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Abstract

In this paper we investigate the existence and approximation
solution for nonlinear system of an integro-differential equation of the
second order with boundary conditions by using the numerical-analytic
method for investigating a system of nonlinear differential equation with
boundary conditions which is given by Samoilenko A. M. And also these
investigations lead us to generalized the above method.

1. Introduction:

The numerical- analytic method has been used to study many
boundary value problems [1,2,3,4,5,7].

Samoilenko, A. M. and Ronto, N.I. used the numerical- analytic
method for investigating a system of nonlinear differential equation with
boundary conditions:

%: f(t,x) ..(1.1)

Ax(0)+Cx(T) =d
Where the vector function f (t, X) is continuous in t, X on the domain:
(t,x)€[0,T]xD ...(1.2)

and D is a compact subset of the Euclidean spaces R",A=(A;),
C =(Cy), are positive matrices (n x n),d eR".
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In this paper we use the numerical-analytic method of a system of
nonlinear differential equation which was given by Samoilenko, A. M.,
Consider the following problem:

(;Tz;( = f (s, x(s), X(s),j¢(s,x(s),>’<(s)ds) ..(1.3)
7 XO0)+ A4 x(T)=0 ..(1.4) +...(A)
Y X(0)+AX(T)=p ..(L.5)

The vector functions
ftx % y)=(f (XX y),- (X%, y))}
¢(t! X, X) = (¢1(t1 X, X)’ T "¢n (t1 X, X))
are continuous vectors on t, x, X, yand defined on the domain
(t,x,%,y)€[0,T]xDxD, xD, ... (1.7)
where D, and D, are bounded subset of R" ,and
V= (7ij), A= (ﬂ’ij), = (71ij), A = (ﬂ‘lij) ,
are positive matrices (n x n), 5,6 eR".

Let the functions  f(t,x,%x,y) and ¢(t, x, x)satisfy the following
inequalities:

....(L.6)

[f & x.%y)|<M [t x,%)|<N: ...(1.8)
H f (X, %, y) — F (6%, %, Y2)H < K1HX1 - Xz” + KZHX1 - qu + K3Hy1 - Y2H ....(1.9)
||¢(t, X Xl) —¢(t, X2 Xz)” < L1||X1 - X2|| + L2||X1 - Xz” (110)
for all ,x,%, % €D, X%,% €D,y,y,y,eD,,te[0,T] and

K, K,,K;,L,L,,M,N are positive constants.
We define the non-empty sets as follows:

2

D,=D-(M T?+ Py (X0));

T
D,, :Dl_(ME_'_Pl(XO)); ...(1.11)
D,; =D, -M;

T+2T?

and 2,0) =427+ y W11, 2.5 = 221w + 20l
P, (Xp) = 2|xo ||+ T|[%o ]|+ T2M + 2JQ[ + T W[ ,W = 2,6 — 47, %,, Q=2"8-2",,

[t 2 ([t (& 2 i (£t
p(t)—[Tz Tj,pla) (T tJ,pz(t)—(Tz 2)p0=(Z-1) 0.0 (Tz Tj

furthermore, we suppose that the largest eigenvalue A of the
following matrix.
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{M ;WLST—Z}(K +K,LT) {M T—22 +3T—2}(K +K,L,T)
B+2T}(K1 +K,LT) B +2T}(K2 +K,L,T)

is less than one.i.e.

A,=0, %:H T—22+£2}(K1+K LT) { +2T}(K +K I_ZT)}<1 ...(1.12)

LEMMA 1 [6]
Let f (t) be a continuous vector function in the interval 0<t<T, then

T

j(f(s)—Tijf(s)ds)ds

0

< Ma(t)

where

t
a()=21-2), m- max| ol

IEOT

LEMMA 2
Let f (t) be a continuous vector function in the interval 0<t<T,
then

HHU;”SNS}—%T{U f(s)dsjds}ds

t
<[ Jf)ds<tM <T™

T2
<TMO[(t)<M 7

Where Hj; f(s)ds

PROOF:
From the following inequality

I(j:f(s)ds)—_ll_i({;f(s)ds)ds}ds <|| :f(s)ds)ds—_lt_i({;f(s)ds)ds—_lt_j([;f(s)ds s

< (1—_;)I(j;f(s)ds)ds—_lt_m:f(s)ds s

s + ;j J; (s)aslds

t T
< (1—l)jT|v|ds +leM ds
T 0 T t
T 2
<TMa(t) <M -
We define the operator L as:

L([; f (s)ds): j[(j f (s)ds)— %j({ f (s)ds)ds}ds
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Since f(t) is continuous function on the interval [0,T]. then the integral
U;f(s)ds) IS continuous on the same interval and LU;f(s)ds) is also

continuous on the same interval .

By lemma 2 .we get
2

LI[" f (s)ds | < a(t)T™ SMT— For all te[O,T],a(t)SI.
0 2 2

2. Approximate solution
The investigation of approximate solution of the problem (A) will
be introduced by the following theorem.

THEOREM 1
If the system (A) satisfies the inequalities (1.8), (1.9), (1.10) and
then the sequence of functions defined by:

Xt %) =50 + LU (5,1 (850) %25, %), [ 6, X145 5) %25, %,)09I9)
PO [ £65.%,2(850) 5,1 (5%), [ 46,5, (5,%), 6,55, %, )9t -

— D] F(5X025:%) 525 %0), [ 6 X148, %,). 525, % )9+ )X, +ROW +PE)Q

Kol ) = Xy, Faled oy o) - (213)
As m-—oo

converges uniformly in the domain:

(t,x,) €[0,T]xD, ..(2.14)
for x,eD,,

to the function X (t,X,) which is satisfying the integral equation

X(t, Xo) =X, + L(j f (s, x(s,X,), X(s, xo),jqﬁ(s, X(S, X,), X(S, X, )ds)ds)
+p, (t)ﬁ f(s,Xx(s,%,), X(s, xo),j¢(s, X(S,X,), X(S, X, )ds)dsdt —  ...(2.15)

- pl(t)]‘ f (S, X(S,%,), X(s, xo),iqﬁ(s, X(S, Xy), X(8, Xy )ds)ds + p(t)x, + P, ()W + P()Q
And h;s a unique solutionoprovided that

||xm(t,x0)—x0||£M;+ P, (X,) ...(2.16)
PROOF:

Setting m=1and using lemma 2 in (2.13), we have
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[, (t %) =%, <

X+ LU (5508, %), 5 (8, %), [ 6 % (6 %) % (1 %, )t
+ P [ 166508, %). (5%, [ 45, % (5, %), Ko (8, X )ddlelt— - ....(2.17)

= PO F(5:%(5,%). % (5 %), [ 6. % (5. %), X (5, %, )dsds + p(t)Xo+Pl(t)W+P(t)Q—XoH

2

HXl('[,XO)—XOH <SMTa(t)+F,(%) <M T?"‘ P (%) ..(2.18)

X (t,x,)eD forall ,x,eD,
on differentiating x(t,x,) from (2.15) and taking the norm, we have

Jx(t. %)=

p2 (t)XO +j.( f (81 X(S’ XO)’ X(S’ XO)!j-¢(S’ X(S’ XO),X(S, Xo)ds) -
_Tl] f(s,X(S,%y), X(s, xo),j¢(s, X(S, %), X(s, xo)ds)dsjds+
+p, (t)j[j. f(s,X(s, %), X(s, xo),i¢(s,s, X(S, %), X(8, X, )ds)dsdt +

+ 1—%)i f (s, X(s, X, )X(s, xo),j:gzﬁ(s, X(S, %y), X(S, X, )ds)ds
— P, ()Q+ py (V| .(2.19)
Or

. 2 2
[x(t.x0)] < o] + Mar(®) + 2TM + Q] + W]

T ...(2.20)
<M E+ P.(X,)

From (2.18),(2.21) we get
19, (65,) — yo O] < [ 05,505, %), 5 (5, %))t — (5, x4 xo),O)dtH

< (5, %, (5, %), % (5. %))t — (5, X, (5, ¥,) Ot

<T (L (6 %) = % + L (6. %,)])

T2 T2
ST(LlM 7+ P (x,)+L,M 7+ Pl(xo)j

<M, ..(2.21)
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where y, (t) = jqﬁ(s, X, (S, X,),0)ds ,  X,eD, ...(2.22)

0
By lemma 2 and the sequence of the functions (2.14) when m=1 we get
x,(t,x,) e D forall te[0,T] and forallx, e D,

by induction we have:
T2
me(t,xo)—xOHSM7+ P, (X,) ...(2.23)

HYm (t,xo)—yo(t)Hs M, ...(2.24)
Xn(t,X,) €D forall ,x,eD,
andy, (t,x,)eD, forall ,y,eD,

and y_(t)= j¢(s, X, (S, %), X, (S, %,))ds : m=0,1,2,3.......

0

Now we prove that the sequence of functions {X,(t %,)}",
converges uniformly in the domain (1.7) ,by (2.13) and lemma 2,we have
X1t %) = X0 (& %) < Ta@®[(K, + KoLK a (t %) = Xt %)

(K + KoL) K (6 %) =%, & %) +T§ [(K, + KL)% %) = %, (8 )|

+(K, + K LT)|

%1 (6 %) = ¥ (£, %) +T7 [(K, + KoLy T X (t %) = %, (8 %))
Late) e (2.25)

+(K, + KLT)|

T2 372
S{7+ 8 }[(KﬁrKsLlT)||Xm+1(t’X°)_Xm(t’xo)”+

(K + KL T Kes (8 X0) = X, (%)
By (1.8) ,(1.9) ,(1.10) and lemma 1, we have
[%,2( %) = X (1, %) < 2O (Ky + KT (6 %) = X (8, 36)]
(K + Koy T) o (%) = 6 8 1 2T [, + KoL) (6 %) = X, (8 3)]
<far(t) + 2T ] [[(Ky + KoL T)[Xpua (8 %) = X, (8 %o )| +
(K + KL)% (6 X0) = % (& Xo)]

< B+ ZT} [0k, + K LT X 8 %) = X 8 %)+

(K + KoL, T)[%ea (t o) = X (8 %) ] ...(2.26)
Rewrite the inequalities (2.25), (2.26) in vector form as
V.., ) <A@V, (1) ..(2.27)
where
X (t, X,) = X (t, X
Vi (1) {H.M( ) .m( O)H]; ..(2.28)
me+l(t’ XO) — Xy (t’ XO)H
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3r’ 3r’

Toft)+— (K, +K,LT) {Ta(t) +—}(K +K,L,T)
A(t)i 8}(1 s g | ek ...(2.29)

[o®)+2T)(, +K,LT) [t +2T(K, +K,LT)
it follows from inequality (2.27) that
Vi <AV, ...(2.30)
where
A, = trn[goT<]|A(t)| ...(2.31)
From (2.31) and by iteration, we have
V.., <AV, ...(2.32)
which leads to the estimation
DV <AV, ...(2.33)
i=1 i=1
since the matrix A, has eigenvalues (1.12).
and thus the series (2.34) is uniformly convergent, i.e.
rlni_rﬂozAialvl = ZAialvl =(E- Ao)ilvl ...(2.34)

i=1 i=1

Where E is the identity matrix.
The limiting relation (2.34) implies to the uniformly convergent of

the sequences [xm (t, XO)],[Xm (t,xo)] in the domain (2.14)
Let:
lim x_(t,X,) = X (t, X,) }

lim %, (£, %,) = X, (t, %)) ..(2.35)

by inequality (2.33), the estimation
[”Xw(tlxo)_xm(t’xo)”
||Xw(t’XO)_Xm(t’XO)||

Is true for m=1,2,3,...

Thus X, (t,X,) is solutions of the integral equations (2.15).

Finally, we have to show thatX(t, X,) is a unique solution of
(A),on the contrary we suppose that there are at least two different
solutions X(t, X,) , Z(t, X,) of (A).

From (1.15),(1.16) the following inequalities hold:
[X(t, %) — z(t, %,)| < {7+ 3; }[(Kl + KL T)[x(t, %) — z(t, X, )| +

+(K, + K, LT %) - 28, %,)|]

]S/\fg(E—Ao)-lvl ...(2.36)
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HLKQ—ZGJ%)s{;—kﬂlel+K3gT)ﬂLx)—zﬁJ%)+ .(2.37)

+ (K, + KL Tx(E, x,) = 2(t %,)|]

thus:

[Hx(t,xo)—z(t,xo)u A [Hx(t,xo)—z(t,xo)u

H)'((t,XO)—Z'('[,XO)H S H)'((t,XO)—Z'('[,XO)H

by iteration we find that

(Hx(t,xo)—z(t,xo)u <Am[Hx(t,xo)—z(t,xo)u

[ %) —2(t %)) Xt Xo) — 2(t, %))
Now from the condition (1.12) we have A" -0 as M — o0 and

hence the limit of the last inequality gives x(t, x,)=z(t x,), X(t, %,) =2(t, X,)

which prove that the solution is unique and this completes the proof of
theorem 1..

..(2.38)

..(2.39)

3. Existence of solution
The problem of existence solution of (A) is uniquely connected
with the existence of zeros of the functions, A(0, x,)which has the form.

A0 %) =26 % —[ 1(5%,5,5) X, (5, %), [ 6, X, (%), %, (5,3 )d9 s~
o1 . . , --(340)
TS x056) 556, [ o . (530).X, (5 )9 HsdeW——Q,

since this functions are approximately determined from the
sequence of functions:

A (00)= 2% i~ F(5.X,(5.5) 50 (530), 6 2,53 K, 5 X, )3 M-
i i ..(3.41)

2 [R5, [ A X, (530 5,5 %)W

for m=0,1,2,3...

LEMMA 3
Suppose that the conditions of theorem 1 are satisfied, then the

following inequality
2T (K, +K,LT)

[A0.%5) =40 (0. :)] < <(2T(K2 +K,LT)

Satisfied for m>0,y, € D,,,x, € D,.

PROOF:
From (3.40) and (3.41), we get

}An(] (E _AO)1V1> - O-m (342)
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HA(O’ Xo) _Am (O’ XO)H < 2T(K1 + K3 LlT)HXoo (t’ Xo) — X (t’ Xo )H

+ 2T (K, + KL T)[%,, (6 X)) = %, (6, %) ...(3.43)
2T (K, + K, LT
< Ky + L) AS(E-A)V, ) =0,
2T (K, + K,L,T)

Now we prove the following theorem taking into account that the
inequality (3.42) will be satisfied for all m>0.

THEOREM 2
Suppose that for m>0 the sequence of functions A(0,x,) which are
defined in (3.41) satisfies the inequality.
Min Am(0.x0)< -0y
a+h<xy<b-h (344)
max An(0,%xg) 20

a+h<xy<b-h

2
Where,h=M T?+ P, (X,),

then the boundary value problem (A) has solutions x = x(t, x,) such
thata+h<x,<b-h.
PROOF:

Let x, x,be any point in the interval [a+h,b—h] such that
AOX)= min A@0,x,)

a+h<xy<b-h

a+h<x,<b-h ...(3.45)
A(0,x,) = max A(0,x,)

by using the inequalities (3.42),(3.44) we have:
A©%) =4, (0.%) +[A(0,%) -4, (0,%)]<0

A(O’ Xz) =A, (0’ Xz) + [A(O’ Xz) A, (0’ X, )] >0
From the continuity of (3.40) and from (3.46) there exists a singular point
X, =Xy, X, € [Xl, XZJ, such that: A(0,x,)=0

thus X = X(t, X,) is a solution of (A).

...(3.46)

REMARK
When R"=R'i.e. X, is a scalar, theorem 2 can be strengthen by

omitting the requirement that the singular point should be isolated. (For
this remark see [5])

THEOREM 3
If the function A(0,x,) is defined by

A:Dﬂ—>Rn
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AOX) =26+ = F(5.X,(5.5)X.(5.%).¥.. (5%, s

o L ) .(3.47)
T EX(0) %65, (S o) sde (4 52k — (BB-2 )%

Where the function x_(t,x,) is limit of function (2.13) then the
inequalities

A0, %,)] < MT + 2%0)

T

...(3.48)

and
HA(O’ Xcl)) A\( Xg )H < [E7 + 2TE1E11(E9 E,E,E\E; +EEs ) +
+2TE, ElZ(Elo E,EEEs +E o, )]‘Xé o XOZH
+ [ES + 2TE1E11(E9 ESEZ E10E8 + E9 E5)+
+ 2TE, B,y (B0 B4, Eo Eq + EyoEy ][5 — X ..(3.49)
Are satisfies for x,,x;,x; € D,

T? 37° T
Where, E, = (K, + K,LiT),E, = (K, +K,L,T),E; = 74‘ g | E, = E+2T

A e e S L |
E, = (1_ E3El)_1, Ey = (1_ E4Ez)_l By = (1_ E,E;E, E10E4E1)_l’

Ep, = (1_ ElO E, E1E9 Es E, )_l
PROOF:
From x_(t,x,) the function A(0,x,) that continuous and bounded by

M +% X, € Dy, %, € Dyand
HA(O, Xg) — A0, x§)H < E7Hx}) —~ X§H + ESHXé — xgu + 2TE1HXOO (t,x3)—x, (t, x§)H

+2TE, [, (t,%3) — X, (t.x3)] ..(3.50)
and the functionsx, (t,x;) , x,, (t, x;) are solution of integral equations:

X(t,X§) =X, + L(j f (s, x(t, g ), X(t, xg),_s[gzﬁ(s, X(s, X5 ), X(s, x¢ )ds))ds)
+p, (t)“ f (s, x(t, %), X(t, xg),jgzﬁ(s,s, X(S, X§ ), X(s, X& )ds)dsdt —

- pl(t)_T[ f (s, X(s, %), X(s, x§),i¢(s, X(S, Xg ), X(s, x§ )ds)ds +

+pt)X, + P(OAS — Ay % + POAB— Ay %, ..(3.51)
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By (3.51) and lemma 2 we get
me (t, xg) — X, (t, x§)H < E3E1me (t, xg) — X, (t, x§)” +

+ BB, %, (t.%6) = %, (t,%5)] + Es x5 = X3 + Eq % - %7 |..(3.52)
% (. x5) = %, (%3 < ELEyx,. (6 %5) = x,. (6, %3 )| +
+ E4E2||Xw (t,x3) — % (t, x§)||+ E7||xé — x§|| + E8||>‘($ —~ )‘(§||...(3.53)

then

")(OO (t, xé) - X, (t, Xg)” <E, E3E2||)'(O0 (t, Xé) - X, (t, Xg)" + . (354)
+E, E5||x3 — X§|| +E, Ee”% - x§||

||Xw (t, xé) - X, (t, Xg)” <E,E, El||Xoo (t, Xé) - X, (t, Xg)” + - (355)

+ EwoEL x5 = x¢ |+ EwoEs % — %5 |
from (3.54) in (3.55) we get
"ch (t %e) = X, (¢, Xé)” < Ey(EoE4E,EE, + E,E, 1|X<l) - X§||

+ En(EoE4E, BBy + EoEq )% - X¢ | ...(3.56)

from (3.55) in (3.54) we get
"Xoc (t,%g) = %, (t, Xg)” < Eyp(EyELEEGEq + By, 1|Xé - Xé”

+ By (B ELEEoEq + o By )% — X3 ..(3.57)
Substituting (3.56) and (3.57) in (3.50). We get (3.49) .
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