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ABSTRACT

In this paper we study the existence and approximation of the
periodicsolutions for system of second order nonlinear differential
equations according to Lebesgue integrable concept and by assuming
that each of measurable at t and bounded by f(t,X,y,X,¥),9(t,X,y,X,y)
the functions Lebesgue integrable functions numerical -- analytic
method has been used to study the periodic The solutions of ordinary
differential equations which were introduced by A.M. Samoilenko.
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INTRODUCTION

There are many subjects in physics and technology use mathematical
methods that depends on the nonlinear differential equations, and it
became clear that the existence of the periodic solutions and its algorithm
structure from more important problems in the present time, because of
the great possibility for employment the electronic computers the
numerical analytic method [6] which suggested by Samoilenko to study
the periodic solutions for the linear and nonlinear differential equations
became the effective mean to find the periodic solutions and its algorithm
structure and this method include uniformly sequences of the periodic
functions and the result of that study is the using of the periodic solutions
on a wide rang in the difference of the new processes in industry and
technology as in the studies [1,2,4,5].
We study in this paper the system of the non linear differential equations
with the form

L"z(t) = (A+ BO))(X(D) + X(0) + F (L, X, Y, %, V)
d(zzit ........ (1)
%2(” — (C+ DONYD) + Y1) + gL, X, Y, %, ¥)

represents a closed domain and bounded , the each of
xe D < R",D where
the functions
FAX YY) =(f XY, %Y), X Y% ) f (XY, X))

g(t,X, y,X, y) = (gl(taxa ya Xa y)a gz(taxa ya Xa y)a """" 9 gn(taxa ya Xa y))
are defined , vector and continuous in the domain
(tLX,y,%y)e[0,T]xDxD;xD,xD; ... (2)

and periodic in t of period T where D,,D,,D; represents a closed

domain and bounded partly from the R". Euclidean space and by
assumption that the two functions f(t,X,y,XVy),9t XY, X V)

satisfy the following inequalities:

[y, %y)[<sm®) ot %y, % yl<mt L (3)
[F X,y %,y — T %, Y., %, 9, S K @, =%, |+ K, @)y, = V.|

+ K, (O)[% =%+ K, O]y, = .| oo (4)
|9 X5 Y1 X, Y1) = G X, ¥, %5, )| < L %, =%, |+ L O]y, -,

+L % =% |+ L@y, -] e (5)
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for allt €[0,T], x,x,,%x,€D,V,Y,,Y, €D,,%%,,%,eD,and y,y,,y, € D,
where each of

m, (1), m, (1), K, (1), K, (1), K5 (1), Ky (1), L (1), L, (1), Ls (1), Ly (t)
. 0<t<T be Lebesgue integrable functions in the interval
and by assuming that, A=[A;],B(t)=[B;;(t)],C=[C;],D(t)=[D;;(t)]
positive matrices are defined in the domain —o0,<0<t<T <

continuous and periodic in t have size (nxn) and satisfy the following
inequalities

A <Q ,  [e““PN)r L (6)
BjsH . [pOf<I L [Al=N, L [C]=N;, (7)
X, |I= 0, , Y.lFo. (8)

where —o0,<0<t<T<w ,Q,R,H,J, 0,,0, positive constants
andlet 0<t<b, <T,0<t<b, <T where b,,b, are two chosen points
so that

by by by
[fm®dt<c , [Kdt<c, <1, [K,y(bdt<c; <1
0 0 0
by by
, [Kydt<e, <1, [Kydt<cs<1 ... 9)
0 0
b, b, b,
[myydt<s, , [LMdt<s, <1, [Ly(tdt<s, <1
0 0 0

b, b,
,JLdt<s, <1, [Lybdt<ss <1 .. (10)
0 0

Definition 1 [6] :-

The system of nonlinear differential equations (1) where the right-
hand side defined and continuous and periodic in t of period T in the
domain (2)
is said to be system — T if
1- The two sets D¢, D,¢,D,, D,y are not empty

T T
Dy :D_E(EN +QC)) = ¢
T
D :Dz—(EN +QC)# ¢
g

D :Dl—%(%N*+R§1)¢¢

D,

T,
g :D3_(EN +Ro) % ¢
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where N*=R*Jo,,N =Q*HJ, , [|= max]|
te[0.T]
2- The greatest eigen value of the matrix
T T TT T T |
E(EQ(NHFH)JFQQ) E(EQH+QC4) EQQ EQCS
T T
QN +H)+QGC,) (- QH+QC,) QG QG
= T T2 TT TT s
SRé, SR, SGRN,+0)+RS) —(CRI+RS)
RS, RS, (%R(N2+J)+R53) (%RJ+R55)

not greater than 1 that is

2
¢ +\/§21 theo p (12)

/Imax(Q2):

Where

éf —I + +1 + 5 _EVV _E _1 _1 _
1 2,01 £ 2/03 P4 > 62 4 1V3 4,01,03 2/01,04 2/02,03

T T
T ViVy +EV2V3 ~P2Ps V2V,
T T T

Definition 2 [6]:-
The value of intermediary #" = (4, 45 ) in the point (t,x,, y.) which

be on it the solution of the system

2
%= (A+BO)(X(®) + X)) + (6%, Y, %, ¥) - 1
P (13)
d’y(t) | o
qt 2 =(C+DM)(y®) +yM) +g(t, X, ¥, X, ¥)— 15

Periodic in t of period T is called constant - A" for the system (1) through
the point t =0,X = X_, y =V, if the intermediary is unique in that point .
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Section One : The periodic approximate solution
for the system (1)

Lemma 1 :-
Assume that each of f(t,X,y,X% y)and g(t,X, Y, X, y) be vector function
and continuous and defined in the interval [0,T] then the inequality

HM* , <[ﬂl(t)N +QC, j “
HM* lpoN+Rs ) T

holds for 0<t<T , ﬂl(t)s% , ﬂz(t)gg,where

N*=R%Jo,,N =Q*Hs,
| e T AT e 7 AT —elATO)
e/ - E]
t(2eHCH(T—t) ‘CHT ”E”) 4T (e ‘CHT _eHCH(T_t))
" -]

pr (V) =

t
M (t,X.,Y..0,0) = [e ) [B(s)(x,e* +0) + f(s,x,,Y,,0,0)~
0

.
- ATLE [eAT9B(s)(x,e™ +0)+ f(s,X,,Y,,0,0)]dsds
€ -k

t
M3 (t,X.,Y.,0,0) =[e“*[D(s)(y.e“ +0)+g(s, X, Y.,0,0) -
0

T
c _ JeCTIID(s)y.e% +0)+ (5. x..y, 00
- 0

Proof
M

2 o (3 S
[AIT _ ollAlT-0 |t
<|[El- | = JJer =]l
-l )

AT AlT-t) T
AT _ A o

[Bes)lx.[le™ F+f (s.x..y. )1ds +

(Bl [le™ [+ f (s.x... . lnds

A" ||

=pMON+QC, L (15)
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and also
M, (t,x..,y..0,0)| <

SllCIT _ glielia-o )t c(s) o
<|[E|- Jle=" I CIDe) ly.|le™ [+lg s, x.. y.)lds +

C|T
I -] o

eIt _glelaor o N
[l lto)lly. lle™ [+lats. .. y.)lids

S G

el

=B,1)N" + R0,
from (15) and (16) we conclude that the inequality (14) holds for
0<t<T , ﬁ’l(t)ﬁg , ﬂz(t)ﬁg

Now we define the two sequences of the functions

{Xm (ta Xoa yo)}onjz() b
WYm(t.X.,Y,)}, on the given domain as follows

XITH—l (ta X09 yo) = XoeAt + L2 (eA(t_S)[A)g‘n(ta Xo ’ yo) + B(t) (Xm(t7 Xo ’ yo) + Xm(ta Xo ’ yo ))+
+ F X0 (6 %00 Vo) Y X0, Yo ) Xy (0. X0, Vo), Vi (6 X0, YO)T e a7)

with X, (t,X,,V.)=x.e" ,m=0,1,2 ........
Vit (6%, ¥0) = V.65 + L2 €I [Cy(t, X, Vo) + DXE) (Yt X Vo) + Vit X0 Vo)) +
+ O Xt Xos ¥ )s Vit %o Yo Do Kt Xos Yo )s Vi X Yo DT v (18)

with V,(t,x,,y.)=y.e" ,m=0,1,2........
also now we define the two sequences of the functions {)'(ma,xo,yo)};oho ,

{ym(t,xo, yo)}c;;0 on the given domain as follows

t
Rt (6%, o) = [ €A A (8, X, ) + B(S) (Xin (S X, Vo) + X (S, X, ¥, ) +
0

+ 1 (S, X (8, %5 Y0 ) Yin (S5 %05 Yo ) X (85 X, Yo )5 Y (S5 X, , ¥, ) —

eATA_ EE AT I AXy (5. %, Y. ) + B(S) (X (8. X, ¥ )+ Xin (S, X, Y. ) +
+ (8, X (8, %55 Yo ), Y (8, Xo5 Yo ) s X (S, %o, Yo ), Yim (S, X, Yo ))]ds]ds........(19)
Y (X, Y.) =j e“ I [CY, (5,X.,Y.) + D(S) (Y (S, X, Y. ) + Y (S, X, ¥.)) +
5 X 5%, 4.0 ¥ (5.5, K (5. XY, o 5,03,

e’ —E

C T .cas '
[ €5TIICY, (5.X..Y.) + D(S) (Y (5.X..Y.) + I (5. %Y. ) +
0

(8 X (S, .0 Vi (8 X, V)5 X (8., ¥, ), Vi (8, X, Y. )] SO

(20)
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We define the two operators L, L* as follows :

t
LM HM Xy =] "V HE Xy A
0

t
L Qt,x.,y.) = [ e““IQ(s,x.,y.)-AJds
0
t T
L* "V H(t,x., y,)=[[LE ™ H(s, ..y, ))—Tl [LEM™ H(s,x,,y,))dsls
0 0

t T
L Q(t. x., y.))=[TLE" ™ Q(s,x.. . ))—% [LEQ(s,x,,y.))ds]ds
0 0

where

AT oA .
Ar(erYo) = = [eATITAX(t, X, y.) + BAOY(X(t.X,., Yo) + X(t, X, Y.)) +
- 0

+ F (XX, Y,), YU X, Y, ), X(6, X, Y,), Y(E, X, , Y, )]dt
H(t, X,,y,) = AX(t,X,,y,) + BOX(, X,, ¥, ) + X(t, X,, Y.)) +

+ F (XX, Y,), YL X, Y, ), X(E, X, Y, ), Y(E, X, Y,))

cC T oo .
A(Xy) = 7 [e“TVICy(t X, y.) + DAYt X, ¥. )+ Y(E. X, Y. ) +
- 0

+ 0t X(t, X, Y. ), Y X, ¥, ), X(6, X, Y, ), Y(E, X, , Y, ))]dt
Q(t,X,,¥,) =Cy(t,X,,y,) + DO)(Y(t, X,, y,) + Y(t,X,,¥,)) +

+ gt X, X,, Y. ), Y, X, Yo ), X(6, X, Y, ), Y(E, X, , Y, )

It is clear that if each of e*®™ Ht,x_,V.),e*®™ Q(t, x., y.) be defined,
Continuous and periodic in t on the interval [0,T] then each of

Le ™V H(tx.,y.)), L " H(t,x.,y,)) and L(e7Q(t,x.,.)),
12 (eC(t_s) Q,x,,Y.)) are also continuous and periodic in t defined on the
same interval By lemma 1 we obtain

t
LA H, x, y ) <A 0 [[BOIX. [Je™[+He™ | [IF 5. x.. ..0.0)
0

§;N+QCI . (21)

L% Q. t.x.. y. < A2 0™ [IDofly. [[e e

SEN*+R51 . (22)
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IL* (e H, (t,x,,y.)| < a @)L H,t,x,,y,))
T T
SE(EN +QCpy (23)

IL* (e°U2Q, (t,x,,y.)| £ a @)L (e Q. (t,x,,y.))|
T T «
SE(EN +Rs) L (24)

forall t [0, T], £,(1) S% ,ﬂz(t)sg , a(t)sg where

t
a(t)=2t(-2).

Theorem 1:-

Assume that the system (1) satisfy the inequalities (3),(4),(5) and the
conditions (11), (12) and if each of f(t,x,y,x,y)and g(t,X,y,X,y) are
measurable functions at t in the system (1) and defined in the domain (2)
and satisfy the inequalities above and if the inequalities (9),(10) satisfies
also and if for the system a periodic solution
X=X(tX,,Y.),Yy=Y({X,,Y,)pass through the point (t,X.,Y,)then the

two sequences of the functions
Xt %5 Y2) =X+ L @I LA (6 X, Y ) +BO O (6 X, Yo) ot X, Vo))

+f(t9Xm(t7X09 yo)aym(taxoa yo)DXm(taxoa yc)aym(taxoa yc))]) """"" (25)
with  x_(t,x.,y.)=xe? | d;(tm =Xy (6, X., Y,) ,m=0,1,2,.....

Yot (6%, ) = ¥, + L2 €2 [Cyp (6, X, ¥.) + DO (Yo (6 X, Vo) + Vi (6 X0, ¥, )+
+ 0 X (6 X, Yo ), Y (G X, Y ) Xin (6 X0, Vo ), Y6 X0, Yo D) e (26)

dy

with y (t,x.,y.)=y.e% C o

:ym(tﬂxo9yo) 9m:O,1,2, .....

periodicity in t of period T , its uniformly convergent when m —coin

the domain
t.X.,Y,)el0,T]xD¢ xDy (27)

from the two functions X, (t,x.,y.) andy_(t,X.,Y.)are defined in the

domain (27) continuous and periodic in t of period T and satisfies the
system of integral equations

o9
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X(t,X,,Y,) = x.e™ + L2 (e I AX(t, .., ¥, ) + BAOY(X(L, X, Y. ) + X(L, X, V. ) +

+ (XX, Y,), Y X, Yo ) X(6 X, Yo ), Y X, Yo D) e (28)
y(t,x.,y.) =y + L2V [Cy(t, x., y.) + DA)(Y(L, X, ¥.) + V(L X, ¥.)) +
+g(t Xt X, Y. ), Y, X, Vo ), X(L, X, V), YL X, Y D)D) e, (29)

which are a unique solution for the system (1) and satisfies the following
inequality

X0 (8, X, Yo ) =Xy (8, X, )
ono (ta Xo > yo)_ Xm (t’ X° 4 y° )H

<OME-Q)7'V, L 30

Hyoo(tﬂxo7yo)_ym (t7xo7yo) 2( 2) ( )
Hyoo(t’xo9yo)_ym (t’Xobyo)

T T

—(—N C

2(2 +QC))

(LN+QC)

where , _| "2 ! , E the unit matrix

T T =«
—(—N +RS
2(2 1)

(%N*+Ra)

Proof :-
When we look to the two sequences of the functions

X (6, X0, Yo ) X (8, X0, Vo )seeneees Xy (85 X5 Vo )enene

yl(taxo: yo)9 yZ(taXo: yo)a """ > ym (t’X03 yo)9 """"
that are defined in (25),(26) we find that each of the sequences of the
functions are defined and continuous in the domain (2) and periodic in t
of period T .

By lemma 1 and from (25) when m=0 we obtain
: TT
By using (23) we get HXI (ta Xs» yo) —X, (ta Xss Yo )H < 5(5 N + QCI)

[ %0 ¥ =X (6% Yol = | @A HL X, v.)

Then x,(t,X,,Y.)e D forall x, e Ds,y, € Dg

also from the relation (19) and by lemma 1 when m=0 we obtain
[t x.,y.) =0 =LA IH ... y.)

By using (21) we get H)’(l(t,xo,yo)—OHS %N +QC,
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Then X,(t,X,,Y,)€ D forall X, e D;,y, € Dg

also from the relation (26) when m=0 we obtain

Iys (%) = o, vl = | @9 Q. (t,x

T T,
<—(=N"+R&
A 1)

By using (24) we get  [[y;(t, X, Y.) = Y. (L,
Then y,(t,X,,Y,) €D, forall x, e Ds,y, € Dg

also from the relation (20) when m=0 we obtain

[yt y.) -0 =L Q. x.. v.)

By using (24) we get Hy1 (tXx,,Y,)— OH N + R,
Then vy,(t,X,,y,)e D; forall x, eDy,y, eDg

and by using the mathematical induction we can prove the truth of the
following inequalities for m>1

T T
me(taxoa yo)_ Xo(t9X03 yo)”S E(EN +QC1)

N

. T
[Xm (t,%., y.)—0 HSEN +QC,

T T,
<—(=N"+R&
A 1)

[Yrm

2 o9 o

. T
[Vm (6. y.) = 0 < N"+Rs,

that is

m(ta oay )ED Xm(ta o7y )€D2aym(t9 oay )EDlaym(ta o7y )€D3
for all X, €Dy .Yy, €Dy

now we prove that the two sequences

{ m(t,XO,y )}m 09{ym(t X, y )} Oa're

uniformly convergent in the domain (27) and thereupon each of the two
ends for the two sequences are periodicity and continuous in the same
domain .

from the previous proof we find
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T T
Hxl(tvxoa yo)_ X, (t,XO, yo)HSE(EN +QC1) 5

, T
Hxl(taxoayo)_OHSEN +QC1 )

T T, +
Hyl(tﬁxoﬂyo)_yo(tﬂxoﬁyo)HSE(EN +R§l) ’

91 (t.x,,y.) =0 Hsg N" +R&,
Now when m=1 in (25) and by using (23) we find
Xt X, Yo) =X (G X, Y. ) Sa®) (B O QN +H)+QC) [ (6 X, Vo) =X, (E, X, Yo )| +
+a(t) (B OQH+QC) [ Xt X, Y. )0+ a®QC|y; (t, X, Y. )= Y. (t. X, Y. )| +
+a(QGs | Y1t X, Y,) =0

also when m=1 in (19) and by using (21) we find
||X2(t9 X5, yo) - Xl (ta X5, yo)” < (ﬂl(t)Q(Nl + H) +QC‘2)||Xl(t9 Xo» yo) —X (ta Xss yo)” +

+ (/Bl (t)QH +QC4) ||X1 (ta Xss yo) _O||+Q03||Y1 (ta X5 yo) —Y (ta Xos Yo )” +
+QG; || yi(t, X, yo)—O”

also when m=1 in (26) and by using (24) we find

H)b(ta X, yo) - yl (ta X, yo)H < a(t) R52 HXI (ta X, yo) =X (ta Xss yo )H +
+ a(t) R54 HXI (t9 X5 yo) _q‘ + a(t)(ﬂz (t)R(NZ + 'J) + R53)Hyl (ta X.» yo) -Y. (ta X5 Yo )H +
+a®)(B,ORI+RSS)| 1t %.,¥.) (|

also when m=1 in (22) and by using (20) we find
“ y2 (ta Xo» yo) - YI (ta X5 Yo )” < R52 HXI (tD Xos yc) —X (ta X5 Yo )H +

+ R6‘4 “Xl (ta X5s yo) _q‘+(182 (t)R(NZ + ‘J) + R53)”yl (ta Xo» yo) =Y (ta X5 Yo )H +

+(B(ORI+R3%)| ¥1(t,x..y.) =0

And so by using the mathematical induction we can prove the truth of the
following two inequalities :
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[Xma1 (6 %05 Yo ) = X (6, X, ¥, <

< a®) (B (OQN; +H)+QCy)[Xp (1, X., Yo) =Xy (6, X,, Y. )|| +

+a(®) (B (HQH +QCy) | Xy (t,X,,Y.) = Xy (6, X,, Yo )|+

+a(t)QCs| Y (t, X,, Y. ) = Yoot (6 X, ¥.)|| +

+a(t)QCs || Yt X,, Yo ) = Yimoa (X, V)| s e (32)

[t (6 %0, o) = X (8, X, ¥, <

< (BOQIN; +H)+QCy)| Xy (£, X, Yo ) = Xy (£, X, Yo +

+ (B (OQH +QC) | Xy (£, X, Y,) =Xy (1, X,, Yo )|+

+QC3[ym (X, Yo) = Yy (X, Yo+

+QCs || Vit X, ¥) = Vi (6%, Y. S (33)

[Ymar (6 %05 ¥o) = Vi (6%, Yo )| <

< a(t) RS, [Xm (6, X5 Yo) = Xy (6, X, Yo )|+

+a(O) RS % (8%, Vo) =Xy (1 X, Y )|+

+a()(By(OR(N, +3)+RE)| Y (6, X, Yo ) = Yimog (8. X, Yo )| +

+a(t)(By (ORI +RE5) | Vi (t. X, Yo) =Yy (1%, V)| b e (34)

Vst (6%, ¥o) = Vi (6 X0, Y| <

< RS, X (6, X5 Yo) = Xy (X0, V)| +

+ RS, % (6%, ¥.) =X (6 X, Y.+

+(By(OR(Ny + )+ RE3)| Y (t X, Yo) = Yoy (6 X, Y. +

+ (B (ORI +RES) | Y (X, o) = Yy (X, Y. s e (35)

we rewrite (32),(33),(34),(35) with vectors form and on the following

mode
Vg <oQeov,®»» L (36)
where
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Xt (X, Y ) =X (X, Y.

HXmH (t: Xos yo)_ Xm (t9 Xo> Yo )H

Vi =y %Y )~ Y (6.0,
Vet (6 %00 Yo ) = Vi (8%, )
o) BOQAN +H)+QG)  at)(B(HQH+QG) o) QG o) QG5
)= AOQAN, +H)+QG AOQH+QG QG QG
at)Ro, ARy AOBORN, +J)+R%) ab)(B(E)RI+RE)
. R RS BORN+D)+R%  BORIHRS

me (ta Xs5 yo)_Xm—l (t’ Xo> Yo )H

Vin (D)

— me (t9 Xo» yo)_xm—l (t9 X, yo)
Hym (t9 Xss yo)_ ym—l (t9 Xs5 Yo )H

Hym (tb X5 Yo ) - Ym—l (t9 Xos Yo )H
Now we take the maximum value for the two sides of the inequality

(36)for
0<t<T
we find that
Vi1 Qo Ve (37)
where €, = max (1)
tef0,T]

TT TT T T i
—(=Q(N; +H —(=QH+QC — —QC
2i2Q( 1+H)+QG) 2$2Q +QCy) 2Q03 2Q 5
(EQ(N1+H)+QQ) (EQH+QC4) QG QG

= T T TT TT
—Ro —R9, —(=R(N,+J)+R —(=RJ+R0:
RO SR % 2(2(2+)+ ) 2(2 +Ros)
RS, RS, (%R(N2+J)+R53) (%RJ+R55)
and by repetition (37) we have
Vo <QOV, (38)
also we find
m m i1
>vi>»aoytv, (39)
i=1 i=1

since the matrix Q, has the greatest eigen value as in (12) this lead to

that the sequence (39) is uniformly convergent that is
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m . 0 .
lim > Q5'v, =3 o'v.=E-9)'v, . (40)

M=% =1

and then the relation (40) ascertain on the convergence of sequences of
the

functions [X,(t,X,, ¥.),Xm €%, ¥o)s Vi (6, X5, Y. ), Yin (£, X, ¥, ) Jon the domain
27).

We assume that

1im X, (8%, o) = X0 (1., ¥0)

th mGX,Y) =X, (4L,X,,Y,) ,
hm Ym (6X,Y.) =Yoo (1, X, Y,)

hm ym(ta 09y ) yw(t’ 09y )9

since each of the sequences of the functions (25),(19),(26),(20) are
continuous and periodic in t of period T then each of the ends for the
sequences are continuous and periodic in t of period T and thereupon be

X (6%, Yo ) = X(U,X05 Yo ) 5 Yoo (6, X0, Yo ) = Y(E, X, )

Xoo (6%, Yo ) = X(1, X0, Yo ) 5 Yoo (6, X050 Yo ) = Y(E, X, V)
And in addition for that the using of lemma 1 and the relation (40) the
inequality (30) satisfies for m > 0
now we prove that x(t,x.,Y.), Y(t,X,,Y,)are unique solution for the

system (1) by contradiction .
we assume there at least another two different solutions

X(t, X, o), Y X, Y ),
re,x., Y., ),ult,x,,y,) for the system (1) are each of it defined and

continuous and periodic in t of period T .
from the form in below :

r(t,x.,y,) =x.e" + L7 " [Art,x.,y,) + BO(r(t.x., y.) + r(t,x,, y.)) +
+ f (X, YUt X, ¥.), Ft X, ¥, Ut X, ¥.))])
HY(tX.,Y,) = Art,X,, ) + BO (X, ¥,) + F(t,X,, ¥.)) +
+ (L rt,x,,y,),ut,x,,y.), F(t, X, y.,),u(t,X,, ¥.)) .ce... (42)
t(t X, Y,) =L@ AN X, y,) + BO(r(t,x,, y.) + (X, y.) +
+ F(rt,x,, ¥,),ult, X, Yo ), F(6 X, Yo ), Ut X, YO) D ... (43)
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ut,x,,y.) =y.e? + L € V[Cu(t, x.. y,) + DO (Ut X.. ¥, ) +U(t, X., ¥, ) +
+ (L (X, Y. LU X, Y, ), FE X, Y. ), U(E X, Y. ))])
Q' (t.x..Y.) =Cu(t,x,,y.)+ DU, X,, y,) +U(t, X,, y.)) +
+ ot rt, X, y.),ut, X, y.),F(t,X,, Y. ),u(t,X., ¥.))  eeveenne (44)
u(t,x.,y,) = LE““[Cut,x,,y.) + DU X,, Y,) +U(t,X., Y,)) +
+ 9, X,, Yo ), Ut X, Yo ), F(E, X, Yo ), UG X, Yo D) e (45)

We must prove that r(t,x.,y.)=X(t,x.,VY.), F{t,X.,Y.,)=X(t,X.,Y.),
y(t, X, ¥,) =u(t,x,,y,), ¥, X, ¥,) =u(t,x,, y,) and this from

T T
HX(t,xo,yo)—r(t,xo,yo)HsE(EQ(NI+H)+QC2)HX(t,xo,yo)—r(t,xo,yo)H+
T T . , T
+2(5QH+QCy) % (t, %, v, ) =Pt X, y. )+ EchHy(t,xo, y.)—u(t,x,,y. )|+

T . .
+2QCs [YEX ) =0EX Y 46)

: , T
X%, y) =Pt X, Yo < (S QN +H)+ QC )t x., o) —r(t ., y. ) +
T : .
+(EQH + QC4)HX1 (t9 X, yo) - r(ta Xos yo )H+ QC3Hy(t3 Xos yo) —U(t, Xos yo )H +
+QCs [y(t X, y.) —ut, X, ¥)| (47)
T
Hy(t9 Xo» yo) - U(t, X Yo )” < E R52 HX(t, X5, yo) _r(ta X5 Yo )H +
T . : TT
+§ R54 HX(t, Xss yo) _r(ta X5 Yo )H-I_E(z R(NZ + ‘]) + R53)Hy(t9 Xss yo) —U(t, X5 Yo )H +
TT . :
+SCRIFRE) [ YEx,v) =0 Xy )] @8)
Hy(ta Xss yo) - U(t, X.5 Yo )H < R52 HX(t, Xss yo) - r(t> X5 Yo )H +
T
+ R54 ”X(ta Xss yo)_r(ta Xss Yo )||+ (E R(NZ + ‘]) + R53)||y(ta Xss yo) —U(t, X.» Yo )” +

T . .
+ (E RI+RS) | vt x.,y.)-ut,x,,y.)| . (49)

From (46),(47),(48),(49) we find
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IX(t,x,,y,)—r(t,X
IX(t, X,, Y. ) —F(t, X

X(t,x,,y,)—r(t,x
IX(t, X,, ¥, ) —F(t, X

S O g T IR 50
vty vty |5 fytx.y) -utx.y.) 0
[y x., y.)—uc,x,, y.)| v x., y.)—uc,x,, y.)|
and by repetition (50) we obtain
HX(t Xss Yo ) r(ta X, Yo )H HX('[,XO,yO)—I’(t,XO,yO)H

X, y.) - r(t,xo,yo)u cqn| XEX.Y) X yO)H
Hy(t, XosYo) = U(t Ty x.,y.) —utx
|9t %, y.)-ut,x
but from the condition (12) we get Q5 — 0 when m — o and then we

have from the last inequality that
X(6 X, Yo) = (6 X, Yo), Yt X, Yo ) = Ut X, )

XX, Y.) = F(t, X, Y.), V(6 X, ¥, ) = Uu(t, X, Y,)
that is each of X(t,x.,Y.), Y(t,X., Y. ) are unique solution for the system

(1)

Section Two : The existence of the periodic solution

for the system (1)
The problem of the existence of the periodic solution for the system (1)
is connected with unique form with existence zero for all of the two
functions

A = AY(X.,Y.),A5 = A5(X,,Y.)in the form below :
Ay:Dg xDy >R,

; 17 _

Al(xo,yo):?jL(eA(t SH_(tx,y.)dt , (51)
0

Ay :D xDy -»R",

Ay (X,,Y.)=— jL(eC<t Q. (tx,,y.ndt ., (52)

where X (1, O,y )it 1s the end of the sequence Xg(t,X,,Y,)and
Yoo (1, X, Y5 )
it 1s the end of the sequencey (t,X.,Y,). The existence of these two

functions are impossible to prove except by successive approximation
from the following two sequences of the functions
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Aim:D¢ xDy »R",

; 17 _

Alm(xo,yo):?jL(eA(t SH tx,y.pdt (53)
0

A, :Df xDf >R,

. 1t _
om (X5 Y) = JLEE™Qutx.,y.pdt (54)
0
where m=0,1,2,.......

Theorem 2:-
If were the assumptions and the conditions of the theorem 1 be
given then the following inequalities :

8106 Y) = Al (X, Y.)| <

S<((%Q(N1+H)+QC2) (QH+QC)) QC; QC5j,Qg‘(E—Qz)‘1VO>:d;

<

185X, Y.) = Ko (X, Y.)

s<( RS, R&, (g R(N, +J)+R6y) (% RJ+R(ss)j,Q;“(E—QZ)—lvo>=b,’;‘1

satisfies for m>0,x, €Dy ,y, €Dyand d,, b, are positive numerical

constants.
and <> denote to the non cross product in the Euclidean space R".

Proof :-
By the equations (51), (53) and the conditions (30) we have
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A (X, Y.) = Ay (X, Y
< B O ) [JAx €%, y.) = Xt X, v+

+[[ B (%0 (t X, Vo) = X (& X0, YO X0 (8%, Y2) =X (8 X, Y]+
t

[TK (9)Xo0 (8. %5 Yo ) = X (8, X0, YO Ky (S)]Yar (8. %, Yo ) = Yin (S, X, Yo )|+
0

+ K3 (S) ”Xoo (Sa Xos yo) - Xm (ta Xos Yo )||+ I‘(4 (S) ” yoo (Sa Xos yo) - Ym (Sa Xos Yo )”]ds
s<(<£Q<N1+H>+QQ> (;QH+QC) QG chj,Q?(E—Qz)‘IVO>:d:;

+He A(t-s)

also by the equations (52), (54) and the conditions (30) we have
HA*Z (Xo ) yo ) - A*Zm (Xo ) yo )H <

< B S [ICllYn X, ¥.) = Y 6 X, ¥ +
+ D) (Yoo (s X s Vo) = Yin (& Xy Y[ Voo (6 %o s Yo ) = Vi (E X, Y]]+

t
I[ Ll (S) ||Xoo (57 Xos yo) - Xm (ta X.» Yo )||+ L2 (S)”yoo (Sa X Yo ) - ym (ta X Yo )||+
0

+ L3 (S) ||Xoo (S: X5 Yo ) - Xm (ta X5 Yo )||+ I—4 (S)” yoo (Sa Xos yo) - ym (t: X5 Yo )”]ds

+HeC(t—s)

s<( RS, RJ, (%R(N2+J)+R53) (%RJ+R55)}QQ‘(E—QE)—1VO>:b,’;

By the helping of the theorem 2 we introduce the following theorem and
take into consideration the truth of the two inequalities (55) and (56)for
m=0.
Theorem 3:-
Let the right hand side from the system (1) are defined in the
domain
a<x,x<b,c<y,y<d,0<t<T onR'and assuming that the two

sequences of the functions (53),(54) satisfies the following inequalities :
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. % %
min A (X, Y. )<—d,
T
a+—h<x,<b-—h
2 2

c+lh’ <y <d—Th*
2 2

. .0 e (57)
max A (X, Y.)2>d,
T
a+—h<x,<b——h
c+1h*syosd—1h*
2 2
. %
min Asm(X.,Y,)<=b,
T
a+—h<x,<b-——h
c+%h*£y0£d—-r5h*
........ (58)

*
max Asm (X, Y,)2Dbp,
T
a+—h<x,<b——h

c+%h*syogd—%h*
For all
<(( Q(N; +H)+QG,) ( QH+QC,) QG QG | (E- Qz)‘lvo>,m20

b;"n:<( RS, RS, (;R(N2+J)+R53) (12-RJ+R55 ,Q;“(E—Qz)—lvo>,mzo

N*=R%Jo, , N=Q*HS, ,h" = EN +R51,h_; +QC

then the system (1) have periodic solutions

X = X(t, o,y)y y(t, X, Y,)
for X e[a+—h b——h] y e[c+1h* d—Ih*]
o 2 9 2 ) o 2 ) 2 4

Proof :-

Let X;,X, be any two points in the interval [a+ % h,b— % hl,y,,V,

be any two points in the interval [c +%h* .d —%h*] so that
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A (X1, Y1) = T minT A (X, Y,)

a+—h<x,<b——nh

C+Ih*£yosd—1h*
2 2

. T G (59)
A (X2, Y2)= max A (X5 Ys)
a+—h<x,<b——nh
c+Ih*syosd—Ih*
2 2
* . *
Apm (X5 Y1) = ;o Ay (X, Ys)
a+—h<x,<b——h
CJ%h*syOsd—%h*
........ (60)

* %
Aym (X3, ¥2)= max Aym (X5, Y.)
a+—h<x,<b-——h

c+Ih*syosd—Ih*
2 2

by using the inequalities (55),(56),(57),(58) we have

A:l (X, Y= Azm (XlsY1)+(A1(X1»Y1)—A>;nl(xlaY1))<0 } ........ 61)
Ap(Xy,Y2)= A1 (Xg, Y2 )+ (A1 (X2, Y2) = Ay (X2, Y2)) >0

Aj:z (X1aY1):A*§m (X1,y1)+(A’Z*(X1,y1)—A’ZT (X1, ¥1))<0 } ........ (62)
A (X3, Y2)=Agp (X5, ¥2)+ (A5 (X5, Y2 ) = Ay (X5, Y2))>0

and from the continuity of the two functions Aﬂi (X,,Y.) ,A*z (X,,Y,)and
the two inequalities (61),(62) then there exist an isolated single point
(Xes Yo =(X., Y. )and

X, €[X1, %21, Yo €[Y), Yo IWhere Al (x,,Y,)=0,45 (X,,y,)=0

this mean that for the system (1) periodic solution

X:(taxosyo)ﬁy:(t’xo’y‘?)
f a+—h,b——h Y, €[C —h ,d——h .
o1rxoe[+2 2]y€[+2 5 ]

Remark 1 :-
We completed the formulation for the text of the theorem 3 with the

proof when R" = R! that is when X, y, are two non vectors quantities
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Theorem 4 :-
Let

Ay:Dg xDy - R"
A(X,,Y.)=— jL(eA(t SH_(t,x,y.))dt (63)

A2:Df><Dg—>R”

; 1t _
AS(X.,Y.) :?jL oo t,x,y.pd L (64)
0

where X (t,X,,Y,)it is the end of the periodic sequence (25) and the

function
Y. (t,X,,Y,) itis the end of the periodic sequence (26) then the following

inequalities
HA*I(XO, V. )Hs My (65)

2
M3 :%Q(Nl + H)M9[5OQ+TTQ2HC1M3 +%QC1 +%Q HM30.Q +

where T 52,2 T? ) T
+?Q H M3C1+—Q HC1M3]+QC1(EQHM3+1)

T _ T? _
M3=(1—§QH) Mg—(l——Q(N +H)(1+ QH M3)~
A0y <My (66)
where
T T2 T

My =—R(N; +J)M11[00R+TR2J 5 M +ER51+£RJ Mso,R+

T3 T2
+?R J M251+—R IM 51]+R§1(—RJ M; +1)

T . T? T B
MS:(I—ERJ) ,M“—(l——R(N2+J)(l+ RJIMy))
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INCRBETNMERYS s% ESWW5WoWy WoW, W 17, +WWs W, Jx! =32 [Q +
HIWW WoW, Wy Iy = V2R e (67)

HA*z (X, YD) = A5 (X2, Y2 )H < [g EWIW5 WS Wi WoW; W 173 +WiWs Wey, 1] X, = X2 [Q +
HWW WoW W5 T ye = Y2 IR e (69)

satisfies for X,,X.,X. € D,Y.,y,,y. € Dy

Where
T T
E, :EQ(Nl +H)+QC, ,E, :EQH +QC,,E3 =QC;5,E4 =QCs

+ E,E W, W, a5 + E; + E,WW,Wga,a, + E,W-,as

72 = E\WsWW, Wy 1,87 + E; + B EW W WeWi oW 2487 + B E)W, +
+ By BEsWoW oWy a7 + B B W, WWoWeWy (Wi 18184857 + B EW, Woa, +
+ By B W, WoWi oW 85857 + EsW oWy 187 + E,WWWeWi oW 13,3487 +

73 = EMWW,a, + E,EMW, W Wga, + E¢EW, + E,EW,WW,W,a,a, +
+ E,EW,Woas + E; + EQW.WoW,a,a, + EgW, as

74 = EsWsWeW oWy 8,85 + E5 + B EW,WWeW, W, 8,87 + E EW, +
+ E;EW,W, W, 2, + E,E.W,WW-WW, W,,a,a,a; + E,E,W,W-a, +
+ E4EW WoW Wy asay + E;W 0\Wy a; + EgWW,WeW oW, 8,848, +
+ EgWsa, + EqW,W W) asa,

T

T B B B
E)' W, =(1-E,)™", W, :(1—5E7) LW, =(1-Eg) ™
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T T T

T T T _
a, = [5 E,E,WW, 5 EW] . We=d D) EsWsWs ay)™
T T 4
a; = [E EsWsWsa, + 3 EgW;] Wy =(-EEWW,)
T _
T _
T

a; = [5 E EQW,WaW Wy + W Woaga, ], Wiy =(1-WsWW,pa a,)"

Proof :-
From properties of the function X(t,X,,Y.) and the function

y..(1,X,Y,)that fixative by theorem 1 then each of the two functions

* *
A](Xo’ yo)’AZ(Xoa yo)ﬂ
X, €D,Y, €D gycontinuous and bounded by non negative constants

M5,M,, on arrangement in the domain (2).
from the relation (63) we find that

870, YOl L E@AIHL (1, X, )|
and by using lemma 1 we get

* T
2106, Y[ QN + H)x (8%, v.)

since that X (t,X.,Y.) satisfy the integral equation (28) we find that

T2 T?
S50Q+7Q(N1 +H)[X, (. X,, Y,) +TQH||>'<OO(t,Xo,yO)

T
||Xoo(ta Xo)yo) +5QC1

also we have
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. T
[ (6, v QNG + H)M [, (6, )

+QCM; (71)

and by substitutions the inequality (71) in the inequality (70) we obtain
ono(t,xo,yo)£5OQM9+%QC1(%QHM3 +DMy (72)

and by substitutions the inequality (72) in the inequality (71) we obtain

, T T? T
ono(ta X Yo) SE QN; +H)M; M95;Q+7 Qz(Nl +H)CM; M9(5 QHM;+1)+

+QCM™M™, (73)
by substitutions the two inequalities (72),(73) in the inequality (70) we
obtain (65).
From the relation (64) we find that

A5 00,y ) < L€ Q. k.. %, v.)|
and by using lemma 1 we get

x T T .
HAZ (Xoa yo) SE R(NZ + ‘J)Hyoo(ta Xss yo)H—’_E R ‘]Hyoo(tz Xss yo)
since that y_ (1, X,, Y. ) satisfy the integral equation (29) we find

RS, oo (74)

T? LI T
SGOR+T R(NZ +‘J)Hyoo(tsxosyo) +T RJHyoo(taxoayo) +§ R§l

“ yoo (t9 Xo > yo)

also we have

.
V.0 (t, X, . yo)HSER(NZ DMy X, Y[FREMs (76)

and by substitutions the inequality (76) in the inequality (75) we obtain

Hyoo(t,xo,yo)SJORM“+%R§1(%RJM5+1)M11 ......... 77

and by substitutions the inequality (77) in the inequality (76) we obtain

, T T2 T
Vo6 Y. < RN +9)MsMy 0 R RE(N, + ) MM RIMs 1)+

+ROMs (78)
by substitutions the two inequalities (77),(78) in the inequality (74) we

obtain (66).
from the relation (63) we find that
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A(XL YD = A (2 YD) | <Ex (6 X0, y2) = X, (8, X2, y2) |+
+E2HXOO(t9Xc1>9 yi)_xw(taxfayg)u-i_ E3Hyoo(taxi: ycl>)_ yoo(taxoza yc>2)H+

FEY, X Y)Y X YD (79)
where
Xt x5,y = xke M + 2 @A K vk y (80)
yEx, ) =ye PP x vy @81
where k =1,2.
since X (t,X.,Y.), Y., (t,X.,Y.)satisfies the two equations (28),(29) on
arrangement .

from the relation (80) we find that
T . .

T T W .
+ EW Yot X0, Yo) =Yoo 6 X2, V2| + EM Yot X, Y =Yoo & X2, Y2 oevvnn(82)

also we find that
HXOO (t9 Xi: yi) - Xoo (ta ona yoz) H < EIWZHXOO (ta Xi: yi)_ Xeo (ta ona y02) H

+ E3W2‘yoo(taxiayi)_yoo(taxoza y<>2)H+ E4W2 ‘YOO(tJXiﬁ yi)_ yoo(taxoza yoz)H

from the relation (81) we find that

.
Yoo (& X0, YD) = Vo (6 X2, Y2 | W5y —y3R+5 EW; %0 (6, X, YD) = X0 (6 X2, 2|

T . : T . :
+§ E6W3ono(t3 Xi) yi)_xoo(ta onz yo2) H +E E8W3Hyoo(t3 Xi: yi)_ yoo(tz X029 yoz) H
........ (84)

also we find that
Hyoo(t: Xi: yi) - yoo(ta ona yoz) H < E5W4HXoo(t: Xc1>9 yc1>)_ Xoo(taxoza yo2) H +
+ E6W4HXOO (ta Xi: yc1>)_ Xoo (t9 X029 yoz) H+ E7W4Hyoo (ta Xcln yc1>)_ Yoo (ta X02: y02) H

after chain from substitutions in the inequalities (82),(83),(84),(85)we
find
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T
+ 5 EsW,W; (W; )2W6W8W9W1 oW 8 +

b

+W, (VV5)20N8)2W10W1131

o 2o o o

X2 |Q +W3 W5 Wi WeWoW, Wi :

Yoo (t, X0, Y2) = Yoo (£, X — EsW W5 WWWoW, W +

2

FW W WWi oWy 25 1]

[ E W, W (W ) > W WoWWo W, oW, 8,8, +

19 (X YD) = Vo X

+W,; (Ws )2W7 (Wqg )2W10W1 13848, +W, Ws W,Wea, +

T
+ 5 E W W5 WsW W, WoW, oWy a5 +WWsWoWW  0Wiasa5 ] X,

1,2
o~ Yo

+ W5 WW MWW W W, oW, 3,8, + WaW W W W, Wi as ] R o (88)

> E1 EsW,W, W5 (Ws )? WWWoW, W, a8, +

b o9 > “Yo 9

+ BE\W,W, (W )2 (Wg )2W10W1 1387 + E;\W,W,WsW +

T
+ 5 E; EsW,W W W W WoW, oWy + EW W WWW, W a5 +

T
+ 5 E4 EsWW,W5 (Ws )2W6W7W8W9W1 oW a8, +
+ EWW, (W)W (Wg ) * Wi oWy 12,8487 + EWW, W W Waay, +

T
iD) E 4 EsW\W)WWWWoWoW Wi as + B Wi W WWoWeW, oW asa; Jx

O»—i

+[ By W)W WWWeWoW; oW 8y + EsWoW3WeWoW Wiy +
+ B4 W)W W W W, WWoWi oWy @y a4 + E,WHWWWoWeW, Wi, as ]

by substitutions the inequalities (86),(87),(88),(89) in the inequality (79)
we obtain (67).
also by the relation (64) we find that
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[A% (x}, yh) - A SHX (t, X0, Y0 = X, (1, X2, Y )H+
+Eg X (X1, 1) — %, (t, X Sy, Xty -yt x

+E8Hy XL YD)~ Vo X2 Y| e (90)

by substitutions the inequalities (86),(87),(88),(89) in the inequality (90)
we obtain (68).

o

Remark 2:-

The theorem 4 confirm the stability of the solution for the system of
non linear differential equations that is when a slight change happening in
the point (X, Y, )then a slight change will happen in the two functions

= A1(X,, Y. ), A5 = Ay (X, Y.)

[for this remark return to [3] ].
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