence properties is presented by Hager and
Zhang [12]. This family of algorithms includes a lot of variants (see[2])
well known in the literature, with important convergence properties and
numerical efficiency .

For solving the non-linear unconstrained optimization problem:

Min f(x), xeR" - Q)
where f:R"— R is continuously differentiable function bounded from

below. Starting from an initial guess:x, e R", a non linear CG method
generates a sequence {x, } as:

X, =X, +oa,d, .. (2)
and

Il
o

-&1 k
Ay = - (3)
St B, k=1

where «, is obtained by line search .In eq. (3) B, is known as the
conjugate gradient parameter, defined g=Vf(x,). Let S, =x_,-x, ,
v, =g —g. the line search in the CG algorithms often is based on the
standard Wolfe conditions [4].

Jx, +akdk)3f(xk)+clakgkrdk . (4a)
T T
8indy 2¢,8,d; . (4b)
where d, is descent direction, i.e.:
gld, <0 ..(5)

and 0<¢, <¢, <1, for some CG algorithms stronger version of the Wolf
conditions (4a) and :
‘ngJrldk‘S_czngdk .. (6)
are needed to ensure convergence and to enhance stability [2].

Different CG algorithms corresponding to different choice for the
parameter g, therefore a crucial element in any CG algorithm is the

formula definition of g, because «, is not exact in practice and objective
function £ is not quadratic many formulas have been proposed to
compute g, four well-known formulas g, are :
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ﬂHs — g;+lyk ﬂHR — gz+lgk+l
k k
ydek nggk
T T
ﬂkPR _ Sk kDy _ Sk
2,8 vid,

where HS stands Hestenes and Stiefle [13], FR stands Fletcher and
Reevers [11], PR stands Polak-Riebier [14] and DY stands Dai and Yuan
[9]. All these methods are equivalent if the step size is exact and objective
function is quadratic.

It is shown that CG methods with g/, g,., in the numerator of g, have

strong global convergence theorems with exact and inexact line searches
(especially with Wolfe conditions) but has poor performance in practice
although DY-CG method is better than FR-CG method in application . On
the other hand, the CG methods with g/ .y, In the numerator of g, has

uncertain global convergence for general non-linear functions, but has
good performance in practice (see[12]for the details). Therefore CG
methods have been frequently modified and improved by many authors
Beale [6] and Powell [15] have described CG methods with improved
restart. Andrei [5] introduced scaled CG methods. Fried [10], Al-Bayati
[1], Tassopoulos el al [16] have proposed further modifications of the
conjugate gradient methods which are based on some non-quadratic
models.

In this paper we generalize the FR-CG and DY-CG methods by
considering more general function than quadratic which we call it as
guasi- sigmoid function, our goal is to preserve the convergence properties
of these methods (FR , DY) and to force their performance in practice.

2- Generalized CG methods based on non-quadratic model.

2-1 Introduction to non-quadratic models

most of the currently used optimization methods use a local quadratic
representation of the objective function. But the use of quadratic model
may be inadequate to incorporate all the information [10] so that more
general models than quadratic are proposed as a basis for CG algorithms.
If ¢(x) isa quadratic function defined by:

q(x):%xTGx+bT+c ..(7)

where G is nxn symmetric and positive definite matrix and b is Constant
vector in R" and c¢ constant. Then we say that 7 is defined as a nonlinear

scaling of ¢(x) if the following conditions hold [7]:
fx)=F@k) . q>0 - (8)
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—>0 -(9)

In this area there are various published works.
a) A CG methods which minimize the function :
fx)=@x)" p>0, xeR" ..(10)
most n-steps have been described by [10].
b) The special polynomial case

Fla9) =09+ 0207 (1)

where ¢, , ¢, scalars have been investigated by [7].
c) A rational model has been developed by [16] where

Flgl) =300 <0 .(12)
£,9(x)
d) Another rational model was considered by [1] where :
_&q()
F(q(x)) = T-eq() .. (13)
>0 , &<0

2-2 The New Extended CG method
In this paper we consider the new model function defined by:

h(x)= Log (f(x)) (14 .a)

where

1) Fla() = —19 -(145)
1+e7 9™

This is the logarithmic quasi-sigmoid function where ¢ >0 with further

assumption that:

dF

—>0. ..(15

i > (15)
From equation (14.b) we have:
ar F':M_f (1+__i) ..(16.4)
dq. (e f q

CF' = f* (1“2 ra=/, .. (16.0)

Return to equation (14) and solve it for q assuming that ¢ :1—q+%q2 +r

where - Z( D" ra-—L 4y andset o =r+1 since r is too small.
o n! n+l

Then

f= 9 ..(17.a)

L gio
261 q
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where

g=n+0)?% - 20 .. (17.b)

where

n =1+ L (17 .¢)
; (17,

From (16) and (17) to compute F’ , assuming a=%

2—f+;+,/(q)2 -1
n+y(m)° -1

Now from (14)

F
H(x)=— ..19.q)
A
And hence
Pr = iy - ...(19.b)
hk+l
Then we can compute the value of p, using function values at two

points x,, and x, as follows :

F'=f*( ) ... (18)

1 2
@—fi+—+\m" -1) 2
fi (M1 V™ 1)
P = k - * ki 1 ki ...(20)
(75t 1) @ frut+t—+ 77k+12 -1)
k+1

The extended DY-CG method can be done by modifying search directions
given in (3) as follows:

di=-g, ..(21)
And for k>0
dii=—g, 4+ p B dr - (22)
T r
R @
di y e \Pi&k1 — 8k
Where: é =VF(q(x)) = o _dF g _ F'g
Ox dq ox

d is the search direction applied to F(¢(x)) and y=g, .- g,

The original DY-CG method and EDY-CG algorithm defined in (21-23)
generates the same set of directions and same sequence of points {x, }by

using the following theorem:
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Theorem (1):
Given an identical starting pointx, € R".

The method of DY-CG defined by (2) and (3) with g” and applied to
f(x)=¢q(x) and extended EDY-CG method defined by (21-23) and applied
to f(x)=F(q(x)) with p, defined by (20) generate identical set of
directions and identical sequence of points{x, }.

Proof:
The prove is by induction for k=0
We have: ;= —él __dF o _ —Flg, = Fd,
dgq Ox

Suppose: di =F/d, , toprove for k+1

din ==+ p fdin

F, k’ F}ilg lilg k4l Fk’ d,

F, 14 F’ ’ !
k dekr( F,k Flagia—Fg)

k+1

1
=—F &t

' glilgkﬂ
=Fal-&uat dkTyk d.]
=Fudia
Hence the two methods generate the same set of directions.
The FR-CG method can be extended in a similar way, i.e.. the
search direction in EFR-CG method is given by:

~ ~ 1T -
dia=—g, +p, 218kl g, . (24)
g/:T Iy
Also we can show that:

o
din = Fiod

3-Convergence Analysis:

In this section we are going to discuss the convergence theorem of
EDY-CG which is similar to the theorem given by Dai and Yuan in [9].
We assume that the objective function satisfies the following conditions:

1. f isbounded below and belong to C?.

2. Level set L={x:f(x)< f(x)} isbounded.

3. g is Lipschitz continuous in N, where N is neighborhood of L and

3 L>0 St
lg(x) - g < L|x - ...(25)

Most of CG methods use the Zoutendijk theorem to establish global

convergence hence we state this theorem.
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Zoutendijk theorem:
Suppose «xis a starting point for which assumptions (1,2,3) are

satisfied. Consider any algorithm of the for x, , =x, +a,d, Where 4, is
descent direction and «, satisfies the standard Wolfe conditions (4a,4b)
then:

(g:d,)’
Z k
= ||, ||
Proof: see [9]

Theorem (2): The search directions generated by EDY-CG algorithm are
descent directions.
Proof:

The proof is by indication for k=0 we have:

di =-g;

~T . T .

dig,=-g &
=-F"|g) <0

Suppose: dk gk <0 l.e. F*d]g, <0
From theorem (1) we have:

dk+1 _Fk+1dk+1 k+l|: gk+1 gk+;<cgik+1 d i|

=ka+1 gk+1ykj +gk+1gk+1d }
k

- T

y _ 12
81 din = Ec+

||gk+l|| ykd +||gk+l|| gk+l
i kdk

||2|:_ ng+1dk + g;fdk + ng+1dk }
e yl{dk

ZF}!flg

, d
_chl”gkﬂ” |: d }
By (4b)

ygdk = glildk _ngdk 2 ngdek _ngdk
= (Cz _1)ngdk

- T

Gradin = F;c’fl g

d ' +
k+1||2 gkdk <F% ”gk 1”1 <0

0<(C,<1
Hence the search direction are descent and independent to p, .
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Theorem (3): Consider any iteration of the form x_, =x, +a,d, Where 4,
defined in (22) and «, satisfies the standard Wolfe conditions (4a,

4b) further assume that assumption (1, 2, 3) are valid then the algorithm
either stops at stationary point.
I.e.;|g,[=0 orlim inf|g,|=0.

Proof:
T
dis ==gra+ Py %dk
yk dk
' F'+ T+ .
Fila g+ 8t) :%dlg“
yk k
Or dyy+8pa = 4, .(26)

(the rest of the proof is similar to one given in [9]).Taking the square of
each side and noting that

4 dT+ —+.
A :_;;zk 1 ..(27)
K 8k
we get:
2 2 2
|dk+1 = (ﬂ/ﬁyl)zndk” - 2dkT+1gk+1 _| 8

Divide each term in above equation by: (d;,,g,.,)’

- ”dm”2 _ ||dk||2 2 ||gk+1||2
(ng+1dk+1)2 (dkTgk)z dkT+1gk+1 (dkT+1gk+1)2
Completing the squares for last two terms:

|dk+1 i _ ”dknz _ 1 |gk+1 i 2 1
e T 2 T 2 + T ) + 2
(i) (g:d,) ||gk+1|| dia&in ||gk+l||
2 2
L N |
(1) (g:d,) ||gk+1||
2
Noting that dy=-g — M:%
ol o
I.e.. if k starts from zero we get:
4. & 1
< VvV k>0
(gd,) ,Z;‘”gk”z
now if ||g,|=0 then 3 positive scalar y >0
e, ]
s.L. lg.| =7 V k20 &> —7———<

|

(dkTgk)z
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i(gkdk) Ziﬂ/

2
k=0 |dk|| k=0

which is contradiction with Zoutendijk theorem hence |g,[=0 therefore

EDY-CG algorithm is globally convergent. The global convergence of
EFR-CG method can be established by further assumptions such as

sufficient descent and C, <% in standard Wolfe conditions, but we can not

be sure that EFRCG method generates sufficient descent directions! And
hence convergence analysis of EFR-CG method is omitted.

4-Numerical results and comparisons:

In this section we present computation performance of a Fortran
implementation of the of EDY-CG and the EFR-CG algorithms on a set of
unconstrained optimization test problem, these problems are taken from
[8] and [3]. We selected Large scale unconstrained optimization problems
in extended or generalized form see appendix for each function we have
considered numerical experiments with the number of variables n=100
,500, 1000 ,10000 .

All algorithms implement with the standard Wolfe line search
conditions with

C,=00001 , C,=09 and o, =1/|g)| and «a, =, *\/|d,||/|d.|

In all cases the stopping criteria is |g,|<107° ,

The comparison is based on number of iteration (nit), number of function
gradient evolutions (fge) , and ability of the algorithms to solve particular
problems.

All codes are written in double precision FORTRAN (2000) and
compiled with f77 default compiler settings, these cods are originally
authored by Necula Andrei and modified by the authors.

In table (1) and (2) we compare the EDY-CG and EFR-CG with DY-
CG and FR-CG for n=100 , 500 and 1000,10000, respectively, Where *
in table (1) and (2) means that the algorithm is unable to solve the
problem in less than the maximum number of iterations which is
considered to be 2000 in our tests. It is shown in Table (2) that some
algorithms fail
to solve problems (4,7,12), for n=1000 or n=10000. To find the total
number of iterations or total number of function gradient evolutions, we
replaced the * in each column by the sum of that column divided by
15(the number of test problems ). In Tables (3) and (4)we presented the
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performance of the all algorithms in terms of percentage where FR-CG
method is considered as 100%, from Table(3) we see that all algorithms
improve FR-CG method about (4%-37%) in the number of iteration (nit),
and about (6%-29%) in the number of function gradient evolutions for
n=100 and for n=500, also from Table (4) we observe that the
improvements over FR-CG method are about (5%-43%) in (nit), and (7%-
31%).

Table (1) Comparison of algorithms for n=100, 500

DY-CG FR-CG EDY-CG EFR-CG

PNo n nit fge nit fung nit fge nit fge

1 10° 18 34 19 35 18 34 19 35

500 75 122 76 126 75 119 76 126

2 10° 10 81 47 93 40 80 55 110

500 40 89 44 89 40 89 16 94

3 10° 83 125 95 150 94 147 106 168

500 226 366 228 371 213 325 215 343

4 10° 73 113 102 161 76 119 101 160

500 243 395 380 675 179 285 285 424

5 10° 10 21 32 64 10 21 32 64

500 11 22 26 52 11 22 26 52

6 10° 40 61 37 67 39 60 37 67

500 42 76 44 77 40 74 42 71

7 10° 79 151 180 313 87 165 163 308

500 80 147 248 372 80 152 241 369

8 10° 46 84 124 231 47 83 124 230

500 133 232 274 472 120 207 273 471

9 10? 31 59 71 110 31 59 70 110

500 24 48 70 126 35 67 42 81

10 10° 39 59 40 65 37 57 40 70

500 33 52 39 63 36 56 38 62

11 10° 15 30 13 25 12 23 13 25

500 12 24 11 22 12 24 11 22

12 10° 85 133 121 218 84 131 285 424

500 179 275 193 355 167 263 205 373

13 10? 106 166 106 166 101 156 116 176

500 254 401 220 359 240 381 227 373

14 10° 55 874 34 57 40 567 30 52

500 88 929 30 55 28 55 30 55

15 10° 78 177 89 174 77 173 96 190

500 67 146 380 675 65 142 196 354

Total 2305 | 5492 | 3373 | 5818 | 2134 | 4136 | 3240 | 5459
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Table (2) Comparison of algorithm for n=1000. 1000
DY-CG FRCG EDYCG EFRCG
PNo N nit fge nit fge nit fge nit fge
1 10° 38 65 38 65 38 65 38 73
10°* 35 61 32 60 35 61 33 60
2 10° 39 85 78 | 131 | 39 84 78 | 131
10° 38 86 54 106 38 86 54 106
3 10° 393 629 349 568 415 649 377 616
10°* 1051 | 1654 | 1417 | 2160 | 1241 | 1949 | 1289 | 2077
4 10° | 326 | 545 * * 329 | 554 | 517 | 811
104 * * * * * * * *
5 10° 15 29 77 129 15 29 77 129
10°* 13 27 1392 | 1443 16 33 1384 | 1430
6 10° 64 | 101 | 73 ] 115 | 65 | 102 | 73 | 115
10° 65 102 180 300 85 153 | 1293 | 1366
7 10° 85 156 * * 61 114 * *
10°* 89 170 * * 100 191 * *
8 10° 160 280 445 711 182 317 445 710
10° 609 | 1072 | 1279 | 2203 | 550 965 | 1279 | 2204
9 10° 26 51 47 84 53 97 56 108
10°* 28 54 47 84 30 59 104 162
10 10° 69 1081 43 68 39 59 43 65
10° 478 | 4662 | 160 | 3964 | 500 | 5363 | 168 | 3958
11 10° 15 31 15 29 14 29 14 28
10°* 9 20 11 22 8 19 11 22
12 10° 243 381 345 634 230 361 235 434
10 | 662 | 1027 | * * 560 | 871 * *
13 10° 362 564 335 541 321 496 348 562
10°* 1208 | 1891 | 1137 | 1846 | 1029 | 1765 | 1668 | 2151
14 10° 141 3956 142 3616 157 4477 140 3614
10° 176 | 4862 | 203 | 5655 | 129 | 3327 | 203 | 5655
15 10° 100 235 107 211 102 252 186 389
10°* 161 452 | 1132 | 1496 | 148 332 646 827
7144 | 25950 | 12184 | 34988 | 6964 | 24382 | 11601 | 32845

Table(3) Comparison of the algorithms, for n=100 and n=500

Measure | FR-CG DY-CG EFR-CG EDY-CG

nit 100% 68% 96% 63%

fge 100% 94% 93% 71%
Table(4) Comparison of the algorithms, for n=1000and n=10000

Measure | FR-CG DY-CG EFR-CG EDY-CG

nit 100% 58% 95% 57%

fge 100% 74% 93% 69%
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Appendix
1. Extended Trigonometric Function

f(x):Zn: [(n—zn:cosx,]+(1—(:03x1.)—sinxiJ , X, =[02,020.2,.,0.2]

i=1 j=1

2. Extended Rosenbrok Function

£x) = 3y =22 1)7 + (L= 2504)°, X, =[-12,1...-1.21], c=100
i=1

3. Perturbed Quadratic Function
n n 2
f(x) =D ix? +%(inj , X, =[0.5,0.5,...,0.5]
i=1 i=1
4.  Raydan (1)

n

f0=Y sExpi)-x), X, =[1.1]

i=1
5. Extended Tridiagonal 1

n/2

f(x) = Z(XZi—l +2i = 3)° + (x4 = x,; +1)° X, =[2,2,...,2]
=

6. Generalized Tridiagonal 2 Function
f(X) = (5—3x, — x7)x, - 3x, +1)° +

n-1
Z((S - 3xi - xiz)xi - xifl - 3xi+l +1)2 + ((5 - 3xn - xj)xn - xn—l +1)2l
i=1

X, =[-1,-1,...-1]

~

Extended Powell Function
n/4

f(x) = Z (Xas +10x,, ,) +5(X4iq = X4)* + (Kgrp = 2% )" +10(X 55 — x,,)°,

i=1
X, =[3-1,01,...,3,-1,0,1]
8. Quadratic Diagonal Perturbed

n 2 n
f(x):(inj +Zﬁxﬁ X, =[0.5,...0.5]
i=1 i=1
9. Extended Wood Function

n/4

f(X) = 3 100052 5 — x4y )2 + (g s =12 +90(x2 4 = x,,)2 + (L= %, 4)? +10.1{(x, , D)% +
i=1

Xy =% }+19.8(x,,_, —D(x,, 1),
Xy =[-3-1,-3-1...-3,-1,-3-1]
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10. Extended Tridiagonal 2 Function
f(x) = Z(x, X, —1)7 +c(x, +D)(x,,, +1), X, =[L1...1],c=0.1
11. NONDILAFunction

7X) = (%, ) + D 7100(x, —27,)° Xo =[]

12. DIXMANE Function

2m

f(x) = 1+Zax (= )“+Zﬂx (0 + 327 (2)? +Z;«, x (@)

+Z5x1 t+2m() '

a=1, f=0, y=0.125 k1=1,k2=0, k3=0, kd=1, X,=[22,..2]

13. Tridiagonal Perturbed Quodratic

n—1
() = X2+ D ix? + (. + X, +x,1)%, X, =[0.5,0.5,...,0.5]

2

14. ENGAL1 Function (CUTE)

f(x) = Z(x +x2,)° +Z( —4x, +3) X, =[2,2,...,2]
15. Extended Maratos Functlon (c=100)

nl?2
f(X) =D xp . +elagy + X5 -1)7 X, =[1.1,0.1,1.1,0.1,...,0.1]

i=1
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