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ABSTRACT:

Many years ago there was a great interest in studying the existence of positive solutions for
fractional differential equations. Many researchers have considered the existence of positive
solutions of non-linear differential equations of non-integer order with integral boundary value
conditions using fixed point theorems.

G.wang et al.(2012) investigated the following fractional differential equations
DW()+ f(t,W(t)=00<t<1 with integral boundary  value  condition

1
wo)=w@o=0, W)= Aj W(s)ds were2 <a <3
0

) is a positive number (0 <X <2), ¢D%is the standard fractional derivative equation of Caputo who
obtained his results by means of Guo-krosnosel'skii theorem in a cone also A.Cabada et at. (2013)
established the following non-linear fractional differential equation with integral boundary value
conditions
DW() + f(, W) =0,0<t<1
W(0) = W"(0) =0, W(1) = A J, W(s)ds,were2 <a <3,1> 0,1+ a,D%s Riemann —Liovuville
standard fractional derivative. and f is a continuous function. The results were based on Guo-
krasnosel'skii fixed point theorem in a cone .

In this paper we investigate the existent results of a positive solution for the integral boundary
value conditions of the following system of equations:

‘DA +k(t,A(t)) =0, te(01)

1
£0) =A'(0)=A"(0)=0, £2(1) = 6f A(n)dn
0

where 3< 8 < 4, §isa positive number , § # 3, ¢DP denotes Caputo standard derivative and k is
a continuous function.Our work based on Banach's and Schauder's theorem.

Keyword: Fractional Differential Equation, Integral boundary value Conditions, Schauder's theorem,
Green function.
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tduadAl)
@3 Badad S dbialiall Y aleall dumgall Jolall dgng dadys (b LS Lilaal dllia ol dpalall clgindl Pla
by yd Jo adiat Lkl oyl (e dabialis aYalaad dad) dilasgg gy duhy Gfialll e daal) A Gua 4Kl C )
L)) dlaa) il yee Jlasials 2uLalSs A gas
A ) Y aleall daglaial Jal 3529 2012 sle 8 (55305 Gowang caald) (s 53
DEW() + f(t,W(t) =0,0<t<1
AlalSs e san Jag yi il
wo)=w'@0)=0,w(1)= Aflu/(s)ds
0

e dany bl sl Caputo 3ad) S ‘D5 (0 <A< 2) cage s 2e A2 <a<3 (&
oo % 2013 e Gasals Alcabada caaldl Lol dntl dhall Guo—Krasnosel'skii dia je Jlaxivls Gaadll gkl
A0 e dbealinl) Aolaall Jall 3gng
DWW+ f(LW(®))=0, o0<t<l1
e gd Al T 5 3
WO =W =0, W=1[Wes
0

b Caall) Baciels Byaias A £y Qibsd —olasy J @l BEEY) 8 DF sh#Fa sA>0 52 <a <3 cua
dall agag Ay Liad s Llee & Ll . Guo—Krasnosel'skii 43,0l dbaail 418 je Jleaatial il e Joaall dialy
A o) Al U Adialindl Alsbaall Aelss dag pd il Auagandl ail) Alliadd Cingal
DEA) +k(t, () =0, te(01)
Aagds Akal&idag pd il
AO) = A 0) = A"(©0) =0, AQ) = f  Anydn
0

Caputo J bl oyl Blady) Ji CDBJS¢3(O<6<3)E.—\%‘9A‘5&:\EAJAL5 9 3<B <4 o) dus
- A Aball diajag F UL dia e 138 Llee & Ladicly Siaiue A K

LS s ¢35l Ay AlalSs Liasdt dag yd e dbialis @Y ol lital) cilaldl)

1.Introduction

In the last few decades, fractional order calculus has been of the most rapidly developing
areas of mathematical analysis. In fact, a natural phenomenon may depend not only on the time
instant but also on the previous time history, which can be successfully modeled by fractional
calculus. Also fractional differential equations play an important role because of their application in
various fields of science such as mathematics, physics, mechanism, economics, engineering and
biological sciences etc.(see[1-4]).

Integral boundary conditions have several applications in real-life problem such as population
dynamics, underground water flow, and blood flow problems. For a detailed description of the
integral boundary conditions, we refer in this study to some recent papers [5,6,7].

Our establishment is the existence of positive solutions of the integral boundary conditions
of the following fractional differential equation:-
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‘DA A() + k(t, A())=0,0<t<1 (1)
£(0) = A'(0) = A"(0) = 0, A(1) =6 [, A(n)dn 2)

where 3< B <4,0 <& <3,DF denotes Caputo standard derivative and k: [0,1] X [0, ) —
[0, o) is a continuous function.

Firstly we obtain the exact expression of the Green's function related to the liner equation
DEA()+g(t)=0,0<t<1 (3)

corresponded to the integral condition

£(0) = A'(0) = A7(0) = 0, A(1) =6 [} A(p)dp

Our work is based on Banach's and Schauder's fixed point theorems.

2.Preliminaries

In this article , we present some definitions, notations, lemmas and theorems from fractional
calculus theorem.

Definition 2.1.[1] Capote derivative fractional order a of the function J: [0, c0) — R is defined as :

1 t ](p)(c)
ro—a ), t—oren

‘D%I(t) = de,p = [a] +1,

where [a] is the integer part of a.

Definition 2.2.[1] Let g > 0,g be a the function then the, integral of order g is given by

1 _
19g(s) = %fos(s -7 1g(r)dr , q >0

Provided the right hand exits a side.

Lemma 2.1.[8] Let u > 0,the fractional differential equation ¢D*W(t) = 0 has a unique solution
given by the form

(4] W@ (o)
W(t) = Z —t¢

al
a=0

Lemma 2.2. [8] lety > 0, then

(i) .
1Y <DYs(t) = s(t) ZP;]O_S i.(O)tl

Theorem 2.1.[9] (Banach contraction principle )

Let (Y, d) be a complete metric space and F:Y — Y contraction. Then F has a unique solution W
and FP(y) - W foreachy € Y or (FW =W).

Theorem 2.2.[9] (Schauder's fixed point theorems)

Let Y be a nonempty convex subset of a locally convex liner topological space E, and let F:Y — Y be
a compact map. Then F has a fixed point.
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Theorem 2.3. Let 3 < B <4 and 6§ # 3.Assume that g € C[0,1], then the problem (2)-(3) has a
unique solution 4 given by

1
A = f G(t,p)g(p)dp
0

Where
3t2(1 - p)ﬁ_l(ﬁ -6+ 5p) - '8(3 -8t - p)ﬁ—l
G(t,p) = B-8Or@+1 0<p<ts<i
P32 - p)F (B -5 +5)) e )
B-Or@+1 0st<p< )
Proof:

According to lemma 2.2, the linear equation (3) is equivalent to the integral equation.

RO

A(e) = 1P g(6) + Z

( ) hl”(o)
2! "+ 3! 3
Since £(0) = h’(O) £"(0)=0, We get

A(O) =~ 05 [, (¢ = p)P1g(p)dp + 757 Lo,

1

hl’
h(l)——% (1—p)F1g(p)dp + 2(0)

=—1Pg(t) + £(0) + A/ (0)t + ——

From condition (2), £(1) = & [} A(p)dp

we get

#(0) ——@f (1 - p)P1g(p)dp +26 [, A(p)dp

Hence

t 1
1 t2
- —_ n)B-1 — n)B-1
RO = =15 f (t - p) o f (1 - p)P"g(p)dp
1
1 5¢2 f A(p)dp (5)

LetC = folh(p)dp, then from the above equality, we can get

= fo 1h(t)dt
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11 11
= — p-1 - 2 _ £-1 2
I"(ﬁ) f(t p) g(p)dpdt+r(ﬁ) ff t2(1 — p)P~tg(p)dpdt + 5!! t2a(p)dpdt

1
1 _ 5
¢= Bf(ﬁ)f( - p)F~ 1g(/f))cip—3r(ﬁ,)of(1 —p)Fglp)dp +3C
N (356) fol (;I"(pﬁ)) g(p) P+ (3- 6:;F(ﬂ) f()l(l _P)B_IQ(P)dP

Substituting this value in (5), we get the following expression for the function £

B-1 t? B+1
h(t)__Tﬁ)f(t_p) F(ﬁ)of(l_p) g(p)dp
1 1
361:2 (1 —p)ﬁ 6t2 ~ pot
_@‘5”“”J gmmp+8—6ﬂuﬂ!ﬂ P
I V]»(y1+JGﬂ(1_mﬂﬂw—ﬁ+6m -
BRI el B TCED IO N
t t
! - 1 (3621 = p)P' (B -8 +5p)
= —_- — — p-1
F(B)Of(t p) g(p)dp+F(ﬁ)Of B3 —6) g(p)dp +
t
3t2(1 = p)P (B~ 6 + 5p)
r) Oj 833 —0) g(p)dp
_ f3t2(1 — p)ﬂ—l(ﬁ —8§+6p)—BB-8)(t— p)ﬁ—lg(p)dp
rg+1) 3—-6
0
13t2(1 - p)F1(B— 6 + 6p)
+F(,3+1)ft 3-6 g(p)dp

= J, G(t.p)g(p)dp.

The proof is complete. O

3.The Main Result

Note : let functiont € [0,1] = follG(t, p)|dp be continuous on [0,1], so it is bounded.

Let Q = Sup {f,16(t, p)ldp, t € [0,1]}
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Banch's fixed point theorem is our first result.

let C([0,1], R*) denotes the Banach space of all continuous functions, on [0,1] in toR* with norm
[#]lc = Sup {|A(t)|:t € [0,1]} where |.| is the complete norm on R.

Theorem 3.1. Assume that

(S1) Let n be a constant, then

|[A(t,x) — A(t,y)| <nlx —y| fort € [0,1] and every x,y € R

ifnQ <1 (6)

Then the boundary value problem (1)-(2) has a unigue solution.

Proof:

Let the operator J: C — C be defined as :

JA(t) = fot G(t,p)k(p, 2(p))dp, where G(t,p) is the Green's function given by (4) points we will
show that J is a contraction and from lemma 2.1; the fixed points of J are solutions to (1)-(2).

Assume that x,y € C([0,1],R*).Then,for each t € [0,1], we get

1 1
Ux() - Jy(@®) < f 16t 1|k (p, x(0)) — k(p, y(0))dp < 7ll(x = Mlleo f 16(t, p)] dp
0 0

< nQllx = ylle
Hence, we have
Wx(@) = Jy(Olleo < MlIx — ¥l
Where M =nQ < 1.
The theorem is proved. O
Our second result is based on the Schauder's theorem.
Theorem 3.2 Assume that
(A1) The function k:[1,0] x R* - R* is continues.
(A2) There exists N € €([0,1], R*)and @: [0, ) — [0, o) continues and non- dressing such that
|k(t,x)| < NO(|x|), for t € [0,1] and each x € R*.

(A3) There exists a constant L > 0 such that
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L
N,B(L)Q > 1 @

where N; = Sup{N(r),r € [0,1]}. If the above conditions hold, then the problem(1)-(2) has at least
one solution.

Proof:

Let C* = {4 € C([0,1],R"), || %l < L}, where L is a constant. Clearly C*is a closed convex subset
of €([0,1], R*),we will show that J satisfies the condition of Schauder's theorems.

The proof will be in four steps.
Stepl: First we show that Jis continuous.

Let{#,,} be a sequence such that 4,, = #4 in C([0,1], R*).Then for each t € [0,1]. We claim that f
is continuous

1
JAm(@©) — JA(E)] < fIG(t,p)IIk(p,hm(p)) — k(p, #(p))|dp
0

Since k is continuous || £, (t) — JA(P)|lo = 0 as m - oo,
Step 2: ] map C*into an equicontinuous sets of C([0,1],R*). Let A € C* ty,t, € [0,1],t;—t, <

0,then
1

JA(ty) — JA(t)| = f G (t2, p)k(p. 2 (p))dp — G(t1, p)k(p. £ (p))dp

0

1
< [ 1629 = 60 PIIK(p- () ldp
0

1
<N@O(L) J, 1G(tz, p) — G(ty,p)| dp
As t; - t, the right hand side tends to zero as t; — t,.
So the operator J is completely continuous according to Arzela-Ascoli theorem.

Step 3: ] maps C* in to a bounded set of C. Let A4 € C*, (A2) then for each t € [0,1], implies
UAM®I < 16t p)] Ik(p, A(p))|dp

< N o(l4ll) [ 16(E p)ldp
Therefore
IJA ()l < NO(L)Q: = s.

Stepd: J(C*) c C*
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Let 4 € C*, then JA(t) € C*.Foreach t € [0,1],we get

AW < [16¢ I [k(p. £(0)|dp < Ni8(IIAIl) [y 16t p)ldp
thus [|JAlle < N;B(L)Q
By (7), we have

Al < L
so, the operator J has a fixed point £ which will be a solution for (1)-(2). o

4. Conclusion

In this paper, we study boundary value problem with integral conditions for fractional
differential equation involving Caputo derivative of order g € (3,4). We establish the existence and
uniqueness results of the solution. Our first result is based on Banach contraction principle and our
second result is based on Schauder's fixed point theorem.
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