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1. Introduction

Ashaea, G. S. and Yousif, Y.Y.,[4], introduced some types of mappings in bi-topological spaces in
2021. In 2024,Yousif, Y. Y. and Hussein, N. A.,[20], studied the a—connected fibrewise topological spaces.
Askandar,.S.W and Mohammed,. A.A. introduced the concepts of "i-open sets" and " ii-continuity" in
2012 and 2016 [2, 3], which will be used.in this study. In 2019, researchers Mohammed A.A. and Abdullah
B.S. introduced "inter-open sets" and " ii —open set" in their research [12]. Aveen and Askandar introduced
the concept of "soft generalized aii-closed sets" in soft topological spaces, in 2024. N. Levine[8] made a
significant contribution to topology in 1963 by introducing the concept of "semi-open sets" which improved
many basic theories of general topology. Njastad, [15] proposed the concept of "a- open sets" in topology
in his 1965 paper . It is shown in[15] (see also[ 16]) that the family of open sets is a subset of the family of
a-open sets and the family of a-open sets is always a topology on X, where n® denotes the family of all "a-
open sets" of (X,n). In our study, we use these two similar properties and characterization of "i-open sets".
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The class of "i-open sets" may be entered together with classes such as, "pre-open sets" [13], "a-open sets"
[15]," B-opensets" [1], "regular open sets" [ 18], "regular semi-open sets" [6], " b-open sets" [7], "pre semi-
open sets" [13], t-sets [14], " §-open sets" [19], and "6- open sets" [19]. (Ts) It is a topological
space(X,n) in this article. Additionally, .interior, closure, Int(Y), CI(Y).We indicate the n elements as"
open sets". And (Cs) referred to as" closed sets".

This work consists of three sections. In the second section, we review the fundamental theories of
sets and topological spaces. Then, in the third section, we introduce a new concept for these sets, namely,
"generalized aii-closed sets" and "generalized aii-open sets", we extended the discussion to include and
derive several significant results.

2. Preliminaries
In this section we will give many basic definitions of many concepts of open(closed)sets in topological
spaces, also, we review the fundamental theories of sets in topological spaces.
Theorem?2.1. [17] Determine that ¥ is a subset in (X,7n) . Then, there's:
a. Int (Y =.(ClL ()¢ .
b. Int (Y) = (CL(r)H° .
C. CL(Y®) = (Int () .

Definition2.2. Let Y be a subset in a topological space (X, 7n), Y be known as :

1- " i-open set "[2,3], for short(10s), provided that Os , £ # @, X exists.and ¥ S CL (Y N ¢§).
2- " Semi-open set "[8], for short(S0s) if :

a.Y € Cl (Int (Y)).

b. In case Os, & # @, X occurs in which § €Y < Cl (§).

3- " a-open set "[15], for short(aOs) if" Y < Int(Cl (Int (Y))) .
4- " Int-open set "[12], for short(INTOs) ifan Os , & # @, X exists, such that, Int (Y) =& .
5- " ii-open set"[12], for short(110s) if Y is (" i-open" &" inter-open set") .

Definition2.3. LetY be a subset in a topological space (X, n7), then:

An " i- interior"[2,3] [ also an "o- interior"[15],"Semi- interior"[8],"inter- interior"[12], and "ii-
interior"[12] of a set ¥ is the union From all /0s (separately, (a0s), (50s), (INYOs), & (I110s)) over X
included in Y, denoted by IInt (Y) [ separately, alnt (Y), SInt (Y), INTInt (Y), & I1Int (Y) ].

" i-closed"[2,3] for short(ICs) (separately, " oa-closed "[15] for short(aCs), " semi-closed"[8]
for short(SCs), "inter-closed"[12] for short(INTCs), and "ii-closed set"[12] for short(IICs) ) is the
whole complement of I0s (separately, aOs, SOs, INTOs, & (1105s)).

The "i-closure"[2,3] (also the "a- closure"[15], "semi- closure"[8], '"inter- closure"[12], and "ii-
closure"[12]) of Y is indicated by ICI (Y") (separately, aCl (Y), SCL(Y"), INTCL (Y"), and IICL (Y)) is the
intersection From all ICs (separately, aCs, SCs, INTCs, & 1ICs) over X comprising V.

Definition 2.4. " generalized closed set", for short(GCs) if CI(Y) < & wherein, ¥ € & and € is a Os
in (X,n) is taken into consideration by A sets, ¥ in(X,n).The term " generalized open set" (GOs) refers
to GOs'S complement[9].

Definition 2.5. A subset V in a topological space (X,n) is named:

I. A" generalized a - closed set" for short (GaCs) if CL(Y) € &issoastoY S & and & together
form an aOs in (X,n) [11].

2. The" a — generalized closed set", for short (aGCs), if aCl(Y) € éisSoastoY < & and

¢ together form an Os in (X,n) [10].
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3. The " semi- generalized closed set" for short(SGCs) is def. as follows : SCL (Y) € & where Y ©
¢and ¢ are an SOs in (X, 1) [5].
Definition2.6. Let Y be a subset in a topological space (X, 1), then:
The complement of (GaCs) (resp., (aGCs), and (SGCs)) is known as " generalized a -open" [11]
for short (GaOs) (resp., " a — generalized open"[10] for short ( aGOs), and " semi-generalized
open"[5] for short(SGCs). Each GaCs (resp., aGCs, SGCs and GSCs in (X,n) acquired GaCs(X))
(resp., aGCs(X), SGCs(X) and GSCs(X)).
Definition2.7. Consider ¥ be any subset in (X, 7). Let" n, = {(GNY): G € n}" be a topology onY. This
topology is called the relative topology of n on V', and {¥, 7y} is called the subspace of (X,n) [17].
Proposition2.8. Each Os is a I0s [3].
Proposition2.9. Each Cs is a ICs [3].
Proposition2.10. Each SOs is a [10s [12].
Propositin2.11. Each SCs is a I[ICs[12].
Proposition2.12. Each aOs is a SOs [3].
Proposition2.13. Each aCs is a SCs [3].
Proposition2.14. Each aOs isall0s [12].
Propostion2.15. Each aCs is a [ICs [12].
3. Generalized aii —Closed Sets

Definition 3.1. Let ¥ be a subset in a topological space (X, 1), then ¥ considers:
i. Generalized aii-closed set, in short (GalICs) If IICL(Y) S ¢ is such that Y € ¢ and € is a aOs in
(X,7n). GallCs (X) Includes all GalICs in X.
ii. Generalized ii-closed set, in short(GIICs) since IICL (Y) € & " wherein Y € & and € is a Os in (X, 7).
The ofall GIICs in X is designated.by GIICs (X).
Remark 3.2. Let ¥ be a set in (X, 1), then Y considers as a generalized «ii - open set, (GalIOs) when its
complement V¢ is a GalICs. The collection of every GallOs is denoted by GallOs(X).
Corollary 3.3. A setY in (X,n), is GallOs when and if only if U € [1Int(Y) where U is a aCs within
ucy.
Proof: Assume that Y is GallOs with U €Y and U is a aCs. Then Y€ is GalICs and U¢ is aOs with,
Y¢cu, IICI(Y)C € U°. Henceforth,U S IIInt(Y).

Assume, in reverse, that U € IIInt(Y) with U € Y and U is aCs. Think of M as a aOs that contains
Ye.
Consequently, M€ € I1Int(Y"), then, IICI(Y)¢ € M. Henceforth, Y¢ is GalICs. Which implies ¥ be
GallOsm
Theorem3.4. Each [ICs is a GalICs.
Proof: Assume that a IICs, Y in (X,n) and € is a aOs wherein, Y € & , we get, [ICL(Y) =Y € §&.
Henceforth, Y isa GallCsm
Corollary 3.5. Each I[10s is a GallOs.
Proof: Assume that a [10s,Y in (X,7n) , We obtain, Y€ is GIICs, by "(Theorem3.4)" we get, Y ¢ is GallCs.
Henceforth, Y isa GallOsm
Theorem3.6.If ¥ € Z € [ICl (Y'), wherein, Y is a GalICs, thensois Z .
Proof: Assume Z € £ and { be a a0s in (X,n),thenY € & . Since Y is a GallCs,
Z S IICL(Y), we can conclude that "IICI (Z) € IICI(Y)". We obtain " IICL (Z) S IICL(Y) € &é". We
obtained that " IICl (Z) € & ". Henceforth, Z is a GalICsm
Corollary 3.7. If I1Int(Y) € Z € Y, wherein, Y is a GallOs, then so is Z.
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Proof: Consider I1Int(Y) S Z <Y Z C € then,

Ye C Z° C IICI(YC) with Y€ is GalICs. Thus, Z€ is GalICs "(Theorem3.6)". Henceforth, Z is GalIOsm
Theorem3.8. If ¥ S D S (X,n)issuchthatY isa GallCs in (X,n) ,thenY is GallCs in relation to
(D' TID)

Proof: Consider ¥ € ¢ and ¢ represent a aOs in D..Since Y € D, gives us ¥ € (¢ N D), £is a aO0s in
(D, np). Consequently., there is an aOs M in X where ¢ = (M N D), then, Y € & S M with Y representing
a GallCs in (X,n) gives us [ICL(Y) € M by IICL(Y) n D is a " ii-closure" of Y in (B, np), giving us
IICL (Y) n D < €. From this point on, Y is a GalICs w.r.t. (D,np)m

Theorem3.9. If V3, Y, are GallCs, then so is their intersection.

Proof: Let 13,Y; as a GallCs in (X,n) and &;,&, are any aOs where in ;3 € & and ¥, € &,, then,
I1ICL(Y;) €&, and 1ICL (Y3) € &,, (IICL(Y; nY,) < IICL ((Y;) € 1ICL(Y3)),

we get : IICL(Y;NY;) € (6, n¢&,) and given that the intersection of any two aOs is a aOs, put
(1 n&y) =¢&, with&isaaOs, IICI(Y; NY;) € &. Henceforth, (Y; NY,) isa GallCsm

Corollary 3.10. If V3, Y, are GallOs, then so is their union.

Proof: Take note of ¥,Y, as a GallOs in (X,n). We obtain, Y5, Yy are GallOs. "(Theorem3.9)" gives us
the result that (¥;* N ¥¥) = (Y] N Y,)¢ is a GallCs. Therefore, (Y; U Y;)is now a GallOsm

The union of two generalized aii-closed sets is not necessary to be generalized aii-closed .Indeed,
Example3.11. Let X = {3,6,9},n = {0, X, Y;,Y,, Y5} is a topology on X.

Where, Y, = {3},Y, = {6},1; = {3,6}

LetY, ={6,9},Ys = {3,9}, Y, = {9}

OS(X) = {Q),X, Yl) YZI YS}

Cs(X) =1{0,X,7,,Ys,Ye}.

a0s(X) ={0,X,11,Y,, Y3}

10s(X) ={0,X,11,Y5,Y3,Y,, Y5}

INTOs(X) = {0,X,Y;, Yy, Ys, Ya, Ys).

110s(X) ={0,X,11,Y,,Y5,Y,, Y5}

1Cs(X) ={0,X,Y1,Y5, Y, Ys, Ve ).

GallCs(X) ={0,X,Y1,Y,, Y3, Y5, Y }.

Thus, ¥; and Y, are GalICs ,obviously, (; UY;) =Y; isaaOs and (Y; UY;) € V5 But,

II —CI(Y;) =X € Y5 . Hence (Y; UY,) = Y5 isnot GalICs.

Also the intersection of two generalized aii- open sets is not necessary to be generalized aii- open
JIndeed, GallOs(X) ={0,X,71,Y,,Y5,Y,, Y5 }.

Thus, ¥, and Y5 are s, but (Y, N Y5) = Y isnot GallOs .

Theorem3.12. Each GalICs is a GIICs.

Proof: Consider Y; is a GalICs in (X,n) and € is any Os wherein, ¥ € &, then I[ICl (Y) € € since each Os
is a0s with £ is a Os . Henceforth, Y is a GIICsm

Corollary 3.13. Each GallOs is a GI10s.

Proof: If we take ¥ to be a GallOs in (X, 1), we obtain Y'¢ to be an GallCs, which suggests Y to be GIICs
"(Theorem3.12)." From now on, Y€ isa GIIOsm

"The converse is not true: "

Example3.14. Let X = {3,6,9},n = {0, X, Y1, Y,} is a topology on X.

Where , Y, ={3},Y, ={3,9}

LetY; ={69},Y, = {6},Ys = {3,6}, ¥ = {9}

0s(X)={0,X,7,Y,}.
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Cs(X)=1{0,X,73,Y,}.

a0s(X.) ={0,X,1,Y,,¥5}.

10s(X) =1{0,X,Y,,Y,,Y5,Y5}.

INTOs(X) ={0,X,Y,,Y,,Ys}.

H0s(X) ={0,X, 11,75, Ys}.

HCs (X) =1{0,X,73,74, Y6}

GallCs(X) ={0,X,Y3,Y,, Y}

GIICs(X) ={0,X,Y3,Y,, Y5, Yo}

Thus, Y5 is not GalICs because.it is a @0s ,with Yz € Y5 But, Il — Cl(Ys) =X € Yz,
Y5isa GIICs .

By the definition of GallOs and the definition of GII/0s, we have

GallOs(X) ={0,X,1,, Y5, Ys}.

GIIOs(X) = {0,X,Y1, Y5, Yz, Yy}

Obviously, Yy is not GallOs.But Yy is a .

Theorem3.15. Each GaCs is a GallCs.

Proof: Assume that Y is a GaCs in (X,7n) and ¢ is any aOs wherein, Y € &, IICI(Y') € CL(Y) < & will
that mean IICL(Y") € é with O is a aOs . Henceforth, Y isa GalICsm

Corollary 3.16. Each GaOs is a GallOs.

Proof: Suppose that Y is a GaOs in (X,7n). Then, Y¢is an GaCs, and Y is GalICs "(Theorem3.15)".
Henceforth, Y is a GallOsm

"The converse is not true: "

Example 3.17. Let X = {3,6,9},n = {0, X,Y,Y,, Y3} is a topology on X.

Where , Y; = {3},Y, = {6}, Y; = {3,6}

LetY, ={6,9},Y; ={3,9},Y; = {9}

0s(X) = {0,X,Y,, Y, 3.

Cs(X) =1{0,X,7,,Ys, Y}

(ZOS(X) = {Q); X, Yl) YZI YS}

10s(X) ={0,X,11,15,Y3,Y3, Y5}

INTOs(X) = {0, X, Y, Yy, Y3, Ya, Vs .

110s(X) ={0,X,Y,,Y,,Y5,7,,Y:}.

Cs(X) ={0,X,1,Y,,Y,, Vs, Ve ).

GallCs(X) ={0,X,Y1,Y5,Y,, Yz, Y5 ).

GaCs(X) ={0,X,7,,Ys, Y}

Thus, V; is GalICs because,itisa aOs ,withY; €V¥; .And I = CI(Y;) =Y, €V, ,

Y; isnota GaCs because, CL(Y;) =Ys € 1, .

By the definition of GalIOs and the definition of GaOs, we have

GallOs(X) = {0,X,Y,, Ys, Y., Vs, Y ).

Ga0s(X) ={0,X,11,Y,Y3}.

Obviously, Y, isa GallOs.ButY, isnota GaOs .

Theorem3.18. Each SGCs is a GaClls.

Proof: Consider ¥ is an SGCs in (X,n) and Y € & where € is any aOs and SOs, since, each SCs is a [ICs
"(Proposition2.11)", then IICI(Y") € SCL(Y) € . Henceforth, Y isa GalICsm
Corollary 3.19. Each SGOs is a GallOs.

Proof: If we assume that Y is a SGOs in (X,n), Then, Y€ is an SGCs , we conclude that V¢ is GalICs.
"(Theorem3.18)". Henceforth, ¥ isa GallOsm
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4. Conclusions

According to the above we concluded that The relationship among aCs, IICs, SCs, and Cs
(respectively, the relationship among, aOs, I10s, SOs, and Os)determines the relationship among GalICs,
GaCs, GCs, GIICs and SGCs( respectively, the relationship among GallOs, GaOs, GOs, GII0s and
SGOs).
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Qii—baal) (o (Ansibe)iilie ()5S daare (dngide)dilia 4ud degane JS chasne @ii—taail (e (Angibe)dilie ()5S dasss O
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