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Abstract
A set 5 — V7 is dominating set of a graph G, if every vertex in V-S
IS adjacent to at least one vertex in S . The domination number denoted by
y(G) is defined to be the minimum cardinality of dominating set in G.

We investigate the domination numbers of Helm graph, web graph and
Levi graph. Also we testing our theoretical results in computer by
introduce a matlab procedure to calculate the domination numbers y(G),

dominating set S and draw this graphs that illustrated the vertices of
domination this graphs. It is proved that:

y(H,) =n

y(W,.) =m

y(Levi graph) = 10
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Throughout this paper we consider only finite, undirected and simple
graph (i.e. without loops and multiple edges). Our terminology and
notations will be standard except as indicated. For undefined terms see
[2],[3] and [4].

Let G=(V, E) be a graph, where V denotes the set of vertices in G and E
denotes the set of edges in G. For any vertex vel’ the open neighborhood
of v is the set:

N(w) ={ueVur e E(@)}

and the closed neighborhood

N[v] = N(v) u {v}.

For a set 5 — 17 the open neighborhood is N(S5) = U,.<N(v) and the
closed neighborhood is N[S] = N(S) U S. Aset & — I/ is dominating set
if N[S] =V orequivalently every vertex in V-S is adjacent to at least one
vertex in S. The domination number y(G) is the minimum cardinality of
dominating set in G [1].

In other words we defined the domination number of a graph G by (&),
to be the order of smallest dominating set of G. A dominating set S with
\S| = y(G) is called a minimum dominating set [8].

Dominating set appear to have their origins in the game of chess where
the goal is to cover or dominate various squares of a chessboard by
certain chess pieces. The problem of determine domination numbers of
graphs first emerged in 1862 of de Jaenisch he wanted to find the
minimal number of queens on chessboard, such that every square is either
occupied by a queen or can be reached by a queen with single move[4].
Domination can be useful tool in many chemical structures [7] also there

IS many application of domination theory in wireless communication
networks [5] business network and making decisions.

Definition(1): The Helm graph f» is a simple graph obtain from n-
wheel graph  Wh by adjoining a pendant edge at each vertices of the
cycle Cn [ 9].

A G

Hs H., Hs = P H,
Fig.1: Helm graph

104



Ayhan A. khalil

We first define a prism graph then the Web graph

Definition(2): A prism graph Ymn is a simple graph given by the
Cartesian product graph Ymn=CmxPn where Cim is a cycle with m
vertices and Pr is a path with n vertices.

A web graph is a prism graph Ymz with the edges of the outer cycle
removed and denoted by Wm [10].

Fig.2: Web graph

Definition(3): The Levi graph can be written as G, U G, where G, and G,
are shown in Fig.3 see [11]

A
Ve
Ve

G, G, G G3 = evigraph

V3 \'Z)

Fig.3
The following theorem is useful in our work:

Theorem (1): ([6], p.546)
A dominating set D of a graph G is minimal if and only if for each vertex
v € D one of the following conditions satisfied

(i) There exist a vertex u € V' — D such that N(w) n D = {v}
(if)v is an isolated vertex in D .
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On domination numbers of Helm graph Hx:
Theorem(2): y(H,)=n

Proof: Forn = 3 let the vertices of this graph labeled by:
V(H,) ={1,2,3,..,2n+ 1}. (See Fig.4)
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Fig.4

We given the dominating set of this graph by a set isomorphic to S
WhereS={ili=2,34,..,n+ 1}

The minimality of the set S follows from theorem(1l) by using the
contrary of this theorem.
Assume that S is not minimum dominating set then 31 € S ,such that

S§' =85 — {v}is dominating set of H,, .

Therefore Vu € N[v] ,3k € S — {v}, k € N[v].

Also note that for any vertex v € S the end points of this graph of the
form (i + n) that adjacent to v not dominating with any vertex in S’ (i.e.
[S"T=T1).

So clearly that 5" is not dominating set (by the definition of dominating
set).

Chosen § in this way ensures S minimum

~ §'1S minimum

So y(H,)=1|S|=n.0O

On domination number of web graph Wi :
Theorem(3): the domination number of web graph is: y(W..) = m

Proof: Form = 3 let the vertices of this graph labeled by:
V(W) =1{1,2,3,..,.3m}. (See Fig.5)
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Fig.5

First we given the dominating set of this graph by a set isomorphic to S
Where S ={i+mli =1,2,3,..., m}

the proof of the minimality is similarly in theorem(2)

So we must show that there is no proper subset "= S is dominating set

of W_..
If v is any vertex in 5 we have always two vertices of the form {i}, and
{i + 2m} not dominating with any vertex in S"so N[S'] =V

5" is not dominating set(by definition of dominating set), this ensures
S is minimum.
S yWR) =Sl =m. O

On domination numbers of Levi graph :
As in definition(3) Levi graph can be written as G, U G, where G, and G-

shown in Fig.3. So we first determine the domination number of G, and
G, then we determine the domination number of Levi graph.

Lemma(l): y(G,) =7
Proof: let the vertices of this graph labeled by:
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V(G,)={i}u{v,} where i€ {1,2,..,10}. (See Fig.6)

Fig.6: G,

We given the dominating set of this graph by a set isomorphic to S
Where = {2,5,7,10 ,v,,v,, 15} .

the proof of the minimality is as in theorem(2)

So we must show that there is no proper subset S = S5 dominating set of
Gy .

Forany ve S, v is one of the following:
{2}or{5}or{7}or{10}or{r,Jor{v.}or{uv,l

We divided the set S into two sets: S, = {2,5,7,10} the vertices that is
the outer circle and the inner vertices in S, = {v, , v, ,1; .

Soifre s, ={2,5,7,10} we have 4 cases:

Case (1): whenv = {2} we have § — {2} =5’

S’ is not dominating set because there is 3 vertices {1,3,1,} not
dominating with any vertex in S'.In other words there is 3 vertices in
S — V is not adjacent to any vertex in S — {v}.

Case (2): whenv = {5} we have § — {6} = §".

Also we have 2 vertices {2, 7.} in § — V" is not adjacent to any vertex in
S—{v}

5" 1s not dominating set.

Case (3): whenv = {7}we have S — {7} = S".

Also we have {1v-} a vertex in §—1 is not adjacent to any vertex in
S—{v}

. §"is not dominating set.

Case (4): when v = {10} we have the same case in case (2).

There is 2 vertices {9,v,,} in § =V is not adjacent to any vertex in

S —{v}.
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Now, similarly if v €5, we have at least one vertex of the form
{v,.-| i=4,6,8 (mod 10) not adjacent to any vertex in S — {v}.

So chosen S in this way ensures that there is no proper subset of S
dominating G,

S 5 minimum

y(G) =S =7 O

Lemma(2): y(G,) =10
Proof: let the vertices of this graph labeled by:
V(G,)={i+10}uU {v;} where i€ {1,2,...,10}. (See Fig.7)

F|g7 G,

We given the dominating set of this graph by a set isomorphicto S .
Where S = {i + 10} where i€ {1,2,...,10} the inner vertices

It is easy to see that S minimum since if S is not minimum then there is
proper subset 5’ =S is dominating set.

if v anyvertexin§, so §' =5 — {v} for every vertex v the vertices
which is refer to the end points of this graph not adjacent to any vertex in
s’

5" 1s not dominating set

SIS minimum

y(G,) =S| =10.0

Theorem(4): y(Levigraph) =10
Proof: The union of the graph G,in lemma (1) and &, in lemma (2) know

as Levi graph; has (30) vertices labeled as same in lemma(l) and
lemma(2). (See Fig.8)
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Fig.8

We given the dominating set of this graph by a set isomorphicto S .
Where = {2,3,5,6,9,10,11,14,17,18}.

Also the proof of the minimality is as in theorem(2), assume S'< § is
dominating set of Levi graph.

We divided the set S into two sets: S; = {2,3,5,6,9,10} the vertices that
is in the outer circle and S, = {11,14,17,18 }.

If ves, ={2,35,69,10} we have the vertices in the form
{v,| i=1,2,..,10} notdominating with any vertex in § — {v}.
Similarly If v € 5, we have the vertices in the form {j| j = 1,2,...,10}
not dominating with any vertex in 5.

5" 1s not dominating set

% 51S minimum

y(G; U Gy) =15 =10 O

Determination_and testing the domination numbers of Helm
graph and web graph using matlab:

In this paper we writing a programs in matlab for the purpose of making
sure and certainty of the validity of our theoretical results for compute the
dominating sets S and the domination number of Helm graph ,Web graph
and the union of two special graphs G; and G,. Moreover we draw this
results in the same graph by referring to the vertices that domination this
graphs with different color from the other vertices (which colored black).
We compute examples for special cases of Helm graph and the Web
graph then generalization the results for any (n) of Helm graph and for
any (m) for Web graph because in every execution of this programs
request an input n or m for this two graphs.
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For the domination numbers of Helm graph Hn:
By the program below we demonstrate how to find the domination
number of Helm graph H,, using matlab:
n=input('n=");

a=diag(ones(n-1,1),1);
b=diag(ones(n-1,1),-1)

c=a+b;

c(n,1)=1;

c(1,n)=1;

m=ones(n,1);

J=[0 [n];;[m] [cIT;

g=graph

set_matrix(g,j)

distxy(g)

for k=1:n

add(g,k+1,n+k+1)

end

distxy(g)

[d,s]=dom(g)

disp(['the domination number is=',int2str(d)])
nots=setdiff(1:nv(g),s);
p=partition({s,nots});

clf;cdraw(g,p)

Fig.(9): explain the particular results of the domination number of Helm

For n=3 For n=4
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For n=5 For n=6

Fig.(9)

For the domination numbers of Web graph W._..:

By the program below we demonstrate how to find the domination
number of Web graph W, using matlab:
m=input('m=");

a=diag(ones(m-1,1),1);
b=diag(ones(m-1,1),-1);

v=a+b;

v(m,1)=1;

v(l,m)=1;

f=eye(m);

d1=[[v] [f];[f] [VII;

g=graph

set_matrix(g,dl1)

distxy(g)

for k=1:m

add(g,m+k,2*m+k)

end

distxy(g)

[d,s]=dom(g)

disp(['the domination number is=',int2str(d)])
nots=setdiff(1:nv(g),s);
p=partition({s,nots});

cdraw(g,p)
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And Fig.(10) explain the particular results of the domination number of
Web graph.

For m=3 For m=4

W5 WG
Fig.(10)
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The domination number of Levi graph G4 U G5:

By the program below we demonstrate how to find the domination
number of G, U G, using matlab :
=diag(ones(9,1),1);
b=diag(ones(9,1),-1);
v=a+tb;

v(10,1)=1;

v(1,10)=1;

f=eye(10);
c=zeros(10);

d=[[v] [f];[f] [c]I;
h=graph
set_matrix(h,d)
distxy(h)

for k=11:20
add(h,k,10+k)

end

distxy(h)

for k=21:25
add(h,k,5+k)

end

distxy(h)

for k=21:27
add(h,k,3+k)

end

for k=28:30
add(h,k,k-7)

end

distxy(h)

draw(h)

[d,s]=dom(h)
disp(['the domination number is=',int2str(d)])
nots=setdiff(1:nv(h),s);
p=partition({s,nots});
cdraw(h,p)

And Fig.(11) explain the particular results of the domination number of
G, , G, and Levi graph
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G; U G, =Levigraph

Fig.(11)
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