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Abstract

In this work the Interacting Boson Model IBM-1, Davydov-
Filippov (D-F) models and the Critical Point Symmetry X(5) have been
employed to study the energy levels and the reduced transition probability
B(E2) for the (N = 90) transitional nuclei '*Ba,'*Ce,"**Er and '’YD in
the concepts of theoretical treatment. The best input parameters for the
above approaches which lead to the best fit to experimental data are
determined. The reduced transition probability B(E2) for the above nuclei
have been calculated in a relative and absolute scales by using the most
recent available experimental data.
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1- Introduction

The structure of the N =90 isotones in the vicinity of the Z = 64
has been the focal point of a research groups. A rapid change in
deformation occurs at N = 90 nuclei, a long the Nd, Sm, Gd and Dy
isotopic chains, as a transition occurs from spherical to axially deformed
structure (1-5). The study of phase-shape transitions in nuclei can be done
in the interacting boson model (IBM) which reproduces well the data in
the transitional Nd-Sm-Gd-Dy region (3,6-8). Recently a new symmetry,
called X(5), has been proposed for the critical point of phase-shape
transition from spherical to axially deformed nuclei (2-4). The N = 90
isotones "°Nd and '**Sm are a good example of the realization of this
symmetry (1,3,5,9,10). Additional examples of X(5) behaviors have been
suggested in N = 90 isotones **Gd and *°Dy ( 3,11).

The aim of the present work is to apply the interacting boson
model (IBM-1), the Davydov-Fillipov model and the critical point
symmetry X(5) for calculating the values of the energy levels and the
reduced electric quadrupole transition probability B(E2) for the other
N = 90 transitional nuclei, '**Ba, **Ce, "**Er and '°Yb, lying between the
SU(5) and SU (3) limits.

2- Nuclear Models

2-1 The Interacting Boson Model -1 (IBM-1)

The Interacting Boson Model of Arima and lachello (12-17) ,has
widely accepted as a tractable theoretical scheme of correlating,
describing and predicting low-energy collective properties of complex
nuclei. The most general Hamiltonian subject to the conditions of U(6)
symmetry can be written as (15,17).
H=e,+aPP+all+a,Q0Q+aT,T,+aT T, ... (1)
where ¢ is the energy of boson. For the simplest form (which is e=g4-¢,

assuming &~=0). nq is the operator of the d-boson number.

o, a1, A, a3, a4 parameters represent the strength of the pairing, angular
momentum, quadrupole, octupole and hexadecapole interactions

respectively. P, L ,Q,T, and T, represents the operators for each
interaction respectively. For the transition case between SU(5) and SU(3)
limits , the above Hamiltonian reduced to

H=e,+all+aQ0 ()
In order to calculate electromagnetic transition rates, one must specify the
transition operators. The (E2) transition operator can be written as (7,15).
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where o, plays the role of the effective boson charge and [, is a
parameter related to a,. The parameter a, is related to the reduced
transition probability B(E2)as follows:

1-  For SU(5) limit (7,15)
B(E2;L+2—>L)=0a3 %(L +2)2N-L) . (4)
This gives, for the first 2" state.

B(E2;2] -»0{)=a5N (5)
2-  For SU(3) limit (7,15)

B(E2L+2 L) =0} et 2L+

_LY2N+L+3) . 6
2 4(2L +3)(2L +5) @N-L)EN+L+3) (©)

Or B(E2;2f —0f)=a? %N(2N +3) AU (7)

2-2 Davydov and Filippovs (D-F) Model

Rotational levels of even-even nuclei have been treated by
Davydov-Filippov and Rostovsky (18-20) under the assumption that the
nuclei possesses equilibrium shapes which are not axially symmetric. The
formulae for levels with spins 2 and 3" are (18,21,22).

3_
F(21)=3( yX) .............. (8)
E(2,)= Crx) 9)
E@G3)= % ............... (10)
Where X=\/9—8Si112(3}’) ............... (11)
Y=sin’3y) . (12)
Then x =+9-8y (13)
1.
y=sin” gy oo (14)

v is the asymmetrical parameter which is determine the deviation of the
shapes of the nucleus from axially symmetry. The quantity y can easily be
determined from the ratio of the energies of two levels with angular
momenta [=2.
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E2, (3+X)
E2, (3-X)
and the relations (13) and (14).
The equations for levels with spins 4+, 6+, and 8+ are the roots of
the third, fourth and fifth degree respectively (19,21,22). Results of
numerical solutions of these equations for several values of y are given in
ref.(19). These equations are not used in the present work; instead the
graphical method has been used (see section 3-1-2).

The formulae for the transition probabilities b(E2) are (18,21-23)
(X—=2y+3)

b(E2;27 —07) =T e (16)
. . X+2y-3
b(E2;23 —>01)=w ............... (17)
2X
. o 10y
b(E2;2;, = 27) = T2 e (18)
. o 25(x+2y-3)
b(E2;37 > 27)=
(E2;3 1) o e (19)
N N 25(x =2y +3)
b(E23] - 2))=—"—"F7""—"—"> ..
(E2:3, 2) 8x (20)

The transition probabilities b(E2;47 —27), b(E24; —27), b(E24; —4)),
b(E2;37 —47), b(E2;6; — 4;), can be calculated by using the relations and
the wave function coefficient given by (D-F)(19,22). The values of these
transition probabilities for several y values are given by (D-F) (19). In
the present work, the graphic method has been used between b(E2) and vy
to calculate the above b(E2)(see section 3-2-3). The relation between the
reduced Electric transition probability B(E2) and the transition
probability b(E2) is(18).

e’Q;(b*)

B(E2;2, »0/)= b(E2:2° —07) . 21)

Where Qy is the intrinsic quadrupole moment.

2-3 Critical Point Symmetry X(5)

Iachello introduced new dynamical symmetries at the critical point
of a phase/shape transitions: E(5) for a transition between spherical and
deformed y-soft nuclei (24) and X(5) for transition between spherical and
axially deformed nuclei (2,3). His approach was based on analytical
solutions of the differential equation for a geometrical (Bohr)
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Hamiltonian with a flat-bottomed potential in the quadrupole
deformation. In the X(5) model an infinite square well potential in 3,
V(B),is combined with a term V(y)(3,5):

VB.=ve+vy (22)

0 , B=<Bw
VB=< (23)

© , B>Bw

The potential V(y) is assumed to be harmonic around yo with

Viy)=%C(y—yo) L (24)

Where P is the deformation parameter and y describing the
deviation from axially symmetry.

The present X(5) results for the energies of the ground-state band,

B-band and y-band are shown in Table (1) where the energies are
normalized to E2," = 1.0 (3,5).

Table(1):Excitation energies predicted in the X(5) model (3,5)

T" o T 271 4" [ 6" | 8" | 00 | 2, 4, 6, 2.5 1 3, | 4y
}irzejegly 0.0 | 1.0 | 2904 | 543 | 8483 | 565 | 7.45 | 10.69 | 14.75 | 10.0 | 10.94 | 12.04 | 13.27

B(E2) values for selected transitions predicted in the X(5) model
are summarized in Figure (1) (3,5). The values are normalized to the
transition B(E2,2,"— 0,") = 100.
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3-Calculations

3-1 Energy Levels
3-1-1 IBM-1 Model

The experimental energy ratio between the E4," and E2," levels of
the ground state band (Ry4,) for even-even ';’Ba,'sCe ,'Er and '§)Yb

nuclei are 2.83,2.87,2.74 and 2.63 respectively (25). It is clear from these
values that the above nuclei have the properties between
SU(5) (Ry2=2.0) and SU(3) limits (R4, = 3.33).

The IBM-1 has been used in the calculation of the energy spectra.
The program PHINT (IBM- code) written in FORTRAN 77 language has
been used in the calculations (26). The number of bosons and the best
values of the Hamiltonian parameters which gives the best fitting between
theoretical and experimental energy levels of the above nuclei are shown
in Table (2) .The 0, state (B-band head) of the above nuclei is below the

2," state except for 10Yb .The term (a, P. |3) has been added to equation
(2) in order to raise the 0,  state. This term can describe nuclei in which
the B-band lie above the y-band in energy (17).

Table (2): The Parameters Used in IBM-1 Model and the Number of Bosons for
146Ba,“gCe,lngr and "°Yb nuclei.

N

)
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3-1-2 D-F Model

The energy levels of even-even '*°Ba,'**Ce,"”*Er and '*Yb nuclei
possessing spins 2 and 3 have been calculated by using equations (8),(9)
and (10) .The results for numerical solutions of the equations for levels
with spins 4,6 and 8 for several values of y have been taken from (19) and

replotted as shown in Figure(2)

140

120

100

&N

60

E(A)

-

40

20

T
—_—
——
——
—H—
—a—
—r—

E@;)
E(6,")
EB8,)
E(4;)
E(4,)
E(6,)

1 1
15 20

v(degrees)

30

Fig. (2): The Computed Energy levels (4,",6,",42", 6,", 43", 8;") for Various Values

These plots are analyzed by using the MATLAB program to obtain
the values of energy levels for '*Ba,'*Ce,"” Er and '°Yb nuclei from
knowing their y- values. The energy levels and y- values the above nuclei

of (v).

are listed in Table (3).The constant (A) has the same energy dimension.

Table (3): Values of a Symmetry parameter ( y) and Energy Levels for

146Ba,“sCe,lssEr and '*"Yb nuclei.

E(A)
Nucleus

+ + + + + + +

! 2, 22 1 41 61 2 81

146Bg 15.778 | 4.649 | 28.641 | 33.290 | 15.157 | 30.808 40.020 | 50.690

"8Ce 16.081 | 4676 | 27.671 | 32.347 | 15.215 | 30.851 39.161 | 50.618

8gr 18.759 | 4937 | 21.083 | 26.019 | 15.656 | 30.894 33.694 | 49.932

0yh 20.992 | 5.185 17.498 | 22.683 | 15.908 | 30.668 31.512 | 49.335
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3-1-3 Critical Point Symmetry X(5)

A nucleus with an Ry, value near 2.91 in a known spherical to axially
deformed transition region is immediately of interest as a prospective
X(5) nucleus (2,3,5,11). The'**Ba,'*®Ce,”®Er and 'Yb nuclei are
constitute an example of such spherical to axially deformed transition
region. We used the critical point symmetry X(5) to calculate the energy
levels of the above nuclei. The energy levels from X(5) [see Table (1)]
are fitted to the first experimental excited state with spin 2 (E2,") of the
above nuclei and determined the other energy levels by using the
conversion constant. This constant was calculated by dividing the
(B2, )exp from ref.(25) by the corresponding value obtained from critical
point symmetry (E2;)eo.

3-2 The Reduced Transition Probability.

3-2-1 The Experimental Reduced Transition Probability.

The absolute experimental reduced transition probability B(E2)
[e’b?] values for the '**Ba,'**Ce,"Er and 'Yb nuclei were calculated
from available experimental data of; T, Ey, Iy, o, multipolarity and &-
mixing ratio reported in refs.(27-31) and by making use the following
equation (21,32)

0.05657

) = T B (Mev)

inunitof (e . .. .... (25

For states with unknown half-life, the relative values of B(E2) were
given in relative scale, where the maximum B(E2) values was equated to
1.0, relative B(E2) values then have been calculated from the relation

1,(E2)
B(E2) o VES .............. (26)

Y

3-2-2 IBM-1.

The reduced transition probability B(E2) calculations were carried
out by using the computer program FBEM (IBMT- code)(26). The
parameters used in this program namely E2SD and E2DD were
determined for each '**Ba,'**Ce,""*Er and '*°Yb nuclei according to this
method:

E2SD=0, L (27)
E2DD=83, (28)

The parameter a, is calculated from the experimental value of
B(E2;2,"—0,") using equations (5) and (7) for SU(5) and SU(3) limits to
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get two values. The parameter 3, is calculated from a, for SU(5) limit by
using the relation (16):

R A e (29)
a, 2

P2 — 1 323 for SU(3) limit (15-17)

a,

By taking the average of the two values for each a, and B,
parameters and slightly change the average values in order to get a good
agreement between theoretical and experimental B(E2) values. The
values of E2SD and E2DD for the above nuclei are listed in Table (2).

3-2-3 D-F Model.

The reduced probabilities for electric quadrupole transitions b(E2)
for the transitions 2, —0,",2,"—0,",2,"—2,".3,"—2, and 3, —2," have
been calculated by using equations (16),(17),(18),(19)and (20)
respectively. The b(E2) equations for transitions between levels with
spins (4, 2), (4, 4), and (6, 4) were presented by (19,21,22). These
equations are difficult for applications because the coefficients A, and By
for wave functions of the above states are required. Therefore, instead of
these equations, we will apply a graphic method. The b(E2) values for the
transitions 4, —2,", 3, —4,.,4,"—2,", 4,"—4," and 6,/ —4," for several
values of y have been taken from (19) and replotted as shown in Figures
(3), and (4). These plots were analyzed using the Matlab program to
obtain the b(E2) values for '**Ba,'**Ce,"**Er and '*Yb nuclei from their y-
values.

1.4

—— b(E2;3,'—>
—— h(F2:4. >
—— b(E2:4,"'> 4,7

1.2F

0.8

b(E2)

0.6

0.2F

1
0 =) 10 15 20 25 30

Y (degrees)

Fig (3): Reduced Transition Probabilities b(E2;3,"—>4,"), b(E2;4,'—3;") and
b(E2;4,"—>4,"),as a Function of y- Values .
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Fig(4): Reduced Transition probabilities b(E2;41+—>21+), b(E2;42+—>22+) and
b(E2;6,"—4,") as a Function of y Values.

Table (4): Calculated b(E2) Values From; (D-F) Model, Equation and graphical
methods for 146Ba,”sCe,lssEr and "Yb nuclei

b(E2)

146Ba

148C:e

158Er

160Yb

0.94370

0.94242

0.934141

0.93384

0.05629

0.05758

0.06586

0.06616

0.16525

0.17478

0.28515

0.42750

0.10053

0.10282

0.11761

0.11815

1.68518

1.68289

1.66811

1.66757

0.15938

0.17206

0.31697

0.48726

1.37622

1.37598

1.37387

1.36975

0.50924

0.507/88

0.49302

0.46786

0.19199

0.20185

0.28366

0.32962

1.56779

1.57036

1.60209

1.64241
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3-2-4 Critical Point Symmetry X(5).

The critical point symmetry X(5) has been used to calculate the
reduced electric transition probability B(E2) for '*Ba,'**Ce,"” Er and
"Yb nuclei. The theoretical B(E2) values from critical point symmetry
X(5) [(see Figure(1)] are fitted to the experimental B(E2;2,"—0;") values
of the above nuclei, and the other transition strengths are determined by
using the conversion constants. The constants was calculated by dividing
the B(E2;2,"—0,")ey, obtained from (27-30) by the corresponding value
obtained from(3,5).

4-Result and Discussion

4-1-Energy level

The energy values of the low-lying positive parity states of
146Ba,8Ce,"Er and '*YDb nuclei calculated by the IBM-1, D-F models
and critical point symmetry X(5) are compared with experimental values
(27-30) as shown in Table(5). It can be seen from this table that the most
of present results from IBM-1 calculations are in good agreement with
the experimental energy levels values within the associated errors which
are found to be less than 24% for all levels. It is obvious that the IBM-1
calculations give better values than those of D-F predictions, especially,
for4,",4,", 6, and 8, states, in addition there is good agreement between
experimental data and the theoretical energy levels calculated by X(5)
limit, especially, for 2,", 4,", 6, and 8," states. The significant apparent
discrepancy is that for 2," state of '*Ba , 2,725 and 3, states of 148Ce,
0,7 .2,", 25", 4,7 and 3," states of "*Er and '®Yb nuclei. Two basic
predictions of the X(5) model are that Ry, =2.91 (or 2.71 <Ry, <3.11)
and E(0," )/E(2,") =5.67 (3,5) . The Ry, equal to 2.83,2.87,2.74 and 2.63
and E(0," )/E(2,") equal to 5.81,4.87,4.2 and 4.47 for '*Ba,'*Ce,"”*Er
and '°°Yb nuclei respectively. It is evident from Table (5) and the above
ratios that the '**Ba and '**Ce nuclei have a structure near to the X(5)
symmetry. One can be observe from Table (5) that the D-F model is not
able to reproduce the 0,", 05" and 25" states.
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Table (5): Calculated Values of Energy Levels for 146Ba , 8Ce, **Er and '*"YDb
nuclei Which Compared With Corresponding Experimental Data.

146 148
Ba Ce

Ecar(MeV) Ecar(MeV)

A(%)® A(%)® A(%)® A%)® | ©-F) | A)® A(%)®

16.6 0.0 0.0 17.7 0.158 0.0

2.6 -2.5 42 0.514

1.7 2.8 -1.8

-9.1 -2.6 -85

-9.8 . 0.86

-8.0 -2.4

158Er 160Yb

Eca.(MeV) Eca.(MeV)

A%)® | (O-F) | A%)® A%)™ A%)® | (D-F) | A(%)® A(%)™

219 0.192 0.0 . 20.6 0.243 0.0 0.0

5.1 0.609 . 2.4 0.746

(a) A(%)=[(Eexp-Ecat. )/ Eexp]x 100
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4-2 Reduced Transition Probabilities

The absolute experimental Reduced transition probabilities B(E2)
and the relative B(E2) values for '*°Ba, '**Ce, "*Er and '*Yb nuclei have
been calculated from the available experimental data (27-30) and
compared with those predicted by the IBM-1, D-F models and critical
point symmetry X(5) is shown in Table (6). An inspection of this table
shows that there is, in general, good agreement between the experimental
B(E2) values for all the transitions and those from IBM-1 calculations
except for 2;'—4,", 3,'>2," transitions of Ce, 257 52,%, 2,750/,
3,7 >4,", 3,/ >2,", 4,">4," transitions of 8py 37 >4, and 277 —>2,"
transitions of '°Yb. It can also be remarked that the D-F calculations
gives acceptable agreement with the experimental B(E2) values for all the
transitions except for 3,">4,", 3,"52,", 4,">4," transitions of P¥Er and
3,">2," transition of '°°Yb. The B(E2) values are well reproduced by the
X(5) calculations. The significant apparent discrepancy is that for
0, —>2," transition of 146Ba, 2,"52,%, 25" >4,", 3,">2," transitions of
*5Ce and most of the transitions depopulated the 25", 3, and 4," states
of "*Er and '’Yb nuclei are higher than the experimental values. Most of
the experimental B(E2) values for '*°Ba and '**Ce nuclei are close to X(5)
symmetry.

Table (6): Comparison of Experimental and Theoretical B(E2) Values for
146Ba, 8Ce, S*Er and "*Yb nuclei .

146B a 160Yb

B(E2)theo. (€°b?) B(E2)neo. (€°b?)

IBM-
1

D-F X(5) IBM-1 D-F

0.272 0.272 0.481

0.374 0.435 0.6909

1.0
1.0 1.0 . 1.0

>0.0043

1.0

a) Relative method
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148 158
Ce Er

B(E2)ieo. (€7b?) E B(E2)eo. (€*b?)

IBM-1 | D-F X(5) IBM-1 | D-F X(5)

0.397 | 0.397 0.397 0.6519 0.6518

1.0 1.0 1.0 0.9176 1.0429

1.0 1.0 . 1.0 1.0

1.0 . 1.0 . 1.0 . 1.0

1.0 1.0

1.0

0.8845

16.846

11.23
1.0

6.395

15.1578
1.0
6.946

1.486

wn
1

Conclusions

1- The results from IBM-1 calculations are in good agreement with the
experimental values between the SU(5) and SU(3) limits. .

2- The theoretical energy values for 6, and 8,  states obtained from D-
F model are higher than the experimental data. The D-F model is not
able to reproduce the 0,", 05" and 2 states.

3- '"*Ba and '**Ce nuclei are proposed as a possible examples of X(5)
symmetry.

4- More experimental investigation on '“*Ba , '**Ce ,"*Er and 'Yb
level Schemes are required in order to identify the absolute B(E2)
strengths.
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