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  الخلاصة

التفاضـلية  -تكامليـة يتضمن البحث دراسة وجود وتقارب الحل لنظام من المعادلات          
العددية لبناء  - وذلك باستخدام الطريقة التحليلية    حدودية ذات شروط  من الرتبة الثانية     اللاخطية

كما . Samoilenko A.M  لـ اللاخطية ذات شروط حدوديةلمعادلات التفاضلية االحل لنظام
  . الطريقة في أعلاه و توسيعهاتعميمل هذا البحث تم من خلا

 
Abstract 
 In this paper we investigate the existence and approximation 
solution for nonlinear system of an integro-differential equation of the 
second order with boundary conditions by using the numerical-analytic 
method for investigating a system of nonlinear differential equation with 
boundary conditions which is given by Samoilenko A. M. And also these 
investigations lead us to generalized the above method. 
 
1.  Introduction: 

The numerical- analytic method has been used to study many 
boundary value problems [1,2,3,4,5,7]. 

Samoilenko, A. M. and Ronto, N.I. used the numerical- analytic 
method for investigating a system of nonlinear differential equation with 
boundary conditions: 

),( xtf
dt
dx

=                                  …(1.1) 

dTCxAx =+ )()0(  
Where the vector function f (t, x) is continuous in t, x on the domain: 

[ ] DTxt ×∈ ,0),(                                           …(1.2) 
and D is a compact subset of the Euclidean spaces nR , )( ijAA = , 

)( ijCC = , are positive matrices (n × n) nRd ∈, . 
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In this paper we use the numerical-analytic method of a system of 
nonlinear differential equation which was given by Samoilenko, A. M.  
Consider the following problem: 
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are continuous vectors on yxxt ,,, & and defined on the domain  
 [ ] 21,0),,,( DDDTyxxt ×××∈&                   …. (1.7)  
where 1D  and 2D are bounded subset of nR ,and 
  )( ijγγ = , )( ijλλ = ,  )( 11 ijγγ = , )( 11 ijλλ =  ,   
are positive matrices (n × n) nR∈δβ ,, . 
          Let the functions    ),,,( yxxtf &    and   ),,( xxt &φ satisfy the following 
inequalities: 

Myxxtf ≤),,,( & , Nxxt ≤),,( &φ ;                                                   …(1.8) 

213212211222111 y xK ),,,(),,,( yKxxKxyxxtfyxxtf −+−+−≤− &&&&   ….(1.9) 
 ),,(),,( 2122112211 xxLxxLxxtxxt &&&& −+−≤−φφ                                …(1.10)  

for all , Dxxx ∈21,, ,  121,, Dxxx ∈&&& , 221,, Dyyy ∈ , [ ]Tt ,0∈  and  
NMLLKKK ,,,,,, 21321   are positive constants. 

We define the non-empty sets as follows: 
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furthermore, we suppose that the largest eigenvalue λ  of the 
following matrix. 
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is less than one.i.e. 
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LEMMA  1   [6]    
Let f (t) be a continuous vector function in the interval Tt ≤≤0 , then 
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LEMMA  2 

Let f (t) be a continuous vector function in the interval Tt ≤≤0 , 
then 

2
)()(1)(

2

0 0

 

0 

 

0 

TMtTMdsdsdssf
T

dssf
t T

tt
≤≤⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛−⎟

⎠
⎞⎜

⎝
⎛∫ ∫ ∫∫ α  

Where   TMtMdssfdssf
tt

≤≤≤ ∫∫
 

0 

 

0 
)()(    

PROOF: 
From the following inequality 
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We define the operator L as: 
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Since f(t) is continuous function on the interval [ ]T,0 . then the integral 
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By lemma 2 .we get 
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2.  Approximate solution 

The investigation of approximate solution of the problem (A) will 
be introduced by the following theorem. 
 

THEOREM 1 
If the system (A) satisfies the inequalities (1.8), (1.9), (1.10) and 

then the sequence of functions defined by: 
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As   ∞→m                    
converges uniformly in the domain: 

[ ] βDTxt ×∈ ,0),( 0                                          …(2.14) 
for βDx ∈0 , 
to the function ),( 0xtx∞  which is satisfying the integral equation 
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And has a unique solution provided that  
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PROOF: 
Setting m=1and using lemma 2 in (2.13), we have  
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where dsxsxsty
t
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By lemma 2 and the sequence of the functions (2.14) when m=1 we get  
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By (1.8) ,(1.9) ,(1.10) and lemma 1, we have 
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since the matrix 0Λ has eigenvalues (1.12). 
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is true for m=1,2,3,… 
Thus ),( 0xtx∞ is solutions of the integral equations (2.15).  
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3.  Existence of solution 
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LEMMA 3 
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mm
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mm
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x

x

σ

σ
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−≤≤+

−≤≤+

),0(

),0(

0

0

max
min

0

0                                                   …(3.44)                   

Where, )(
2 00

2

xPTMh += , 

then the boundary value problem (A) has solutions ),( 0xtxx =  such 
that hbxha −≤≤+ 0 . 
PROOF: 

Let 21, xx be any point in the interval [ ]hbha −+ ,  such that  

),0(),0(
   

),0(),0(

02

0

01

max

min

0

0

xx
hbxha

xx

hbxha

hbxha

∆=∆

−≤≤+

∆=∆

−≤≤+

−≤≤+

                                                       …(3.45)                               

by using the inequalities (3.42),(3.44) we have: 
[ ]
[ ] 0),0(),0(),0(),0(

0),0(),0(),0(),0(

2222

1111

≥∆−∆+∆=∆
≤∆−∆+∆=∆

xxxx
xxxx

mm

mm
               …(3.46)            

From the continuity of (3.40) and from (3.46) there exists a singular point 
0xx =∞ , [ ]2, 1 xxx ∈∞ , such that: 0),0( =∆ ∞x   

thus  ),( 0xtxx = is a solution of (A). 
 
REMARK  
 When 1RRn = i.e. 0x  is a scalar, theorem 2 can be strengthen by 
omitting the requirement that the singular point should be isolated. (For 
this remark see [5]) 
 
THEOREM 3 

If the function ),0( 0x∆  is defined by  
nRD →∆ β:  
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Where the function ),( 0xtx∞  is limit of function (2.13) then the 
inequalities 

T
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and 
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Are satisfies for βDxxx ∈2
0

1
00 ,,  

Where, )( 1311 TLKKE += , )( 2322 TLKKE += , ⎟⎟
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( ) 1
239141012 1 −−= EEEEEEE  

PROOF: 
From ),( 0xtx∞  the function ),0( 0x∆  that continuous and bounded by 

T
BM 1+  100 , ββ DxDx ∈∈ & and  

...(3.50) ),(),(2TE                                          
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and the functions ),( 1
0xtx∞ , ),( 2

0xtx∞ are  solution of integral equations:  
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By (3.51) and lemma 2 we get  
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from (3.54) in (3.55) we get 
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from (3.55) in (3.54) we get 
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Substituting (3.56) and (3.57) in (3.50). We get (3.49) . 
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