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 لخصالم
 ف ضممم دحب ة دمممحب ممملب-يتضمممالبحث دمممةبوجحدمممحبانممماوباالمحادمممحبحثدممم بثا ممم و  ب     دمممح

حثر  حبحثث ادحبذح بشراطبلماويحبب دتخمحمبطريقحببدك جوبث تقريببحثا   ةبفيبحثارنعب 4 بليممةب.
حدت  ن ب لبةلالبهذهبحثمجحدحب اددعبب ضبحثنت ئجبحثا   ةبفيبحثارنعب 3 .ب

ب

ABSTRACT 

In this paper we study the existence and uniqueness solution of 
second order nonlinear integro-differential equations with boundary 
conditions, by using the Picard approximation method which is given by 
 4 . Where we extend some results gained by  3 .  

 

Introduction 
The Picard approximation method has been used to studies in many 

studies like: 

• “Existence and uniqueness solution for certain integro-differential 

equations”, which has the form:  1  
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• “Solutions for the volterra integral equations of the second kind”, 

which has the form:  2  
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• “picard’s successive approximation for non-linear two-point 
boundary-value problems”, which has the form:  3  

        
 

bbyAay

tytytfy

==

=

)(,)(

)(),(,
 



 

156 

 

Existence and Uniqueness Solution….. 

 

In this paper we are using the above method for studying the 

solution of second order nonlinear integro-differential equations with 

boundary conditions, where we extend some results gained by  3 . 

 

Consider the following second order nonlinear integro-differential 

equations, as the form: 

( ) ( ) ,)(),(,,),(),(,
2

2
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


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t

dssxsxsgstwtxtxtf
dt

xd
                        … … (1) 

with boundary conditions 

BbxAax == )(,)(                                                               … … (2) 

where the function ( )yxxtf ,,,   is a continuous in xxt ,,  and defined on 

the domain: 

( )   21,0,,, GGGTyxxt                                                         … … (3) 

Where    TGxTGx ,0,,0 1    and 1G  , 2G  are closed and 

bounded domains and  A , B  are positive constants. 

  

Suppose that the function ( )yxxtf ,,,   satisfies the following 

inequalities: 

( ) Myxxtf ,,,     ,                                                                      … … (4) 

( ) ( ) 213212211222111 ,,,,,, yyKxxKxxKyxxtfyxxtf −+−+−−   , 

                                                                                                       … … (5) 

( ) ( ) 2122112211 ,,,, xxLxxLxxtgxxtg  −+−−                         … … (6)  

for all   Tt ,0   and  Gxxx 21,,  , 121,, Gxxx    and  221,, Gyyy   ,  

where 21321 ,,,,, LLKKKM , are positive constants and 

( ) ( ) ( )dssxsxsgstwxxty
t


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= )(),(,,,,  . 

  

The kernel function ( )stw ,  was defined and continuous in 

− Tbtsa 0  ,   ( ) )(, stestw −−     ,   where   

 ,    be a positive constants.   

We define the non-empty sets as follows: 
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where  .max. =  . 

 

Furthermore, we suppose that the greatest eigen value of the 

following matrix: 
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is less than unity. i.e.   
( ) 10max Hh                                                                                   … … (8) 

Existence Solution 

 

The study of the existence solution of the problem (1), (2) will be 

introduced by the following: 

Theorem 1: 

Let the function ( )yxxtf ,,,   be defined in the domain (3), 

continuous in xxt ,,  and satisfy the inequalities (4), (5) and (6), then the 

sequence of functions: 
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to the limit function ),,,( 000 yxxtx   which is satisfying the integral 

equation: 
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f

Gx 10    ,  
f

Gy 20      where 
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Proof: 

Set  m=0  and use (9), we get: 

 −−−−+−+=−
t

a

axatAdsyxxsfstaxatAxyxxtx )()(),,,()()()(),,,( 0000000001 

                                −
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Moreover on differentiating ),,,( 0001 yxxtx  , we find: 
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a
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t
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( )MaTxyxxtx −− 00001 ),,,(                                                 … … (16) 

So that from (6), (15) and (16), we find 
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from (15), (16), (17) and the condition (8), we get Gyxxtx ),,,( 0001  , 

10001 ),,,( Gyxxtx   for all   Tt ,0  ,  fGx 0  ,   
f

Gx 10   ,  

( )
f

t

Gdsxxsgstwsy 2000 ,,),()( = 
−

 . 

Suppose that  Gyxxtxm − ),,,,( 0001   ,  10001 ),,,( Gyxxtxm −   , we have 
( ) MaTxyxxtxm
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where Gyxxtx ),,,( 0001   ,  10001 ),,,( Gyxxtx     for all   Tt ,0  , 

fGx 0 ,   
f

Gx 10   , 
f

Gsy 20 )(  . 

 

We prove now that the sequence (9) is uniformly convergent in 

(10). From (9), when  m=1  we get: 
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( ) ( ) −−+=−
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                                                           −+−+−
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 ( ) ( )
−

−

t

dssxsxsgsxsxsgstw )(),(,)(),(,),( 1122
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so     

 )()()()(),,(),,( 122121001002 txtxLtxtxLxxsyxxsy  −+−−




  

Now when  m=2  in (9) we get the following: 

( ) −−+−+=− 
t
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t
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t

a

dssysxsxsfsysxsxsfstaxaxat )(),(),(,)(),(),(,)()()()( 11122212  

  −+−+−−+−−
t

a

dssysyKsxsxKsxsxKstaxaxat )()()()()()()()()()( 12312212112  

( ) 







−+−+−+−−+−−

t

a

dssxsxLsxsxLKsxsxKsxsxKstaxaxat )()()()()()()()()()()()(
122121312212112





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

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


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


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


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


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2

12 txtxLKKtxtxLKKattxtxat 
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( )   )()()()(1)()(),,,(),,,( 122121

2

00020003 txtxaTqaTtxtxqaTyxxtxyxxtx  −−−++−−−

ب

( ) ( ) −−+=−
t

a

t
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dssysxsxsfxdssysxsxsfxyxxtxyxxtx )(),(),(,)(),(),(,),,,(),,,( 1110222000020003 

( ) ( )dssysxsxsfsysxsxsf
t

a

 − )(),(),(,)(),(),(, 111222   ب

  −+−+−
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a
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
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
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


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( ) )()()()()(),,,(),,,( 12212100020003 txtxqaTtxtxqaTyxxtxyxxtx  −−+−−−

             

( ) ( ) 
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 )()()()(),,(),,( 232231002003 txtxLtxtxLxxsyxxsy  −+−−




 

By induction we have: 

( )   )()()()(1)()(),,,(),,,( 1211

2

0000001 txtxaTqaTtxtxqaTyxxtxyxxtx mmmmmm −−+ −−−++−−− 

… … (18) 

( ) )()()()()(),,,(),,,( 12110000001 txtxqaTtxtxqaTyxxtxyxxtx mmmmmm −−+ −−+−−− 

 … … (19) 

 

Rewrite inequalities (18) and (19) in vector from: 

),,,()(),,,( 0000001 yxxttHyxxt mm   +                            … … (20) 
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2


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
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
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
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


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It follows from inequality (20) that: 

)()( 01 tHt mm  +                                                                      …… (21) 

where 

 
)(max

,0
0 tHH

Tt
=  ب

By iterating inequality (21), we have 

)()( 01 tHt m
m

m  +                                                                     …… (22) 

where     
( )

( ) 













−

−
=

MaT

MaT
2

0  

this leads to the estimation: 

0

1

1
0

1

 
=

−

=

m

i

i
m

i

i H                                                                        …… (23) 

 

since the matrix 0H  has eigenvalues: 

( ) ( )  ( ) ( )1

2

21210max 4
2

1
)( qqqaTqqaTaTHh ++−++−−=  

then the series (9) is uniformly convergent in (10), i.e. 

 
=



=

−−−

→
−==

m

i i

ii

m
HIHHLim

1 1

0
1

00
1

00
1

0 )(                              …… (24) 

where  I  is identity matrix. 
 

The limiting relation (24) signifies a uniform convergent of the sequence 

),,,( 000 yxxtxm  ,  ),,,( 000 yxxtxm    








=

=


→


→

),,,(),,,(

),,,(),,,(

000000

000000

yxxtxyxxtxLim

yxxtxyxxtxLim

m
m

m
m




                          ……. (25) 

By inequality (25), the estimation: 

0
1

00

000000

000000
)(

),,,(),,,(

),,,(),,,(
−















−

−
−




HIH

yxxtxyxxtx

yxxtxyxxtx
m

m

m




            …… (26) 

is true for  m=1,2,3,… 
 

Thus ),,,( 000 yxxtx   is a solution of integro-differential 

equations (1), (2). 

Uniqueness solution 

The study of the uniqueness solution of the problem (1), (2) will be 

introduced by the following: 

Theorem 2: 

Let all assumptions and conditions of theorem 1 be given then the 

problem (1), (2) has a unique solution ),,,( 000 yxxtxx =  on the 

domain (10). 
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Proof: 

We have to show to that ),,,( 000 yxxtx   is a unique solution of 

problem (1), (2). On the contrary, we suppose that there is at least two 

different solutions ),,,( 000 yxxtx   and ),,,(ˆ 000 yxxtx   of the problem (1), 

(2). 

From (11) the following inequalities are holds: 

( )   )(ˆ)()()(1)(ˆ)(),,,(ˆ),,,( 21

2

000000 txtxaTqaTtxtxqaTyxxtxyxxtx  −−−++−−−

… … (27) 

on differentiating (27) we should also obtain: 

( ) )(ˆ)()()(ˆ)(),,,(ˆ),,,( 21000000 txtxqaTtxtxqaTyxxtxyxxtx  −−+−−−

      … … (28) 
Inequalities (27) and (28) would lead to the estimation:  















−

−
















−

−

),,,(ˆ),,,(

),,,(ˆ),,,(

),,,(ˆ),,,(

),,,(ˆ),,,(

000000

000000

0

000000

000000

yxxtxyxxtx

yxxtxyxxtx
H

yxxtxyxxtx

yxxtxyxxtx








   

 

By iterating we should find that: 















−

−
















−

−

),,,(ˆ),,,(

),,,(ˆ),,,(

),,,(ˆ),,,(

),,,(ˆ),,,(

000000

000000

0

000000

000000

yxxtxyxxtx

yxxtxyxxtx
H

yxxtxyxxtx

yxxtxyxxtx
m








  

 

But  00 →mH   as  →m  ,  hence proceeding in the last inequality 

to the limit we should obtain the equalities 

),,,(ˆ),,,( 000000 yxxtxyxxtx  =  and  ),,,(ˆ),,,( 000000 yxxtxyxxtx  =  

which proves the solution is a unique and this completes the proof of the 

theorem. 
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