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Abstract
In this paper we study the solvability conditions for a system of
Nonhomogenous ordinary differential equations of the first order with
boundary conditions by using the method which is given by [3,4].
1-Introduction :
The author [2] investigated the solvability conditions for certain
eigenvalue problems by using perturbation method .
Also [1] investigated the solvability conditions of boundary value
problem for partial differential equations of the 2" order by using the
same method which is given by [3] .

Our work is to find the solvability conditions for a system of the first
order of differential equations by using the perturbation method which is

given by [3] .
We consider the following system of differential equations
d
d—y—A(x)y = (x) (1.1)
X
with boundary conditions
Y. (@)= Bi for i=12,.......... ,m (1.2)
y_(b) = 4 for iI=Em+lm+2,........ ,n

where y and f are column vectors with n components,A is an nxn matrix,
and p. are constants .
2-Main_Results:

In this section we formulate the main results by depending on the
following theorem :
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Theorem :
The necessary conditions for solvability a system of ordinary
differential equation (1.1) with conditions (1.2) is :

B Zma O+ B Zin (O) + ot g 7, (D) = 1 7,(3) ~ g, 2,(@) — ..~

b
(2.1)
~ B Zn(@ =] 7'fd(x)
Proof :
We consider the solvability conditions for the problem
d
d—y ~ AKXy = f(x) (2.2)
X
Is
yi (a) = B for 1=1,2,.......... ,m (2.3)
yi(b) = B; for i=m+1,m+2, ...... ,n

where y and f are column vectors with n components, A is an nxn
matrix, and g; are constants .

We assume that the corresponding homogenous problem of (2.2,2.3)
has a nontrivial solution, so that the nonhomogenous problem will have a
solution only if solvability conditions are satisfied.

To determine the solvability conditions we multiply (2.2) from the
left with 7' where zT is the transpose of the adjoint column vector z

with n components.
Thus ,we have :

Tdy T T
—dx-7 Ay=7 f
Z g 7 A=7

Which upon integration fromx =atox=Dbgives:
IZ D ix- IZ Aydx = jz fdx (2.4)

Integratlon by parts the first integral on the left- hand side of (2.4) we find

ZY‘ I Zydx jszdx jzfdx

or
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T b " d l"|t) T ° T
7 y|a—£(&z +7 A)ydx:!:Z fdx (2.5)

The adjoint equations are defined by setting the coefficient of y in
the integrand in (2.5) equal to zero and obtaining

d T T
= A=0
wl*Z

Taking the transpose, we have :
d - ! T A\

— Al =0
(&7) (o

or

92 ATz-0 (2.6)

dx

Comparing (2.6) and (2.2) ,we conclude that the differential equations
are self- adjoint if A=-AT .

To determine the boundary conditions on z,we consider the
corresponding homogenous problem by setting f =0 in (2.5) ,we obtain :

ZT y|:1 =0 (2.7)
or

[Zl Y +Z, Y, F e +7. yn]: =0 (2.8)

Putting ;=0 in (2.3) and substituting the result into (2.8) ,we have

20y ©)+7,0) Y, )t z,OY O-7,,@Y (@)- 29)
L2 (a) ym+2 (@)= -7 (@) yr1 (@)=0 .

We define the adjoint boundary conditions such that each of the
coefficient of the yi(b) for i=1,2,3,----,m and the yi(a) for

I=m+1,m+2,---.n equal to zero ,so that the result is :

7.(@)=0 for i=m+1, m+2,....... Bl (2.10)
7.(b)=0 for 1=12,............... ,m
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Returning to the nonhomogenous problem ,we substituting (2.3), (2.6)
and (2.10) into (2.5) we find:

/Bm+1Zm+1(b) +ﬁm+22m+2(b) +"'+,3n Zn (b) _ﬂlzl(a) —ﬁzzz(a) —

b
~ B Zn(@) = j 7 'fdx

As the desired solvability conditions .
EXAMPLE :
To illustrate the procedure ,we will specify the following system
differential equations :

S 0

with the boundary conditions

y,(0)=025
y,(712)=075

[z, ZZ]{%}[L zz](_o1 é]@,/}[zl zz]@
2, z]@j ”’iiﬁz; zz’}[z1 zz(_ol ;j[;jdx—ﬂf[zl ZZ(Sde

0 0

REsEE
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=0

l2
0

2,.Y,72:Y,
2,(712)y (#12)-7,(0y,(0)=0
7,(x/2)=0

Zz(o) =0

7
0.757,(z/2)-0.257,(0) = f[z1 7,] (Ode

X
7y
0.757,(7/2)—0.257,(0) = [x z,(X)dx
0

Z,(X) = cos(x)
Z, (X) = —sin(x)

z,(0)=1
Z,(7r12)=-1

If we compare with (2.1) ,the desired solvability conditions is
7
~0.75-0.25 = — [ xsin(x)dx
0

~1=-1
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