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Abstract:

In this paper we study the arcs w1th weighted points in the projective
plane of order q° (q=13, p=1,2,...), and we prove that a ( 90,22;{1,2})-
arc of type (9,22) exists in the projective plane PG(2,13),and an example
is given of this arc. =~
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'On - Arcs With Weighted Points ..............

o 1 Introduction:

Let PG(2,q) be a pl‘OJCCthG plane n of 01der q where q= ph h> 1
this plane consists of q*+q+ 1 lines, q+ 1 pomts on every line and q +

1 lines passing through every point .
A (k,n)—arc K in the projective plane is a set of k pomts such that

somen , butnon + 1, of them are collinear .

The projective plane PG (2,13 ) : ‘
The plane PG (2, 13) contain 183 points , 183 lmes 14 points on
every line and 14 lines passing through every point .
The vectors of the 183 points of PG(2,13) are given in the (table ).
Let L, be the line which contain the points:-
1,2,9,25,38,42,60,108,120,129,135,140,154,and 182, then L =L, T" X

121 ‘
where T={1 1 2|, i1=1,...183,
3012 ‘ ‘
are the lines of PG(2,13) .The 183 lines L; are given by the rows in the

(table 2).

Let & and Jb be the set of pomts and lmes respeetlvely of n, denote
by £ the set of subsets of & ,and by N the set of natural numbus with
Z€ero. ' o

Given a function f: &— N ,We shall say the weight of a point P the
value f(P).We can also define a function f" from £ to Nby [ )=
> /(P) for every u e £ ,we shall denote the weight of u by the value
IEU

"(u). Further more, if we denote by f the restriction of f*(u)to Jb , then
f(r) is the weight of a line r.
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P1 (, 0, P47 | (1,7,1) [ P93 (1.1, 8) | PI139 | (1, 1,12)

P2 [©,1,0)(P48 |(1,7.4 | P% |[(1,9,2) |PI40 |(1,6,0)
P3_|(0,0,1)| P49 |(1,5,3) [ P95 | (i,10,6) |PI4l |(0,1,6)
P4 | (1,0,7) P50 | (L,IL,I0) | P96 | (1,12,10) | P142 |(1,0,6)
Ps | (1,1,7) | P51 |(1,2,3) | P97 |(1,2,5) |PI43 [(1,12,7)
P6 | (1,1,8)| P52 |(1,[1,3) | P98 |(1,4,2) |Pi44 |(1,1,6)
P7 (1,9,3){ P53 | (I,IL11) { P99 (1,10,8) | P145 | (1,12,6)
P8 | (1.11,2) | P54 |(1.3,1) | PI00 |(1,9,6) |P146 |(1,12,8)
PO | (1,10,0) | P55 |(1,7,2) |PI0T | (L,12,11) | P147 | (1,9,11)
P10 [ (0, 1,10) | P56 | (1,10,12) | P102 | (I.3.4) |P148 |(1,3,8)
PI1 | (1,0,9) | P57 |(1,6,2) | PI03 |(1.5,9) |PI149 |(1,9,8)
P12 |(1,8,7)| P58 |(1,10,2) |Pl104 |(1,8,8) | PI50 |(I,09,10)
PI3 | (1,1,2)|P59 |(1,10,3) | PI05 |(1,9,1) | PI5SI |(1,2,12)
P14 | (1,10,4) | P60 | (1,11,0) | PI06 |(1,7,5) |PI152 |(1,6,6)
PIS | (1,5,5)| P61 |(0,1,11) |PI07 |(1,4,9) |PI53 | (1,12, 1)
PIG | (1,4,01)|P62 |(1,0,10) | PI0OS |(1,8,0) | PI54 |(1,7,0)
P17 | (1,7,9) | P63 (1,2,7) | PI09 | (01,8 |PISS {(0,1,7)
PI8 | (1,811 P64 | (1,1,9) [PIHIO |(1,0,3) [PIS6 |(1,0,8).
PI9 |(1,3,5) | P65 |(1,8,2) |PII1 | (1.11,7) |PI57 |(1,9.7)
P20 | (1,4,6) P66 | (1,10,9) | Pli2 | (1,1.,5 |PI58 |(1,1,3)
P21 [ (1,12,3) | P67 | (1,8,9) |PII3 |(1,4,11) [PI59 |(1,11,5)
P22 1 (1,11,9) | P68 | (1,8,6) |PI14 | (1,3,6) |PI60 |(1,4,12)
P23 | (1,8,4) | P69 | (1,12,12) | P115 (1,12,4) | PI61 |[(1,6,5)
P24 [(1,5,8) | P70 |(1.6.0) |PII6 |(1,5.2) |PI62 |(1,4.5)
P25 |(1,9,0)[ P71 [ (1,7,00) | Pi17 | (1,10.5) |P163 | (I.410)
P26 |(0,1,9) P72 |(1,2,8) | P18 |(1.4.8) |Pi6d |(1,2,2)
P27 | (1,0,2) | P73 | (1,9,12) |P119 | (1,9,4) |P165 |(1,10,1)
P28 | (1,10,7) | P74 |(1.6.9) | P120 | (1,5,0) | Pl66 |(1.7.12)
P29 | (1,1,4)| P75 | (1,8,3) |P121 |(0,1,5) |PI67 |(I.610)
P30 | (1,5,12) | P76 | (1,11,4) | P22 |(1,0,11) | PI68 |(1,2,06)
P31 | (1,6,11)| P77 | (1,510) | P123 | (1,3,7) |P169 |(1,12,5)
P32 1(1,3,12) P78 1(,2,4) |P124 |[(1,1,10) | P170 {(I,4,3)
P33 |(1,6,12) P79 |(1,5.4) |PI25 |(1,2,9) |PI71 | (1,I1,12)
P34 | (1,6,4)| P80 |(1,5,6) |PI26 |(1,8,10) | P72 |(1,6,8)
P35 | (1,510 | P81 | (1,12,2) | P127 |(1,2,10) |PI73 |(1,9,9)
P36 | (1,3,9)| P82 |(1,10,10) | P128 | (I,2,11) |P174 | (1,8, 1)
P37 |(1,8,5 P83 |(1,2,1) [PI29 [(1,3,0) [PI175 |(1,711)
P38 |(1,4,0)| P84 |[(1,7,8) |PI30 |(0,1,3) |P176 |(I,3,2)
P39 |(0,1,4) P8 |(1,9,5 |PI31 |(1,0,5 |PI177 |(1,10,11)
P40 | (1,0,12) | P86 | (1.,4,4) [P132 |(1,4,7) | P78 |(1.3,11)
P41 |(1,6,7)| P87 |(1,5,1) |PI33 |(I,1,11) {P179 |(1,3,3)
P42 1 (1,1,0)[ P88 |(1,7,3) |PI34 |(1,3,10) |PI80 |(1,11,])
P43 | (0, 1,1) | P89 | (1,I1,6) |PI35 [(1,2,0) |PI8I |(1,7,6)
P44 [ (1,0,1)[P90 |(1,12,9) [P136 ((0,1,2) {PI82 |(1,12,0)
P45 |(1,7,7)| P91 |(,8,12) [P137 [(1,0,4) |PI83 |(0,1,12)
P46 | (1,1, P92 1(1,6,3) |P138 1(1,5,7) '
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- Definition 2-1:- A (k,‘n;f)‘-arc" in PG(2,q) is a function f: & - N

such that ‘ ;

. K=| support of f | ,and n=maxf,where the support of f={i ¢ & f{(i)=0}.
From the above definition we can say that if the points of the plane

having only zero weight then K is a (k,n)-arc. And we can observe that a

(k,n)-arc perhaps becomes (k,n;f)-arc if f is chosen by

, _J0 ,peK| ' '

RS | ‘

The (k,n;f)-arc in projective plane were studied in the papers of

D'Agostini (1), Wils'on(2)‘,and Mahmmod(3). -

} , where p is a point in the plane.

Definition 2-2 - The integers Rj denoting thc number of lines of
weight j ,are called the characters of a (k,n;f)-arc ; Rj = | ) -
=0,1,2,...,n . | ' . ;

Definition 2-3 :- We shall denote by ; ‘
1- t;= the number of points having weight i ,where 1=1,2,...g
(where  g=maxf(P))

2- G= }g:ii, by counting the total weight of K.
1=}

WJ-i = the number of lines of weight j through a point of weight i .

3.(k,n:N-arc of type (n-13,n) :

' In this case we require that n= 13 . If in particular n=13 , we have to
consider a (k,n)-arc having only 13-secants and zero secants ; D'Agostini
(1) provide that the essential condition of the existence of a (k,n;f)-arc of
type (m,n) is (n-m) divide q, g = n-m, and (n-g) (q+1) <G < (n-g)
gtl)+g. : '

Arcs for which equality holds on the left are called minimal and arcs
for which equality holds on the right are called maximal. :

For a (k,n;f)-arc of type (n-13,n) with n-m=13 and for discussion of
maximality and minimality of (k,n;f)-arcs ,we have the following cases:-

(1) ty>0,; >0,t; >0,t=o for i=3,...,13

(2) to >0,t| >0,t2 >0,t3 >0,ti=0 for i=4,. . ,13

(3) to >0,t| >O,t2 >0,t3 >0,t4 >0,ti=0 for i=5,.. ,13

4) to>0,t, >0,t, >0,t; >0,t4 >0,t5 >0,t;=0 for i=6,...,13

(5) to>0,t,>0,t; >0,t3 >0,t4 >0,t5 >0,ts >0,-t;=0 for i=7,...,13

(6) ty>0,t; >0,t; >0,t3 >0,ty >0,ts >0,t¢ >0,t; >0,t;=0 for i=8,...,13

(7) t9>0,t, >0,t; >0,t3 >0,t4 >0,ts >0,ts >0,t; >0,tg >0,t=0 for i=9,...,13

(8) to >0,t; >0,t; >0,t; >0,t4 >0,t5 >0,ts >0,t; >.O,tg >0,ty >0,t;=0 for i=10,...,13
%) t >0,t; >0,t; >0,t5 >0,ty >0,ts >0t >0,t; >0,tg >0,t5>0,t,0>0,t;=0 for
i=11,...,13 -

— ———————— _——— —————————
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: Mak'b‘ol‘a J & ; ‘Ban A. |

(]0) to >0 t) >0 Lt >0 [3 >0 t4 >O t5 >0 t(, >0 t7 >0 A3 >0 tg >0 Lo >0 t||>0 t,*O fOI’ ’

i=12,13

: (11) to>0,t; >0,t, >0 ,t3>0,t4>0, t5 >O R >0,t; >0 t8>0 t9>0 t)0>0, t]]>0 t12>0 t]3—0 ‘
(12) >0 for j=0,...13 . ,
- We now study case(l) in thlS case there are no pomts of Welght

3,4,...,13.

From deﬁmtlon (2-2) the total number of n-secants and (n- 13) secants of

the (k, n f) -arc of type (n-13,n) in PG(2,q)
(1/13) (n 13)q L i
And S ST (1)
Ry13 =(1/13) (13q’ + 26q -nq+13) }

Let Y be an n-secants of the (k,n;f)-arc and suppose that on Y are o
pomts of weight one and f points of weight two .The counting pomts of
Y gives the following :

a+p=qt+l

| and countmg weight of points on Y , we get -

o+ 2B =n.
So we get
a=2(qtl)-n }
p= n—(q+1) | TIPS (2)
Usmg the definition (2-3), (1), (2), and (3) we get
= (n-13) (2q+2-n) }

=[(n-13)(n-q-D)}2  }oooeiiiii (3)

l“lom (3) and the points in the plane

t0+t|+t2~q Fq*‘l , we get

2q +(41-3n)q +n? -16n +41 2t=0 ........... (4)
From large number of probabilities we found that ,when ty =93 and n=22
from(4) , e get q=13 which lead to

(n-59)* - (2128 - 16ty) is square.

Hence a (90,22;f)-arc of type (9,22) exists in Galois plane of order 13.

4. (90,22;1)- arc of type (9,22) in PG(2,13):

In article (3) we prove that a (k,n;f)-arc of type (n-13,n) exists in
PG(2,13) when n=22 and t,=93 and having the following properties.
Ry, =9 (the number of the shaded lines on table-2)

Ry =174 (the number of all the others lines on table- 2)

(1—6 B 8 )= =54 and ty= =36.

Now we can give an example of (90,22;{1,2})-arc of type (9,22)
consists of 36 points of weight 2 ,54 points of weight 1 and 93 points of
weight zero, the 93 points of weight zero forms (93,9)-arc with the
following properties.
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Remarks on table (2): i g
1) The points are marked 1ns1de elllpse are the pomts of welght O
((93,9)-arc)
2) The underlined pomts are pomts of welght 2
3) The other points are points of welght 1
4) The shaded lines are 0-secant lines
- 5) Here i-secant for (k,n)-arc.

=9, Ts=T,=Ty=T,=T =zero, where
T denote the total number of i- secants to K. It is clear that this (k n)-arc
1 "satlsﬁes lemma(12 1-1) see erschfeld(4) ‘ i ,

i-secant

|

[*0d
o

CK2D] 9 [2DIBD] 42 129 | 135 (140 7
2] 3 CIOQe)] 39 (43 A3 136 | 14] asy| 8
3 | 4 [AD2D] 40 | 44 131 A3D(A4D[ASOC1D] 8
4 |5 || 28 K4DI(4D (32 (1339 14| 157 [C2 8
Sl 5 [ 6 [ 13129 | 42 | 46 24 | 133|139 | 144 [ 158 3 [0
6 | 7 [ADCBOKID] 47 129139 140 (149 [A5D| 4
a7 | 8 | 15|31 | 44 | 48 126 | 135 ] 141]146 [ 160 ] 5
. 8 | 9 ] 32 [4D|CUD 12D] 136 K14 |(14D| 161 | 6 7
9 8%41% 46 (50 _&%@ 148 62| 7 8
COICID] 18 |GBD| 47 |GG 29 (39| 144 (449163 | 8 | 8
CADIADIAPD] 35 | 48 | 52 Q30| 139 149150 164 | 9 6
AD| 13 20 36 [C4D(C53) 31 40| 146 CISDI 165 CIO] 8
13 D] 21 [ 37 G5OGS 3] 141 (14D 152 [A60ICID] 7
DR EN] €D) € €D 133 (142] 148 (15D ] 167 |(1D]| 8
15 Q10| 23 | 39 | 52 | 56 [C74)[(122 (394D (14D [C15D[A6D| 13 8
Q| 17 2| 40 [(SDICSDITHKA2D| 135 | 144 (U505 169 [UD] 9
17 | 18 Q2D IUD|GDICGD] 76 | 124 [ 136 [A4D[ASDASO] 170 ] 15 7
18 [CIDICQ26)| 42 (DIGDICTDIA2D[A3D)] 146 | 152 [ 157 [ 171 O] 8
AP0 2D 56 | 60 (7] 126 [A3B|A4DUSP[ 158 [ATD| 17 | 9
Q20 [ 21 | 28 | 44 [CsDIC6D] 79 [A2D] 139 148 [0A5D[A5D[ 173 | 18 6
21 |2D] 29 [(4DCs®)] 62 | 80 | 128 [(140[14D[(A5D[ 160 |A7DICID] 8
QD] 23 (30| 46 [(5D! 63 | 81 | 129 | 141 (150 A56[ 161 A7 20| 7
23 1Q2D] 31 | 47 [ 60 | 64 [C8D|A3OK14D[ASD[ 157 [A6DA79] 21 7
QD2 32 [ 48 [C6D] 65 (8] 131 [(A4D| 152 [ 158 | 163 [A7D (2D 7
CQDIQ2OIEDIC4D] 62 | 66 | 84 [(13D] 144 [A5D|A5D] 164 [ 1787 23 7
QODIGDICSO] 63 | 67 [(85] 133 [A4DC15P] 160 | 165 | 179 [(2D| 8
Q2| 28 | 35 [GSD] 64 [C68)| 86 [U3D] 146 (159 ] 161 [A60[U8DC25D| 8
28 | 29 [((36)] 52 | 65 [C69| 87 | 135 [A4D150[A6D] 167 | 181 |26 6
29 Q30| 37 [(53] 66 | 70 (88)] 136 | 148 16D [U8DI2D] 6
31 (3DICSD] 67 | 71 (8D KI3DKI4D 169 (183 | 28 7
31 132 | 39 (G| 72 | 90 K13®A50(A59 170 DT 29 6
32 (33)] 40 | 56 _IC6D] 73_[CID] 139 (5D 171 K2GBD| 7
BOBDADIGD] 70 [GDI9D[A40] 152 A2[ 3 | 31 8
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1) If n—8 ,We get (93 8) -arc but it is known from H1rscfeld(4)
~ that the maximum (k 8)- -arc happens when k 92 Wthh 1s a
contradiction. S : :
2) Ifn=10 ,we have (93 10) -arc and since the remammg pomtsvf
of each 10-secant line is 4, and if each pomts have weight 2,
then the total welght is - 2 4= 8¢9 Wthh isa contradlctton
' Hence n must be mne

Theorem : : e ‘
‘Let K be a (93,9)-arc in PG(2 13) w1th T0—9 then there is (90, 22 f)

arc of type (9, 22) havmg Imf{O 1 2} for whnch the 93 pomts of welght
- Zero form K i o v '

Corollary-1 : , : v
There are at most nme pomts of welght zero are collinear .

 Corollary-2 :

There are at most seven pomts ot welght  are colhncar

Conollary 3 R : ‘
There are at most four pomts of welght 2 are collinear .

Proof: = See table (2).

Theorem : ~ :

On each 9-secant lmes lies 4 pomts of welght 2 and 1 pomt of
weight 1 . : :
Proof: :
Since 9-secant lines has nine pomts of weight zero , then the
remaining

points are 5 , which are of wetght I and 2,and the total weight of each 9-
secant line 1s9 then this line may be have 4 points of weight 2 and one
point of weight 1, that is 2.4 + 1.1=9 (total weight) .

Remark: '
By the same way we can proof the followmg theorems:

Theorem : - ‘
On each 8-secant lmes thelr are 3 pomts of welght 2 and 3 points of

weight 1.

Theorem : ,
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Theorem : ' ' ' ' : ‘
All" 0-secant lmes contams 8 pomts of welght 2 and 6 pomts Of
- weight 1. :
Proof': o S
Smce the welght of each 0 secant lme is 22 and thelr are no pomts
of  weight zero in this line , this means that this line contains 6 points
- of weight I,and 8 pomts of welght 2, that is 6:1 +82 = 22 (total
Welght) ' s S

. Theorem :
There are no lmes oftypc T4, T; , lz,T, .
Proof': ~ :
If there is any 4- secant llne the rcmammg points are 10 (of weight

I and 2) and if each points is at least of weight 1, we get 10«1 ~—10¢9
which is a contradiction . Similarly for T3 ,12 and l,

REFERENCES

1. D'Agostini , E. "On caps with weighted points in PG(2,q)" Discrete
Mathematics 34, 103 -110 (1981) . _

2. Wilson, B.J. "(k,n;f) —arc and caps in finite projective spaces”
Annals of Discrete mathematics 30, 355-362(1986)

3. Mahmood ,R.D. "(k,n;f)-arcs of type (n-5,n)in PG(2,5)" M.SC.
Thesis ,College of Science,University of Mosul(1990).

: 4. Hirschfeld ,J.W.P."Projective Geometries Over Finite

Fields",Oxford,(1979).

93

All 7-secant lines havc:2 points of weight 2 and 5 points of weight

~ The6- secant lmes have one pomt of welght 2 and 7 pomts of welght‘




