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ABSTRACT
We say that an algebra A is multiplicatively prime if both A and
M(A) (the multiplication algebra of A) are prime. In this paper, we study
the transitivity of the prbperty kof multzplicative primeness for real
(normed) algebra when one take the process of the complexification of
such real algebra. We p?ove that if A is a real (normed) multiplicatively

prime algebra then the complexzf cation of 4 is also multlplzcatzvely

- prime(normed) algebra
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1. INTRODUCTION AND PRELiMINARIES

Throughout thls paper R,C will denote the real and complex fields

- respectlvely A systemlc study for multlpllcatlvely prlme algebra was

| glven_m [2 ] and [4] by Cabrera and Mohammed and later these algebras

has been extended to‘multipli’eatively semiprime algebras 'agaiu by

Cabrera and Mohammed see [3].There is an interesting (resent) papers

~related to kmultiplicat‘ivelyv (Semi) prime algebras which explained the .

- connection between these algebras and another important nonassociative

algebra like Jordan and Lie algebras see ( [l] [ ] and [7] ). In this paper,

we study the complex1llcatlon of real multlpllcatlvely prime algebras and

we apply our result in the case when algebra equnpped Wlth an algebra

norm.

We begain by summarizing some definitions and fundemental
concepts. An algebra A is said to be semiprime if 0 is the unique ideal U

of 4 with U?=0. We also recall that an algebra 4 is said to be prime if

for ideals U and ¥ of 4 with UV=0 implies cither U=0 or ¥=0. The
multiplication algebra M(4) of an algebra 4 is defined as the subalgebra
of L(A) (the algebra of all linear 'operators on A ) generated by the identity

operator /d,and the set {L(,,R ‘ae A} where L, and R, will mean the

operators of left and right (respectively) multiplication by a on 4. An
algebra A is said to be multlpllcatlvely prime if both 4 and M(4) are
prime.

The concept of extended centroid was introduced and developed
first by W. S. Martindale in the case of prime associative rings, and later
this concept has beenextended to the more general eontext of prime
nonassociative algebras See [8]. Let 4 be a semiprime algebra. A p.artlal’ly

defined centralizer on A is a linear mapping f :dom(f)—> A,whose
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domamr is a nonzero 1deal of A, and such that f(ax) af(x) and
f(xa)= f(x)a for all a in 4 and all x in dom(f) If dom(f) is anvi‘
essential ideal of 4, thenfwﬂl be called essentxally defmed cemrallzer on
A. The set C(4) of all equivalence classes [f] under the operatlons mduced |
by addltlon and composition of partially defined operators is a Von |
Neumann regular commutative ring called‘the extended centroid of A
Moreover C(4) is a field if, and only if, 4 is prime. , |

In section 2 we prove that if 4 is centrally closed multxphcatwely
prime real algebra, then the complexification of 4 is also centrally closed
multiplicati.vely priine alg.ebra.‘ Furthermore the mapping from the
complexiﬁcat‘ion of multiplication algebra oi-‘ A intd the mul‘t‘iplic/ation'
~ algebra of the compleﬁﬁcation of A ié a C-algebra isomorphism. While‘
in section 3 we prove if (A [I”) is a centrally closed multnphcatwcly

prime real normed algebra, thcn the complexifcation of A is also centrally
closed mlllllpllul‘llvdy prime normed algebra. Furthermore the mapping
from the complexification of multiplication algebra of A into

multiplication algebra of the complexification of 4 is a topological.

2. COMPLEXIFICATION OF REAL MULTIPLICATIVE-
LY PRIME ALGEBRAS. |

In this section, we study the refect of the multipliéative primeness
property in real algebra whenever taking the process of the
complexification of such real algebra, for more details for the
complexification of real algebra, see [6], [8] and [9]. Let 4 be a real
algebra and let us denote by M(A4)c the complexiﬁcation of the

multiplication algebra of 4 and M (A4.) be the multiplication algebra of

the complexification of 4. We begin by the first main result:
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Theorem 1. Let A be centfalz’y closed niiz/tiplicatii)ely prime real dlgebra.
Then the complexification of A4 s also centrally closed multzplzcatlvely
prime algebra. Furthermore the mapping from the complexzf cation of
multiplication algebra of A into the multiplication algebra of the

complexification of A is a C-algebra isomorphism.

Proof. Let ¢ be a mapping from M (A).into M(A.) defmed by: 7
| B +iG)(a+ib) = (F(a) - G(b)) + i(F (b) +G(a)), S
f01 all (F+iG)eM(A)c and for all (a+zb)eAC

Clearly ¢ is well- deﬁne Now we shall prove that the mapping ¢ is

‘ isomorphism. One can check easily that:

(DV(F +iG)+(F'+iG")a+ib) = g(F +iG)a +ib) + p(F" +iG')a + ib)
()P + IB)F +iG))a+ib) = (a +iB)(F +iG)a-+ib))

and
(NP(F +IGNF +iG ) a+ib) =[¢(F +iG)p(I" +iG")|(a +ib)
forall (/7 +iG),(F"" +iG"Ye M(A), and for all (a +ib)é A
As consequence ¢ is C-algebra homomofphism. To see that ¢ is
injective, let ¢(F +iG)=0 this implies that:
P(F +iG)a+ib)=0 forall (a+ib)ed,,
In particular 0 =¢(F +iG)(a) = F(a)+iG(a)
F(a)=0 and G(a)=0 forall ae 4 , therefore F=0and G=0.

It is still for us to prove that ¢ is surjective. Since ¢ is a
homomorphism, then we have that @¢(M(A4).) is a subalgebra of
M (Ac). But this subalgebra contain the genereaters of M(A.) because:
I, =¢(ld, +i0) | |
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¢(L +il )(a+zb) L (a) L (b)+t[L (b)+L (a)]
‘—xa yb+z(xb+ya) ’
-‘—(x+;y)(a+zb)

L"‘ (a+zb)

i :L"C —¢(Lx,+iLy) i

Xx+iy
. Sifnilary,
=§(R, +iR))

r+ly

Therefore,‘ ¢(M(A)C) =M(A:). As cosequence ¢ is Svurrjective. :

Now we shall prove that M(AC) s a,closre}d’ prime complex v

“algebra. Since M(A) is a real prime algebra with C(A)¥ R. By [6] w
I' have C(A) C(M(4)) thls implies that C(M(A)) =R, As a consequence
- M(4) is centrally closed. | :

We apply [8, Theorem 3.5] to get M(A)®, C M(A), is a closed
prime algebra. But from the pnool of the first part oi our lheonem I we
conclued that M(A)(. =M(A,.). Therefore M(A() is a closed prime
complex algebra. Since 4 is eemrally prime allgebifa, it follows that by [8,
Theorem 3.5] 4,. is also closed prime complex algebra. As a consequcnce

A is multiplicatively prime algebra.|

Remark 1. Let 4 be an algebra. 4 ie prime if, and only ifi, C(A) is a field
see [8], it follows that the condition of primeness in the theorem 1 could
be usefull. While, if 4 is semiprime, then C(4) is a Ven Neumann regular
commutative ring see [8]. So, one can not get the same result at theorem 1

when 4 is semiprime.

3. APPLICATION TO NORMED ALGEBRAS.
- Our aim now is to answer the following equation:
~Is the isomorphism at theorem 1 is topologieal when ever 4 1s equiped

with algebra norm?
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The answer is true by'the'next theorem. Recall that, a norrned algebra ’i‘sv_

‘an algebra A wrth a. norm ||]| A—>R+ ‘satlsfymg ”ab||<”a””b|| for; ;

all a,bed. Also recall that an 1som0rphlsm ¢ from a normed algebra A'

into a normed algebra B is sa1d to be topolog1cal 1f and only if, ¢ and |
;¢ 1scont1nuous : | ‘; - | 7 _ | ’7

leeorem 2. Let (A””) be centrally cloSed ‘m'ultiplz‘catively primeyfeal e
‘normed algebra Then the comp/exzf catzon of A is also cenlral[y closed. L

multzplzcatzvely przme normea’ algebra F urfhermore the mappmg from’ o

the comple\tzf cation of normed mulfzpllcaflon algebra of A into the

- normed multzpllcatlon ‘algebra of the complexzf catzon of A is a

topo/ogzcal

Proof. Let us denote by 4,. be the complexification of A. By theorem 1,
A. is a centrally closed muvltiplicati'vely prime algebra. If 4 is normed real
algebra, then by ([9], theorem 1.3.2) we have that 4. iska“ normed -

cOmplex algebra with a norm |J]| - defined on 4,.by:
RIS
Yo, - s

V(a,b)e A; =(A +id) . Where |(a,b)[=a]+]t|

, Jll.. is equivelent to the norm [||| defined by

“l(a b)|“—~max{ }
Now, define ¢ from M(A)C into M(AC) as in theorem 1. We will use

the following diagram:

79




“.lh i ":; ’  , (M(A)’”“’) ‘
e O

(A4,

o,

To prove ¢ is topol\ogical first we will prdvé that
BM (A D> M A
is continuous, that is, ”|¢(F +1‘G)|”00 <k|F +iG|,
for some positive constant k)0 ‘and all F+iGeM(A.)(‘ (where
F,Ge M(A)). For a+ib e A, (where a,b € A), we havé

(7 + iG)a + iB)| = (@) - GB) + i(Gla) + FB))
<2Max {”F(a) -G()|,|G(a)+ F (b)) }

< 2Maxe{| ], o +1G], L6l 61, Jal + 171l }
<2Max{dl. ol }(7, +IG]..)

<2(|F|,, +|G],)Jla+ ]
Now, take the supremum in above inequality over 4., we have:

b
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oo, <201 +IoL.) o
s aMax{|F, | }
S4F +iGl. it |
This proves that ¢ is continuous. Fmally, we w1ll prove that ¢

continuous. Note that ¢ is given by
p7 (M (Ac), )—%(M(A)C ,!
We shall prove that |¢“ (F + 1G)| < k"|F + sz

for some positive constant & and forall F,G e M (A)
This is equivalent to

),

|F+iG| < kH|¢(F + zG)m

Now, for all ae Awe have
Max{|F(a)|.[G@)] } < |F () + iG]

=|||¢(F +iG)(a+ i0)|||
<|lpcr +iG)| JJa+ o)
=l + i Jall

Now, takc the supremum in above inequality over A with ||la||] 1, we have

<l rioy,.

~2—|ﬁ +iG|< Max

As a consequence, ¢~'is continuous. Therefore, ¢ is a toplogical.!

REFERENCES
1. M. Cabrera and J. C. Cabello. (2004). Structure theory for
multiplicatively semiprime algebras. Journal of Algebra 282, 386-
421.
2. M. Cabrera, A. A. Mohmmed (1999}. Extended centroid and
central closure of the multiplication on algebra. Comm. Algebra

27(12): 5723-5736.

81




MULTIPLICATIVE PRIMENESS OF s

3. M Cabrera and A A Mohmmed (2001) Extended centrond andf’}" :
centeal closure of multrplrcatrvely semlprlme algebras Comm
algebra29(3) 1215 1233 G e

L 4 M. Cabrera and A A Mohmmed (2002) Totally mult1plrcat1vely |
’ prime algebras Proc Royal Soc Edmburg 132A 1145- 1162

5. M Cabrera J. C Cabello G Lopez and W S. Martmdale 1.
'(2004) Multlplrcatlve semlprlmeness of skew L1e Algebras'
Communlcanons in algebra Vol 32 No 9 pp 3487- 3501 |

6. M. Cabrera and A. Rodrlgnez (1992) Nonassocratlve ultraprlme
vnormed algebras Quart J. Math Oxford (2) 43 l 7.

7. M. Cabrera and A. R. Vlllena l\/lultlplrcatlvc semlprlmeness of

| Nondegenerate Jordan Algebras (2004). Commumeatlons in
algebra, Vol 32 No.. lO pp 3995 4003. |

8. T. S. Erlckson W S l\/lartmdale [l and J. M. Osbom (1975).
Prime nonassoelatrve algebras pacmc J. Math. 6o, 49-63

9. C. E. Rlckart (1960). General theory of Banach algebras. New
York, Van Nostrand. |

82




