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ABSTRACT
In this paper we study the existence and uniqueness solution of
second order nonlinear integro-differential equations with boundary

conditions, by using the Picard approximation method which is given by
[4]. Where we extend some results gained by [3].

Introduction
The Picard approximation method has been used to studies in many
studies like:
e “Existence and uniqueness solution for certain integro-differential
equations”, which has the form: [1]

dx_ f[t, x,'t[;zﬁ(s, x(s))dsJ

dt

e “Solutions for the volterra integral equations of the second kind”,
which has the form: [2]

ue) = OO+ [Fxyuyydy ,  (xe[o,al)
0

u(x) = f (x)e ™ + e“](‘ F(x,ye?u(y)dy , (xelo,a], 2>0)

e “picard’s successive approximation for non-linear two-point
boundary-value problems”, which has the form: [3]

y" = ft, y(), y'®)]
y@=A , y(b)=b
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In this paper we are using the above method for studying the
solution of second order nonlinear integro-differential equations with
boundary conditions, where we extend some results gained by [3].

Consider the following second order nonlinear integro-differential
equations, as the form:

szf = f(t,x(t),x'(t), jw(t,s)g(s,x(s),X(s))dsJ S (1)
with boundary conditi_;ons
xa)=A , x(o)=8 .. (2)

where the function f(t,x,x, y) is a continuous in t,x, X and defined on
the domain:

t,x, % y)e[0,T|xGxG xG, .. 3)
Where xeGc[0,T], xeG, c[0,T] and G, , G, are closed and
bounded domains and A, B are positive constants.

Suppose that the function f(t,x,%,y) satisfies the following
inequalities:
Ifexxyjsm . (4)

Hf(t’X11X11Y1)_ f(t1X2’X2’y2}‘ < K1HX1 _qu"‘ KZHXI _qu"‘ KSHY1 - yz” ,

lat, x, %) — gt %, % | < Lofx =%+ Lo =% .. (6)
forall te[0,T] and Xx,x,%, €G , X,X,% G, and y,y,,y,€G, ,
where M, K, K, K;, L, Ly, are positive constants and
t
y(t.x, %)= [w(t,s)g(s, x(s), X(s))s.
The kernel function w(t,s) was defined and continuous in
~0<0<a<r<s<t<b<T<o , [wts)<se”™ | where

y,0 be a positive constants.
We define the non-empty sets as follows:

G, =G-(T-a)M
G, =G -T-aym L (7)

G, =G, —%[LI(T —a)’ —L,(T —a)]M
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where ||| = max|| .

Furthermore, we suppose that the greatest eigen value of the
following matrix:

_((T-afq, 1+ -a)g,[T-a
o [(T —a)y, (T -a), J
Is less than unity. i.e.

hooe (Ho)<1 (8)
Existence Solution

The study of the existence solution of the problem (1), (2) will be
introduced by the following:
Theorem 1:

Let the function f(t,x,x,y) be defined in the domain (3),

continuous in t,x,x and satisfy the inequalities (4), (5) and (6), then the
sequence of functions:

Xm+l(t’ XO’ XO’ yO) = A+ (t - a-)).(m (a) +I(t _S) f (t’ Xm (S),Xm (S)’ ym (S))jS

...... 9)
with
x = A LZAB=A oy (BZA m=0412,..
(b—a) (b—a)
converges uniformly on the domain:
(t, %y, %, Yo ) €[0T |xGxG, xG, .. (10)

to the limit function Xx_(t,X,,X%,,Y,) Which is satisfying the integral
equation:

X(t, Xg, X0, Yo) = A+ (t —a)x(a) + j‘ (t —s) f(t, x(s), X(s), y(s) Ws

...... (11)

provided that:
%, (6 %0, %0, Yo) = Xo| < (T—a)’M (12)
...... (13) I%.. (t, Xg, X9, Vo) — %o < (T —a)M
and

X, (t, Xg, Xo: Yo ) — X (t, X0, X,

et Xo. %o, Vo) =X (6 X5 Yo, Yo) SHI(I-H)™, ... ... (14)

ono(LXo!XOvYO)—Xm(tho’Xo’YO)H

for te[0T], x,€G, , % €G,; , Yo €G,, where
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L J
((T a)’q, 1+ (T —a)a, [T - a)j
(T a)ql (T - a)Qz |
o—((l Z;I\/IMJ , Q1:K1+K3§L1 ’ q2:K2+K3§L2'

Proof:

Set m=0 and use (9), we get:
t

A+(t—a)xo(a)+j(t—s)f(s,xo,xo, Yo)ds—A—(t—a)%,(a)

a

IH('[_S)f(S X0, X, Yo)dS

%t %0, %o, o) = Xo| =

—

(t =) (5, %, %o, Yo)ds <(t—a)’M

I
QJ'—;"' Y

X, (t, X0, %0, Vo) = Xo| < (T —a¥M (15)

Moreover on differentiating X, (t, X,, X,, Yo) , We find:
t
Xo + [ £, %0, Yo)ds = %o

a

% (t %0 %o, Vo) = %o =

t
<[] f(s:%, %, Yo)ds <(t—a)M
a

so that
%t X, %o, Vo) = Xo|<(T=a)M . (16)
So that from (6), (15) and (16), we find

jw(t 5)g(s, X, (), % (5))ds — Iw(t $)g(s, Xg, X, )ds

—0 —00

< [wt. s)lla(s. %, (5), %, () - g(s. X5, %, Jds

Hyl(s X0 Xg) = YO(S)H

t
< [ L (6) ] + Lol (6 s

SO
HY1 (S, %0, %) = Yo (S)H < g [Ll(T _a)z +L, (T - a)]M ...... (17)
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from (15), (16), (17) and the condition (8), we get X, (t,Xy,%Xy,Yo) €G,
% (t, %0, %, Yo) €G, for all te[0,T] , x,€G; %, € Gy

Yo(S) = jw(t,s)g(s, X, %o )s € Gy

Suppose that X, (t,X5,, %, Yo) €G , X4 (t,Xg, %0, Yo) €G; , We have
[ (& X0 %o, Yo) = Xo| < (T —a)* M
me(tixo,xo,yo)—XoHS(T—a)M

Hm@mm%rvaﬂhghxﬂaf+uﬁ—®w

where %, (t, X, %0, Yo) €G . % (t, X5, %, Yo) €G, for all te[0,T],
Xo €Gy, X9 €Gyy s Yo(8) Gy,

We prove now that the sequence (9) is uniformly convergent in
(10). From (9), when m=1 we get:

t

A+(t-a)x (a)+ J(t -5)f (S, X1(8), % (), Y1(5))d3 -

a

—A—(t—a)XO(a)—j(t—s)f(s,xo,XO,yo)lls

HXZ('[,XO,XO, Yo) = X (t Xg, X, YO)H:

t

< (t-a)|,(a) Yo+ [ (t=5)|F (5. %,(5), K, (5), Ya(5))— F (5. X Ko Yo U

a
t

<(t- a)Hxl(a) - XOH + j(t - 5)[K1HX1(3) - XOH + KZHXl(S) - XOH + KBHyl(S) - yoH]dS

a
t

<(t-a)f¥ (@) - %o + I(t - S){lel(s) g+ K[ (8) g + KSj(lel(S) =g + Ly (s) - Xo)]ds
< (t—a)[x () - %[+ (t - a)zl( K, + K3§ Lijxl(t) — X[ + (Kz + Kgé szxl(t) - >'<0]
/4 /4

_ (t—a)z[Kl K2 Lljxl(t)—x0+[1+(t—a)£K2 K00 j](t—a)xl(t)— |
v 14

therefore
¥ (t X1 %, Yo) = Xa (6 X, %o, Vo) < (T = a)f Q%0 (1) %o + [L+(T-a)g, JT - )% (t) — %|

and
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t t

sz(t,xo’xo’ Yo) = %o (t, X, X, yo)H: Xo +I f(31X1(5)’X1(S),Y1(3))d5‘ Xo ‘j f(S,XO,)'(O, YO)dS
[£(s,%,(s) Y1(5))- (s, Xg, %o, Yo Jds

[ 1HX1 XOH + KZHXI XOH + KSHyl(S) - YOH]dS

<(t- a)KK+K Lijxl x0+[K2+K3jL2]X1(t)—X0]

HXZ(LXO’XO’yO)_Xl(t’X01X0’yO)H—(T a)qluxl(t —Xo[+ (T =), %, (t) — X, |

d
d

t t

J W, 9)9(5, %, (5) %, ()5 — [ wt, S)al(s, % 6), ¥y (9)s

—© —00

< 1wt (5., 5), %, (5)) - 95, %, (5). %, (5))] s

Hyz(s,xo, Xo) = Y1(8, %o, XO)HZ

SO

HY2 (S, Xg, %) = Y1(8, X, XO)H < g[l—luxz (t)—x, (t)H + |—2HX2 (t)—x, (t)H]

Now when m=2 in (9) we get the following:
t

A+ (t=a)%, (@) + [ () F(5,%,(5). %, (5), Y, (6))ds -

a

X3 (t %o, %o, Yo) = X2 (t, %91 %o, Yo)| =

t

A= (t-a)k (a) - [ (t =) F5,%,(8), %, (5), v, (5) s

a

t

<(t- a)sz (@)-% (a)H + _[ (t- S)H f (S' X2(5), %,(5), Y, (3))_ f (S' X, (5), %,(5), ¥4 (S)Mds

a
t

<(t- a)sz(a) - Xl(a)H + j(t - S)[Klez (s)- X1(S)H + Kszz (s)- Xl(S)H + KsHyz(S) - Y1(3)H]ds

<(t-a)j, (@) -, (@) + j(t - S){lez (6)-1(5)]+ K, X, (8) - % (5)] + K, j("lxz (5)- (8] + L} (5)- K(S))]ds
< (t-a)%, () - % O] + (t- a)zl( Ky + K3j Lisz (1) - % (1) + [Kz +K, j szxz (t)- Xl(t)]

=t —a)z[Kl +K, j Li]xz(t) =X () {1+ (t- a)(Kz +K, j sz](t —a) ¥, (t) - %, (t)|
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ng(t, Xg %o Yo) = %o (t, X, %o, yo)H S(T _a)qusz(t)_Xl(t)“+[1"‘(T qZ](T sz (t)H

t t

Xo +j f(s’ X, (8): %, (8), Y, (S))dS —%g ‘j f(s’ X, (8), %1 (), 1 () s

a a

HXS(t’XOvayo)‘xz(tlxg,' Yol=

t

< [[£(5,%,(5), % (5), Y5 () = (5, %, (), %, (5), Y1 (5) Jds

a

< [[Ky[%5(5) = %, (5)] + K[, (5) = ¥, (8)] + Ky, ) - ya ()] s

<(t-a ){[ +K3ih]x2<t)—xl<t)+[K2+K3jtzsz<t)—xl(t)]

H)'(3 (t, Xg, %o, Yo) = %, (t, Xg, %o, YO)H <(T- a)qlu)(Z () -x (t)“ +(T - a)QzHXZ (t) - % (t)H

t

I 0(5, X3(), X3 (8))ds = [wit,5)g(s, X, (), X, (5))ds

—00

HY3(S'X0 Xo) = Y2(8: %9, Xg H:

< J 196 9Mols 55,6505 X, K.

[V3 (8, %0, %) = ¥ (8, X0, %p)|| < ;[Liux?, (1) = X, (O)] + Lo %5 (1) = %, (t)H]

By induction we have:
bt o) o o Yol < ~ 200 O] T -0 T -l ),
...... (18)
me+1 (t %o, %91 Vo) = X (8 X0, %o, YO)H < (T - a)quxm (t) = Xpg (t)H +(T -a)q, me (t) = %pq (t)H

Rewrite inequalities (18) and (19) in vector from:
W (X, %0 Vo) SH®) W, (%0, %0, V) (20)

1t X0, %0, Vo) = [meﬂ(t X0 %o, Yo) =X (6 X, %o, yO)H}
e me+1(t X0+ X0+ Yo) = Xm (t, Xg, Xo, yo)”
o[ sk,
(t-a)a, (t—a)a,
me(t’XO’XO’yO)_Xm1(t1XO’XO’yO)HJ

Yo (X, %o, Yo) =
%%, %o) (me(t,Xo’XO’YO)_Xm1(t’X0’X0’y°)H
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It follows from inequality (20) that:

IPm+1 (t) = HO le (t) ...... (21)
where

H, = max H(t)

te[0,T]
By iterating inequality (21), we have
Y .  O<Hy/¥Y.O)O L (22)
2
where P, = (T-a)M
(T-aM
this leads to the estimation:

Swo<SHEw, (23)
i=1 i=1

since the matrix H, has eigenvalues:
1
hmax (Ho) = E(T _a)([(T -a), + q2]+\/[(T —a), +0, ] +4Q1)
then the series (9) is uniformly convergent in (10), i.e.
LIm> Ho? Wy =D He' W =(1 -Hy) Y, ... (24)
M=% -1 i=1

where | is identity matrix.

The limiting relation (24) signifies a uniform convergent of the sequence
X (8, X0, X0, Yo ) s Xm (L, Xg, Xg, ¥o)
Limx,,, (t, Xq, Xg, Yo) = X, (t, Xg, Xo, Yo)

m—o0
- . . S 25)
LimX;, (t, X5, Xo,: ¥Yo) = X, (8, X0, %o, Yo)

m-—o0

By inequality (25), the estimation:
ono (t, Xg1 Xg1 Yo) = X (& %o %o, YO)H
ono (t, Xg1 Xg5 Yo) = X (& %o %o, YO)H

IS true for m=1,2,3,...

JSH{)“(I—HO)“PO ...... (26)

Thus X, (t,Xy, %, Yo) is a solution of integro-differential

equations (1), (2).
Uniqueness solution

The study of the uniqueness solution of the problem (1), (2) will be
introduced by the following:
Theorem 2:

Let all assumptions and conditions of theorem 1 be given then the
problem (1), (2) has a unique solution X=X, (t,Xy,%,,Y,) oOn the

domain (10).
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Proof:
We have to show to that X(t, Xy, X,,Y,) is @ unique solution of

problem (1), (2). On the contrary, we suppose that there is at least two
different solutions X(t, Xy, Xo, Yo) and X(t, Xy, Xy, Y,) of the problem (1),

).

From (11) the following inequalities are holds:

on differentiating (27) we should also obtain:
it %o %o, Vo) = R(t Xo, X ¥o)| < (T @)y x(t) = R0)] + (T —a)a ) - ()

Inequalities (27) and (28) would lead to the estimation:

LHX(L X0 X0 Yo) = X(t, Xg, X, yo)H} <H [HX(’[, Xo: X0 Yo) = X(t, Xg, X, yo)H]
S Hy

H)'((t, X0: X0 Yo) = X(t, X0 X, YO)H HX(L Xo1X0» Yo) — X(t, X01 X0 Yo )H

By iterating we should find that:
{HX(L Xo» %01 Yo) = R(t, Xg, Xg, YO)H] <H m{”x(t, Xor Xo» Yo) = R(t, Xg, Xg, YO)H]

HX(L Xo1 %01 Yo) = X(t, Xo1 Xo, YO)H ’ H)’((t, X0+ %01 Yo) = X(t, Xo1 Xg, YO)H

But Hi' >0 as m—oo, hence proceeding in the last inequality
to the limit we should obtain the equalities

X(t, %o, %01 Yo) = X(t, X9, %9, ¥p)  and X(t, X1 X, Yo) = X(t, Xg, Xg, Yo)

which proves the solution is a unique and this completes the proof of the

theorem.
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