
 

 80

 J.Edu. Sci , Vol. (19) No.(4) 2007 

80 

The existence and approximation of the periodic 
solutions for system of second order nonlinear 

differential equationsby using Lebesgue integrable 
  

       R.N.Butris                                    Merna Adel Aziz    
College of Education      College of Computer  Science  & Math.  

Department of mathematics  
Accepted Received 

05/12/2006 08/10/2006 
  

  

  الملخص 

ل الـدوري لنظـام مـن المعـادلات         ـيتضمن هذا البحث دراسة وجود وتقارب الح      

 ـ  ـ وفق مفه  ةـالثانية  ـن الرتب ـة م ـة اللاخطي ـالتفاضلي ل وبـافتراض أن    ـوم ليبيك للتكام

),,,,,(),,,,(ن  ـل من الدالتي  ـك yxyxtfyxyxtg مقيدتين بدالتين   و t قابلتان للقياس عند     &&&&

ةـ العددية لدراسة الحلول الدورية     ـباستخدام الطريقة التحليلي   كي وذلك ل الليبي ـقابلتان للتكام 

  .Samoilenkoاللاخطية لــ  للمعادلات التفاضلية الاعتيادية

  
 

ABSTRACT  
  

In this paper we study the existence and approximation of the 
periodicsolutions for system of second order nonlinear differential 
equations  according to Lebesgue integrable concept and by assuming 
that each of    measurable at  t and bounded by ),,,,(),,,,,( yxyxtgyxyxtf &&&&  
the functions  Lebesgue integrable functions numerical  -- analytic 
method has been used to study the periodic  The solutions of ordinary 
differential equations which were introduced by A.M. Samoilenko. 
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INTRODUCTION 
     There are many subjects in physics and technology use mathematical 
methods that depends on the nonlinear differential equations, and it 
became clear that the existence of the periodic solutions and its algorithm 
structure from more important problems in the present time, because of 
the great possibility for employment the electronic computers the 
numerical analytic method [6] which suggested by Samoilenko to study 
the periodic solutions for the  linear and nonlinear differential equations 
became the effective mean to find the periodic solutions and its algorithm 
structure and this method include uniformly sequences of the periodic 
functions and the result of that study is the using of the periodic solutions 
on a wide rang in the difference of the new processes in industry and 
technology as in the studies [1,2,4,5].     
We study in this paper the system of the non linear differential equations 
with the form  
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 are defined , vector and continuous in the domain  
)2........(],0[),,,,( 321 DDDDTyxyxt ××××∈&&

 and periodic in  t of period  T where 321 ,, DDD  represents a closed 
domain and bounded partly from the .nR   Euclidean space and by 
assumption that the two functions ),,,,(,),,,,( yxyxtgyxyxtf &&&&  
satisfy the following inequalities: 
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for all ],,0[ Tt∈  32122112121 ,,,,,,,,,, DyyyandDxxxDyyyDxxx ∈∈∈∈ &&&&&&  
where each of 

 )(),(),(),(),(),(),(),(),(),( 4321432121 tLtLtLtLtKtKtKtKtmtm                  
 be Lebesgue integrable functions in the interval Tt ≤≤0.  

and by assuming that, )]([)(],[,)]([)(,][ tDtDCCtBtBAA ijijijij ====   
positive matrices are defined in the domain ∞<≤≤<∞− Tt0,  
continuous and periodic in  t have size (n×n) and satisfy the following 
inequalities 
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where ∞<≤≤<∞− Tt0,  , Q , R , H , J, oo σδ , positive constants 
and let TbtTbt ≤≤≤≤≤≤ 21 0,0  where 21 ,bb  are two chosen points 
so that 
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Definition 1 [6] :- 
      The system of  nonlinear differential equations (1) where the right-
hand side defined and continuous and periodic in  t of period T in the 
domain (2) 
is said to be system – T if   
1- The two sets ggff DDDD 11 ,,,  are not empty 
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Definition 2 [6]:- 
     The value of intermediary ),( 21

∗∗∗ = µµµ in the point ),,( oo yxt which 
be on it the solution of the system 
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Periodic in t of period T is called constant - ∗∆  for the system (1) through 
the point oo yyxxt === ,,0  if the intermediary is unique in that point . 
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Section One : The periodic approximate solution 
for the  system (1) 

 Lemma 1 :- 
      Assume that each of  ),,,,(),,,,( yxyxtgandyxyxtf &&&& be vector function 
and continuous and defined in the interval [0,T] then the inequality  
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and also 
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We define the two operators  L , L2 as follows : 
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Theorem 1:- 
       Assume that the system (1) satisfy the inequalities (3),(4),(5) and the 
conditions (11), (12) and if  each of ),,,,(),,,,( yxyxtgandyxyxtf &&&&  are  
measurable functions at  t  in the system (1) and defined in the domain (2) 
and satisfy the inequalities above and if the inequalities (9),(10) satisfies 
also and if  for the system a periodic solution 
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domain (27) continuous and periodic in t of  period  T and satisfies the 
system of integral equations  
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Proof :- 
      When we look to the two sequences of the functions  
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that are defined in (25),(26) we find that each of the sequences of the 
functions are defined and continuous in the domain (2) and periodic in  t 
of period T . 
By lemma 1 and from (25) when m=0 we obtain 
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Then Dyxtx ∈),,(1 oo&  for all gf DyDx ∈∈ oo ,  
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following inequalities for 1≥m  
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⎪
⎪
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m
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that is 
312 ),,(,),,(,),,(,),,( DyxtyDyxtyDyxtxDyxtx mmmm ∈∈∈∈ oooooooo &&  

for all gf DyDx ∈∈ oo ,  
now we prove that the two sequences 
{ } { }∞=

∞
= 00 ),,(,),,( mmmm yxtyyxtx oooo are 

uniformly convergent in the domain  (27) and thereupon each of the two 
ends for the two sequences are periodicity and continuous in the same 
domain . 
from the previous proof we find  



 

 90

       R.N.Butris  &  Merna Adel Aziz    

90  

.
2

0),,(

,)
2

(
2

),,(),,(

,
2

0),,(

,)
2

(
2

),,(),,(

1
*

1

1
*

1

11

11

δ

δ

RNTyxty

RNTTyxtyyxty

QCNTyxtx

QCNTTyxtxyxtx

+≤−

+≤−

+≤−

+≤−

oo

ooooo

oo

ooooo

&

&
 

Now when m=1 in (25) and by using (23) we find  
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also when m=1 in (19) and by using (21) we find 
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 also when m=1 in (26) and by using (24) we find 
 

0),,())()((

),,(),,())()()((0),,()(

),,(),,()(),,(),,(

152

132214

1212

−++

+−+++−+

+−≤−

oo

ooooooo

ooooooooo

&

&

yxtyRRJtt

yxtyyxtyRJNRttyxtxRt

yxtxyxtxRtyxtyyxty

δβα

δβαδα

δα

 
also when m=1 in (22) and by using (20) we find 
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And so by using the mathematical induction we can prove the truth of the 
following two inequalities : 
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we rewrite (32),(33),(34),(35) with vectors form and on the following 
mode  

)36(..........)()()( 11 tVttV mm Ω≤+

where 
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Now we take the maximum value for the two sides of the inequality 
(36)for  

Tt ≤≤0  
we find that 

)37(..........21 mm VV Ω≤+  
where   )(max 1

],0[
2 t
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and by repetition (37) we have  

)38(..........21 oVV m
m Ω≤+

 
also we find 

)39(..........1
2

11
oVV i

m

i
i

m

i

−

==
Ω≤∑∑

 
since the matrix 2Ω  has the greatest eigen value as in (12) this lead to 
that the sequence (39) is uniformly convergent that is 
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and then the relation (40) ascertain on the convergence of sequences of 
the 
functions )],,(),,,(),,,(),,,([ oooooooo && yxtyyxtyyxtxyxtx mmmm on the domain 
(27). 
We assume that  
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since each of the sequences of  the functions (25),(19),(26),(20) are 
continuous and periodic in t of  period  T then each of the ends for the  
sequences are continuous and periodic in t of  period  T and thereupon be 

),,(),,(,),,(),,(
),,(),,(,),,(),,(

oooooooo

oooooooo

&&&& yxtyyxtyyxtxyxtx
yxtyyxtyyxtxyxtx

==
==

∞∞

∞∞  

And in addition for that the using of lemma 1 and the relation (40) the 
inequality (30) satisfies for m ≥ 0 
now we prove that ),,( oo yxtx , ),,( oo yxty are unique solution for the 
system (1) by contradiction . 
we assume there at least another two different solutions 

),,(),,,( oooo yxtyyxtx , 
),,(),,,( oooo yxtuyxtr  for the system (1) are each of it defined and 

continuous and periodic in t of  period  T . 
from the form in below : 
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We must prove that ),,(),,( oooo yxtxyxtr = , ),,(),,( oooo && yxtxyxtr = , 

),,(),,(),,,(),,( oooooooo && yxtuyxtyyxtuyxty == and this from  
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From (46),(47),(48),(49) we find 
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and by repetition (50) we obtain  
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but from the condition (12) we get 02 →Ω m when ∞→m  and then we 
have from the last inequality that  
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that is each of  ),,(),,,( oooo yxtyyxtx are unique solution for the system 
(1) 

 
Section Two : The existence of the periodic solution 

for the system (1) 
    The problem of the existence of the periodic solution for the system (1) 
is connected with unique form with existence zero for all of the two 
functions  

),(),,( 2211 oooo yxyx ∗∗∗∗ ∆=∆∆=∆ in the form below : 
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where ),,( oo yxtx∞ it is the end of the sequence ),,( oo yxtxm and 
),,( oo yxty∞  

it is the end of the sequence ),,( oo yxtym . The existence of these two 
functions are impossible to prove except by successive approximation 
from the following two sequences of the functions 
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where  m=0,1,2,……. 

Theorem 2:- 
If were the assumptions and the conditions of the theorem 1 be 

given then the following inequalities : 
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satisfies for gf DyDxm ∈∈≥ oo ,,0 and *

md , *
mb are positive numerical 

constants. 
and .  denote to the non cross product in the Euclidean space nR . 

Proof :- 
   By the equations (51), (53) and the conditions (30) we have 
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also by the equations (52), (54) and the conditions (30) we have  
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By the helping of the theorem 2 we introduce the following theorem and 
take into consideration the truth of the two inequalities (55) and (56)for 

0≥m . 
Theorem 3:- 
         Let the right hand side from the system (1) are defined in the 
domain  

Ttdyycbxxa ≤≤≤≤≤≤ 0,,,, &&  on R1 and assuming that the two 
sequences of the functions (53),(54) satisfies the following inequalities : 
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then the system (1) have periodic solutions 
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       Let 21, xx  be any two points in the interval 12 ,,]

2
,

2
[ yyhTbhTa −+  

be any two points in the interval ]
2

,
2

[ ∗∗ −+ hTdhTc so that 
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)59.......(
),(max),(

),(min),(

1

22

22

22
*
1

*
1

22

22

11
*
1

*

*

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

∆=∆

∆=∆

∗

−≤≤+

−≤≤+

−≤≤+

−≤≤+

∗

∗

oo

oo

o

o

o

o

yxyx

yxyx

m

hTdyhTc

hTbxhTa
m

m

hTdyhTc

hTbxhTa
m

 

)60........(
),(max),(

),(min),(

*
2

22

22

22
*
2

*
2

22

22

11
*
2

*

*

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

∆=∆

∆=∆

∗

∗

−≤≤+

−≤≤+

−≤≤+

−≤≤+

oo

oo

o

o

o

o

yxyx

yxyx

m

hTdyhTc

hTbxhTa
m

m

hTdyhTc

hTbxhTa
m

 

by using the inequalities (55),(56),(57),(58) we have  

)62........(
0)),(),((),(),(

0)),(),((),(),(

)61........(
0)),(),((),(),(

0)),(),((),(),(

22
*
222

*
222

*
222

*
2

11
*
211

*
211

*
211

*
2

22
*
122

*
122

*
122

*
1

11
*
111

*
111

*
111

*
1

⎪⎭

⎪
⎬
⎫

>∆−∆+∆=∆

<∆−∆+∆=∆

⎪⎭

⎪
⎬
⎫

>∆−∆+∆=∆

<∆−∆+∆=∆

yxyxyxyx

yxyxyxyx

yxyxyxyx

yxyxyxyx

mm

mm

mm

mm

  

and from the continuity of the two functions ),(,),( *
2

*
1 oooo yxyx ∆∆ and 

the two inequalities (61),(62) then there exist an isolated single point 
),(),( oo yxyx =∞∞ and 

],[,],[ 2121 yyyxxx ∈∈ ∞∞ where 0),(,0),( 21 =∆=∆ ∗∗
oooo yxyx  

this mean that for the system (1) periodic solution 
),,(,),,( oooo yxtyyxtx ==  

for ]
2

,
2

[,]
2

,
2

[ * ∗−+∈−+∈ hTdhTcyhTbhTax oo . 

 
Remark 1 :- 
         We completed the formulation for the text of the theorem 3 with the 
proof when 1RRn =  that is when oo yx ,  are two non vectors quantities   
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Theorem 4 :- 
    Let  

)64(..........)),,((1),(

:

)63(..........)),,((1),(

:

)(

0

*
2

*
2

)(

0

*
1

*
1

dtyxtQeL
T

yx

RDD

dtyxtHeL
T

yx

RDD

stC
T

n
gf

stA
T

n
gf

oooo

oooo

∞
−

∞
−

∫

∫

=∆

→×∆

=∆

→×∆

 
where ),,( oo yxtx∞ it is the end of the periodic sequence (25) and the 
function  

),,( oo yxty∞  it is the end of the periodic sequence (26) then the following 
inequalities  

)65.........(),( 13
*
1 Myx ≤∆ oo

 

where

1
31

2

9
1

3

3131
2

2

1
2
3

23
3

3131
2

2

9113

))
2

1)((
4

1(,)
2

1(

)1
2

(]
48

224
[)(

2

−− ++−=−=

++++

+++++=

MHQTHNQTMHQTM

QHMTQCMCHQTCMHQT

QHMQTQCTMHCQTQMHNQTM oo δδ

)66.......(),( 14
*
2 Myx ≤∆ oo

 
             
where

1
52

2

11
1

5

5115
2

2

1
2
5

23
3

5151
2

2

11214

))
2

1)((
4

1(,)
2

1(

)1
2

(]
48

224
[)(

2

−− ++−=−=

++++

+++++=

MJRTJNRTMJRTM

MJRTRMJRTMJRT

RMJRTRTMJRTRMJNRTM

δδδ

σδδσ oo
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)68(..........][

]
2

[),(),(

)67(..........][

]
2

[),(),(

21
31110963

21
485131110965315

22*
2

11*
2

21
11110963

21
285111110965315

22*
1

11*
1

RyyWWWWW

QxxWWWWWWWWWWETyxyx

RyyWWWWW

QxxWWWWWWWWWWETyxyx

oo

oooooo

oo

oooooo

−+

+−+≤∆−∆

−+

+−+≤∆−∆

γ

γγ

γ

γγ

satisfies for gf DyyyDxxx ∈∈ 2121 ,,,,, oooooo  
 
Where 

583274625

543342211

2
,)(

2
,,

,,
2

,)(
2

δδδδ RRJTERJNRTERERE

QCEQCEQCQHTEQCHNQTE

+=++===

==+=++=
 

574418754357242

4187524223218522118511

aWEaaWWWEEaWWEE
aaWWWWEEWEEaWWWEEaWWE

++++
++++=γ

 

75111074474

741111087547111037511107242

47242741111087524271110232

2217111108522117111108512

aaWWWEaWE
aaaWWWWWEaWWEaaWWWWEE

aWWEEaaaWWWWWWEEaWWWEE
WEEaaWWWWWEEEaaWWWWE

++
++++
++++

++++=γ

 

578418758757264

4187526423618526118553

aWEaaWWWEEaWWEE
aaWWWWEEWEEaWWWEEaWWE

++++
++++=γ

  

75111078478

741111087587111077511107264

47264741111087526471110263

2617111108526157111108554

aaWWWEaWE
aaaWWWWWEaWWEaaWWWWEE

aWWEEaaaWWWWWWEEaWWWEE
WEEaaWWWWWEEEaaWWWWE

++
++++
++++

++++=γ

 
1

84
1

73
1

22
1

11 )1(,)
2

1(,)1(,)
2

1( −−−− −=−=−=−= EWETWEWETW  
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1
7110851146979632617

1
56971063632646

1
6326394742635

1
427584261454

1
426473825353

1
153561421422

1
212151321321

)1(,]
2

[

)1(,]
2

[

)
2

1(,][

)1(,][

)1(,]
22

[

)
2

1(,]
22

[

)
2

1(,]
22

[

−

−

−

−

−

−

−

−=+=

−=+=

−=+=

−=+=

−=+=

−=+=

−=+=

aaWWWWaaWWWWWWEETa

aaWWWWaWWWEETa

EWWEETWWEWWEEa

aaWWWWWEEWEa

WWEEWWETaWWETa

aWWETWWETWWEETa

WWEETWWETWWEETa

 

 
 
Proof  :- 
    From properties of the function ),,( oo yxtx∞  and the function 

),,( oo yxty∞ that fixative by theorem 1 then each of the two functions 

),(*
1 oo yx∆ , ),(*

2 oo yx∆ , 

gf DyDx ∈∈ oo , continuous and bounded by non negative constants 

1413,MM  on arrangement in the domain (2). 
from the relation (63) we find that  

)),,,((),( )(*
1 oooo yxtHeLyx stA

∞
−≤∆  

and by using lemma 1 we get 

)69.....(),,(
2

),,()(
2

),( 11
*
1 QCyxtxQHTyxtxHNQTyx +++≤∆ ∞∞ oooooo &

 
since that ),,( oo yxtx∞ satisfy the integral equation (28) we find that 

)70......(
2

),,(
4

),,()(
4

),,( 1

2

1

2
QCTyxtxHQTyxtxHNQTQyxtx ++++≤ ∞∞∞ ooooooo &δ

 
also we have 
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)71........(),,()(
2

),,( 3131 MCQyxtxMHNQTyxtx ++≤ ∞∞ oooo&

 
and by substitutions the inequality (71) in the inequality (70) we obtain 

)72(..........)1
2

(
2

),,( 9319 MHMQTCQTQMyxtx ++≤∞ ooo δ

  
and by substitutions the inequality (72) in the inequality (71) we obtain 

)73........(

)1
2

()(
4

)(
2

),,(

31

39311
2

2

931

MQC

QHMTMMCHNQTQMMHNQTyxtx

+

+++++≤∞ ooo& δ

 by substitutions the two inequalities (72),(73) in the inequality (70) we 
obtain (65). 
From the relation (64) we find that  

)),,,((),( )(*
2 oooo yxtQeLyx stC

∞
−≤∆  

and by using lemma 1 we get 

)74(..........),,(
2

),,()(
2

),( 12
*
2 δRyxtyJRTyxtyJNRTyx +++≤∆ ∞∞ oooooo &

 since that ),,( oo yxty∞ satisfy the integral equation (29) we find  

)75(..........
2

),,(
4

),,()(
4

),,( 1

2

2

2
δσ RTyxtyJRTyxtyJNRTRyxty ++++≤ ∞∞∞ ooooooo &

 
also we have 

)76(..........),,()(
2

),,( 5152 MRyxtyMJNRTyxty δ++≤ ∞∞ oooo&

 
 and by substitutions the inequality (76) in the inequality (75) we obtain 

)77(..........)1
2

(
2

),,( 115111 MJMRTRTMRyxty ++≤∞ δσ ooo

 
and by substitutions the inequality (77) in the inequality (76) we obtain 

)78........(

)1
2

()(
4

)(
2

),,(

51

511512
2

2

1152

MR

RJMTMMJNRTRMMJNRTyxty

δ

δσ

+

+++++≤∞ ooo&

 
by substitutions the two inequalities (77),(78) in the inequality (74) we 
obtain (66). 
from the relation (63) we find that  
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)79.(..........),,(),,(

),,(),,(),,(),,(

),,(),,(),(),(

2211
4

2211
3

2211
2

2211
1

22
1

11
1

oooo

oooooooo

oooooooo

&&

&&

yxtyyxtyE

yxtyyxtyEyxtxyxtxE

yxtxyxtxEyxyx

∞∞

∞∞∞∞

∞∞
∗∗

−+

+−+−+

+−≤∆−∆

 
where 

)81(..........)),,((),,(

)80(..........)),,((),,(
)(2

)(2

kkstCCtkkk

kkstAAtkkk

yxtQeLeyyxty

yxtHeLexyxtx

ooooo

ooooo

−

−

+=

+=

 
where k =1,2. 
 since ),,(),,,( oooo yxtyyxtx ∞∞ satisfies the two equations (28),(29) on 
arrangement . 
from the relation (80) we find that  

)82.......(),,(),,(
2

),,(),,(
2

),,(),,(
2

),,(),,(

2211
14

2211
13

2211
12

21
1

2211

oooooooo

oooooooooo

&&

&&

yxtyyxtyWETyxtyyxtyWET

yxtxyxtxWETQxxWyxtxyxtx

∞∞∞∞

∞∞∞∞

−+−+

−+−≤−

 
also we find that 

)83.(..........
),,(),,(),,(),,(

),,(),,(),,(),,(
2211

24
2211

23

2211
21

2211

oooooooo

oooooooo

&&

&&

yxtyyxtyWEyxtyyxtyWE

yxtxyxtxWEyxtxyxtx

∞∞∞∞

∞∞∞∞

−+−+

−≤−

 from the relation (81) we find that  

)84.(..........

),,(),,(
2

),,(),,(
2

),,(),,(
2

),,(),,(

2211
38

2211
36

2211
35

21
3

2211

oooooooo

oooooooooo

&&&& yxtyyxtyWETyxtxyxtxWET

yxtxyxtxWETRyyWyxtyyxty

∞∞∞∞

∞∞∞∞

−+−+

−+−≤−

 
 also we find that 

)85.(..........
),,(),,(),,(),,(

),,(),,(),,(),,(
2211

47
2211

46

2211
45

2211

oooooooo

oooooooo

&&

&&

yxtyyxtyWEyxtxyxtxWE

yxtxyxtxWEyxtyyxty

∞∞∞∞

∞∞∞∞

−+−+

+−≤−

 
after chain from substitutions in the inequalities (82),(83),(84),(85)we 
find  
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)86(..........
])()(

)(
2

[),,(),,(

21
1111098653

21
711110

2
8

2
51

11110986
2

5315851
2211

RyyaWWWWWWWQxxaaWWWWW

aWWWWWWWWETWWWyxtxyxtx

oooo

oooo

−+−+
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)87(..........]
2

[),,(),,(

21
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21
71110851

1110965315
2211

RyyWWWWWQxxaWWWWW

WWWWWWWETyxtyyxty

oooo

oooo

−+−+
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)88.........(][

]
2

)()(

)(
2

[),,(),,(
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511109763411110987653

21
7511108751511109765315

487517411110
2
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2
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4111109876
2

5315
2211

RyyaWWWWWWaaWWWWWWWW

QxxaaWWWWWWaWWWWWWWWET
aWWWWaaaWWWWWW

aaWWWWWWWWWETyxtyyxty

oo

oo

oooo &&

−++

+−++

+++

+≤− ∞∞

 

)89(..........
]

[

]
2

)()(

)(
2

2

)()(

)(
2

),,(),,(

21
5111097632441111098765324

111096323111109865321
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75111087521451110976532154

48752147411110
2
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2

5214

4111109876
2

532154

7111085213111096532153

85211711110
2

8
2

5211

11110986
2

532151
2211

RyyaWWWWWWWEaaWWWWWWWWWE

WWWWWWEaWWWWWWWWE

QxxaaWWWWWWWEaWWWWWWWWWEET
aWWWWWEaaaWWWWWWWE

aaWWWWWWWWWWEET

aWWWWWWEWWWWWWWWEET
WWWWEaaWWWWWWE

aWWWWWWWWWEETyxtxyxtx

oo

oo

oooo &&

−++

+++

+−++

+++

++

+++

+++

+≤− ∞∞

 by substitutions the inequalities (86),(87),(88),(89) in the inequality (79) 
we obtain (67). 
also by the relation (64) we find that  
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)90.........(),,(),,(

),,(),,(),,(),,(

),,(),,(),(),(

2211
8

2211
7

2211
6

2211
5

22*
2

11*
2

oooo

oooooooo

oooooooo

&&

&&

yxtyyxtyE

yxtyyxtyEyxtxyxtxE

yxtxyxtxEyxyx

∞∞

∞∞∞∞

∞∞

−+

+−+−+

+−≤∆−∆

 by substitutions the inequalities (86),(87),(88),(89) in the inequality (90) 
we obtain (68). 
 
Remark  2:- 
     The theorem 4 confirm the stability of the solution for the system of 
non linear differential equations that is when a slight change happening in 
the point ),( oo yx then a slight change will happen in the two functions  

),(),,( 2211 oooo yxyx ∗∗∗∗ ∆=∆∆=∆  
[for this remark return to [3] ]. 
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