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ABSTRACT .
The main goal of this work is to introduce and study a new type of
regular rings called y-regular rings. That is, a ring R is said to be y-regular if

for every aeR there exists beR and a positive integer n# 1 such that a=ab"a.

»  We will study some basic properties of those rings including the
representatlon of their elements.
Fmally, we w1ll study the relatlon between - regular rings and other

rings.
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1 Introductlon

" o fk "L‘\, ' We conclude that all rmgs are assumed to be assocxatrve w1th"4
: ’ i,‘l“ldentlty | : | | .
v | | A rmg R is sald to be Von Neumann regular 1f for every aeR there
‘ ’, , - y ex1sts beR such that a~aba The concept of regular rmgs was mtroduced by
‘ o | ‘,J Von Neumann in 1936[13] Asa generallzatlon of this concept McCoy[l]' ;
1 & s defmed n regular rmgs that i is, a ring R with every aeR there exrsts beR";
S ,and a posmve mteger n such that a" b 2", In the recent years regularrty e
[N and - regularrty have been extensnvely studled by many authors (cf. [l] :
e - b i [12), [15]). . g
| : A rmg R is said to be strongly regular if for every aeR, there exnsts , |
beR a=ab . Thxs concepl has been defined some srxty years ago by‘
R F.Arens and 1. Kaplansky [2] and was studied in recent years by manyi
| authors (cl [3L.14].09]) . It should be noted that in a strongly regular ring R
,a = ba2 if and only if a=a’h [5 ] .Azumaya[3] in 1954 defined strongly -
regjular rings thar is, a ring R with every aeR, there exists beR and a
’ positive mleger n such that a"=a""b.
In 1968 Ehrlich [6] defined unit regular rings, that is, a ring R with

every aeR; there exists a unit ueR such.that a=aua.

: Y-Regular Rings:

In this section we introduce the definition of y-regular rings and some B

basic properties of them.
Definition 2.1:

An element a of aring R is said to be y-regular if there exists b in R

and a posltive integer n# 1 such thata=ab"a.

. - Aring R is said to be y-regular if every element of R is y-regular element.




o Examples 2 2:

The followmg rmgs are y regular rmgs :

1 Z3: ZS) lea Z15 . .
2-Rya(Z0), the rmg of 2x2 matrices over Zz

3- Boolean rrngs

Its clear that every y regular rrng s regular rmg, however the

converse is not true in general for example the rings (Q, +, .) of rational
numbers the ratronal(real) Hamrlton Quatermon and a quadratrc ﬁeld are

regulars but not y- regulars because 2 is regular element in eaeh of them but

not Y- regular element

Theor em 2. 3

Let R be ay- regular ring and [ be an rdeal ol R, then R/l is also Y-

~ regular ring.

Proof: LetatleR/l, so aeR Smce R is y-regular ring then there exists beR
and a positive mtegu n# 1 such thata=ab"a.

Hence a+l= a b" a+l=(a+1)( b +1)(a+]) =(a+1)( b+1)"(a+ l)

ThereforeR/1 is y-regular ring. k -
Delmrtlon 2.4: | k

Anideal I of aring R is said to be y- regular if tor every element ae
[ there exists bel and a positive integer n# 1 suchthata=ab"a.

Definition 2.5: [7]

A ring R is said to be reduced, if R contains no non-zero nilpotent

elements.
Lemma 2.6: [7]:

Every idempotent element in a reduced ring is central

Proposition 2.7:

In a reduced y-regular ring, every ideal is y-regular
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~ Proof: Let I be any ideal of a reduced y-regular ring R, and a€l, then there

exists beR and a positive‘ integer n# 1 such that a= a b" a. Let e=ab", then e
is idempotent element andbhehce itis central, 5 |
Now let y=ab™', so yeI, then | , | |
ay"a=a‘(ab'5+1k)"a==a(ab”+l ab™! ab™! ... ab"+')aéa(ab’lb ab™!' ab™! ... ab™")a
=a(b ab” ab™' ab™" ... ab™")a (Because ab" is central)
=a(b ab™" ab™' ... ab"")a=a(b ab’ ab™" ... ab""a -
‘=a(b’ab"ab™"' ... ab™")a=a(b® ab™" ... ab™a= .. =, .=... ,
= a(b™! ab™"a= a(b™" ab"b)a= a(b"ab")a= ab"ab"a=ab"a=a. That is a=ay"a nd
a positive integer n# 1 Hence I is y-regular ideal. £ - |

Theorem 2.8:

A homomorphic image of y-regular ring is y—kregular ring.
Proof: Let f: R—> R' bea homohmrphism from R to R'. Let yef(R). Then
there exists xeR such that y=t‘(x). Since R is y-regular ring, then there exists
beR and a positive integer n# [ such that x=xb"x. |
Now y=f(x)=f(xb"x)=1(x){{b")(x)= 1x)({(b))"[(x)=y({(b))"y. Therefore (R)
y-regular ring. m
Lemma 2.9:[10]

If R is a reduced ring, and if a is a non-zero element in R. Then

r(a)=r(a’), and" I(a)=r(a), where I(a) and r(a) are the left and right annihilators
of a respectively.

Theorem 2.10:

Let R be a reduced ring. If R/r(a) is y-regular ring for all aeR, then R
is y-regular ring.
Proof: Suppose that R/r(a) is y-regular ring, then for any a+r(a)eR/r(a),
there exists b+r(a)eR/r(a) and a positive integer n# 1 such that a+r(a) =

(atr(a)) (b+r(a))" (a+r(a)) = ab"a+r(a). Then a- ab"aer(a). So a(a- ab"a)=0.
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‘;"That is a’ (1 b"a) O Then (1 b"a)er(a) r(a) [Lemma29] 3

(1 - ba)= 0 Hence a=a b"a ThereforeRrsy regular rmg Sl . L
gLemmale | e

Ifyisan element of a rmg R such that a-ay“a is y-regular element

then a is regular element, where 1 #0.is a positive 1nteger. .

Proof:Suppose that a-ay“a is y-regular element;then there exists an element

. beRanda positive integer n# 1 such that
'a -ay a—(a -ay“a)b"( a- ay a) |

. Now a-ay®a=( a-ay®a)( b"a- b“ay a)" ab"a- ab"ay a- ay ab"a+ ay ab“ay a,

then a = ay”a +ab"a- ab"ay“a- ay Sabat ay“ab"ay®a
=a(y® +b" bay*- y*ab"+ y"ab"ay“)a= a z a.

'Where 7= y* +b"- b"ay%- y%ab™+ y“ab"ay®. Therefore a is a regular lement.

‘Theorem 2.12:

Let R be a ring and let I be a y-regular ideal such that R/1 is Y-
regular. Then R is regular ring. | ‘ ‘ )
Proof: Let aeR. Then a+leR/l. Since R/l is y-regular ring, then there
exists b+IleR/I and a positive integer n# 1 such that a+I=(a+)(b+])"(a+1).
Then atl=ab"a+l. So a-ab"acl. Hence a is regular element [Lemma 2.11].
herefore R is regular ring. ' : ' -
Definition 2.13:

A ring R is said to be unit y-regular if for every a in R there exists a

unit u in R and a positive integer n# 1 such thata=au"a.

Definition 2.14:]12]

A ring R is said to be a semi-commutative ring if every idempotent

element in R is central.

Hence every reduced ring is semi-commutative ring.[12]
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1 Similarly vu=1 and XVX= x(xy" +‘<y2"-1)X:XX)’ XXXy

SALIH

| 'h‘t'Theorem 2. 15

& e Let R be a semi- commutatlve y- regular rmg, then R is umt regular rmg

. Proof Let xeR, then there exists yeR and a positive mteger n# 1 such that

X=Xy"X. Then xy and y 'X are ldempotent elements.

- Hence xy" = x(y X)y" = ( xy")(y"x) = y“(xy“)x =y"x. Let v= xy + xyz" I and
u x+xy -1. Smcexy yxandx*xyx we have |

: Suv = (x+ xy -1)(xy"+ xy™-1)

—xxy +xxy —X +xy"xy" + xy" xy*" - xy" xy xy2"+1‘

'——xyx+xy xy" ~x+xyxy +xyxyy -xy—xy -xy"y"+]

Ak.-x+xy -X + xy" +xyy xy-xy XYy =1

"y”x X" =xx-x2=x,
huefore R is unit regular ring, ‘ ~ -

Pl ()posmon 2 16:

If R is a ring such that for cach nonzero element aeR there is a
unique beR such (hat a"=a"ba", 4 posmve mtq,u n# 1, then b is y-regular
element.

Proof:  Since a"=a"ba" for cach aeR, then R has no divisor of zero. Then
earrcellatidn law holds.

ow [=ba" =b=ba"b. Therefore b js Y-regular element, -

' Proposition 2.17;

Ifaring R is v-regular, then r(a) is direct summand for every a in R.
Proof: Since R is y-regular, then for each aeR there exists beR and a
positive integer n# | such that a=ab"a. Then a(1-b"a)=0,
So 1- b"aer(a).Hence 1- -der(a), where d=b"g and ad=a
Now I=d+(1-d), then R=dR+r(a). We shall prove that dRr(a)=0
Let xe dRr(a), then XedR and ax=0. So x=dc for some ceR,
Now ax=adc=0, then ac=0.So b"ac=0.That is de=0. Hence x=0,




; ,Now y—u ay a(u y)eaR (Because a—e+u ,md R is semi commutatwe, en

a"u e+l and au =eu +1 =u’ e+1 So au’ “u a) Hence(l e)Rcak. .

4 y—Regular Rlngs with condltlon (*):

One of the most 1mportant rmgs was introduced by Kandasamy [14]
is qua81 ~commutative rings that is a rmg R with ab=b"a for every pair a,beR

_ and for some ‘positive mteger m.

Here we restrict the qua51 -commutative ring to the condition that has

a main role in our proofs and to discuss the connection between -
regulark"rbings and some other rings. .The condition is , |
(*’): Let R be a ring Su011 thaf for every 1#aeR and beR, there exists a
pdsitive integer m > | such that ab=b"a.
~ The reason for 1 that not satisfies condition (*) is 1-b=b""1, this
equationxis truc if m=1, also the identity clement 1€R is y-regular element,
strongly y-regular element. ‘

In this section we discus the connection between y-regular ring ‘with the

“other rings which they are commutative, reduced or satisfies condition (*).

Proposition 4.1:

Every reduced y-regular ring is strongly regular ring.
Proof: Since reduced y-regular ring implies reduced regular ring, then t’s
trongly regular ring, [10;Theorem1.3.7]. -
But the converse of this theorem is not true in general. For example
the ring (Q , +, .) of rational number is reduced strongly regular but not v-
regular. |

Corollary 4.2:
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Let R be a seml commutatlve Y- regular rmg Then R is strong]y

regular rmg

roof:Follows from [12; Proposition 1.2.5]. k | : . -
Corollary 4.3: |

IfR is duo y—regular ring, then Ris strongly regular ring.
roof Follows from [12; Proposxtlon 1 2. 5] | ' ’ : -
Theorem 4. 4: v’

Let R be avrihg satisfies condition (*), then the following arev
equivalent: |

I- Ris y—regular ring.

2- R is strongly regular ring. |
_lll_jg_o_f_: 1=2: For every aeR Fthere exists beR and a p'ositikve integer n# |
such that a=ab"a. Since R satisfics condition (*), then ab"=(b")'a=b™a for
some positive integer r> 1. ' ‘ |
Now a=ab"a=b"a.a=b"a ’=ca®, where ¢= b"eR, and if b"a=a"b" for some |
positive integer m > 1, then a=aa"b"=a’a"™"'b"=a’d, where d= a™'b"eR.
Therefore R is strongly regular ring.
2=>1: For every aeR there exists beR such that a=a’b. Now a=a.ab=ab"a for
some positive integer n > 1 (R satisfies condition (*)). Then R is -
regular ring. =

From the proof of above theorem also we can shows that 1=2 even

when R is quasi-commutative ring, as in the following corollary:

Corollary 4.5:

Let R be a quasi-commutative y-regular ring, then R is strongly
regular ring. | |

Theorem 4.6:
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Let R be a reduced rmg sat1sﬁes cond1t10n (*) Then the followmg .

are equlvalent

1- Ris y—regular rmg

2- R1s regular r1ng | ‘
Proof 1=>2: Clearly from the deﬁmtlon of y-regular ring.
2=>1: Since R is reduced and regular then R is strongly regular ring, and y
‘. [Theorem4 4] R is y-regular rmg ¥ o  m
Theoremd7: e

Let R be a ring satlsﬁes condltlon *). Then R is y- regular rmg if and

| only if every prmmpal ideal of R is generated by an 1dempotent

Proof IfR s y- regular nng, then its elearly that every principal nght ideal

of Ris genemtcd by an ldempotent [l3| ‘
Conversely: If aR=¢eR, whuc ¢ IS an ldempotent cluncnt Then a=er

l’or some r in R. Now a=er=c’r=ca. Let e¢=ab for some b in R, since R

satisfies condition (*), then e=b"a for some positive intcger n > 1.

Now a=ea=b"a.a=b"a’. Similarly for Ra=Re. Then R is strongly rcgular.}

herefore R is y-regular ring ,[Thebrem 4.4]. -

- Proposition 4.8:

Let R be a ring satisfies condition (*). Then the following are
equivalent: ’
1- Ris y-regular ring.
2- Every principal ideal is a direct summand.
Proof: 1=2: Clearly, from [4; Proposition 1.1.3].
2=>1: Let R=aR®K for some ideal K of R, it’s clear that a# 1 because if a=1
then R =1-R® {0}, the proof being trivial. Since 1eR then I=ar+k for
some reR and kéK. Since R satisﬁes condition (*) then ar=r“a; and'a

positive integer n# 1.

1300
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s Then l-r a+k 1mply a~a r a+ak and akeaRmK O So a=a r"ﬂa." The}refore\ R s
B : y-regularrmg SRR SR Cem .

P 'Remark49' Vil | |

| fae o Ifwe add the condltlon that R satlsﬁes condition (*) "in [Corollary 3.3],

T then the converse holds

4 R ‘ Theorem 4, 10'
. , ,

IfR 1S a reduced ring satisfies condrtron (") Then R is y—regular rmg‘
o 1fand only if for every element aeR a=eu, Where eis an rdempotent and uis
umt _ |
Proof If R is reduced Y- regular rmg, then aﬁetl, where ¢ is an idempotent |
and u is unit [Coro”ary 3.3]. , e o
Conversely: Let a=ue, wherete is idempotent and u iS unit, then ezra
 where r is the inverse of u. | | |
Now ae=ara, but'ae‘"uee ue =a, then a=ara whreh Is regular. Fherefore ;

y [lhcou,m 4.6] R is y- regulat rmg , ' S ]

Proposmon 4.11:

Let R be a ring satisfies condition (*), then R is y-regular if and only
if r(a) is direct summand for every a in R,
~ Proof: If R s Y-regular, then r(a) is direct summand for every a in R
[Proposition 2.17], | | |
| Conversely: Let R= =aR+r(a). In particular 1= =ar+d, where reR and
der(a), then a=a’r+ad imply a=a’r and hence a=a’r=aar=ar"a for some ositive
integer n>1. Therefore R is y-regular ring, o
Theorem 4.12: |

Let R be a ring satrsﬁes condrtlon (*). Then the followmg are

equivalent:

1- R is y-regular ring, ‘ ‘ |
. 131
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2 For every r1ght 1deal l and left 1deal Ti m R IJ ImJ

| Proof 1::>2 Since every Y- regular is regular then 2 ho ds by [10 Theorenr' :

1.1.7]

2=>1: Let x in R, since x is in meRx=xRx, there is an elemeht y in R such

that xyx=x. Since R satisfies condition (*), then x=y"x> for some positive

integer n> 1. So R is strongly regular. By [Theorem 441 Ris -regularl

ring. R | . , m

' Theorem 4.13:

~ Let R be a reduced rmg satisfies cond1t1on (*) If every 1deal of R is a H

max1mal right ideal, then R is Y- regular ring.

Proof: Since R is reduced and every prime ideal is max1mal rlght ldeal ‘

then R is 1egulcu~rmg [8], and since R satlsﬁes eondmon (*) nd s
reduced, then by [Theorem 4.6] R is y- xcgulm ring. -
Corollary 4.14: »

Let R be a reduced ring satisfies condition (*). Then R is a y-regular

ring if R/P is y-regular ring for every prime ideal P in R.

Proof: Let P be a prime ideal in R, then R/P is a division ring, because R/P

is a y-regular and has no nonzero divisor. Therefore P is maximal
right(left)ideal in R and Ris a y-regular ring[ Theorem4.13] . -
Tlleorem 4.15:

Let R be a ring satisfies condition (*). Then R is y-regular ring if and

only if 1=+1 for each ideal [ in R,

Proof: Suppose that R is y-regular ring, its clearly that 1 <1 for each ideal I

~in R. Now let be 41 then b"el for some neZ’, then there exists ceR and

1#reZ" such that b" = b" ¢’ b". Since R satisfies condition (*), then

b"c"=(c")"b" for some positive integer m > 1. That is b"= ¢™b>. So b™' can be

Lo 132
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written in the form b"'= C""bz(" D= bn b" 2 eI and we repeat thrs » | e
times we getbeI then fcl Hence 1=+1. ; |
Conversely: Let I~f for each 1deal IinR. Take I :azR \/— then
azeaZR:> a e{x/;f{— a’R :>aea 'R. Hence R is strongly regular ring. .
herefore by [Theorem 4.4] R is y-regular ring. C om
Corollary 4.16: | |

Let R be a ring satrsﬁes condition (*) Then R is y-regular rmg if and

only if each ideal I in R is semi-prime.
Theorem 4.17:

If R is a reduced ring satisfies condition (*) and every maximal ideal

of R is a right annihilator, then R is y-regular ring. v

Proof: Let aeR, we shall prove that aR+r(a)=R. If not, there exists a
maximal right ideal M conlaini‘ng aR+r(a). If M=r(b) for some 0# b’e R, we
have bel(aRh‘(a))gl(a)=r(a)[10; Theorem 1.3.10], which imp‘lies

beM=r(b), then b> =0 and b=0, a comradicti(m. Therefore aR+r(a)=R.

In particular, act+d =1, with ceR and der(a), then a’c + ad=a implies a’c=a,
then R is strongly regular ring.

Therefore R is y-regular ring [Theorem4.4]. -
Theorem 4.18:

Let R is a reduced ring satisfies condition (*) such that every

principal right ideal of R is a right annihilator, then R is y-regular ring.
Proof: Since R is reduced and every principal right ideal of R is a right
annihilator, then by [10; Theorem 1..3.10] R is strongly regular ring,

and since R satisfies condition (*) then by [Theorem 4.4] R is y-regular

ring =




- OoN -REGULAR RINGS' o

5: Stronglv y—Regular ng_

: In tl’llS sectlon we 1ntroduce another new type of rmgs that '
B [Proposmon 4. 1] [Corollary 4, 2] and [Coro lary 4. 3] leads us to deﬁne itand -

we shall call those rmgs as a strongly y regular rmgs

Deﬁnltlon S.1:
Let R be any ring. Then R is called rig strongly Y- regular rmg if for

every element aeR there exrsts beR and a posmve mteger n¢l such that

a=a 2bn ‘ v _ ,
Hence ina strongly y-regular ring R a=a’b" 1fand only if a=b"a 215].
| In a commutatrve ring,the equatlon ab a=a may be written as a’b'=a
That 1s a commutatlve ring R is y-regular if and only if it is strongly ¥-

regular We see that every strongly y-regular rmg is strongly regular ring,

- howevel the converse is not true in general, for examples the rings (Q,+,.)

of rational numbers, the rational(real) Hamilton Quaternion and a quadratic

ficld are strongly regulars but not strongly y-regulars.
Theorem 5.2: | _
Let R be a strongly y-regular ring and I be an ideal of R. Then R/I is

also strongly y-regular ring,

_Ij‘_@_f_i Let atleR/l, so aeR. Since R is strongly y-regular ring then there
exists beR and a positive integer n# 1 such that a = a’ b". |

Hence atl= a’b™+H=(a’+)( b™)=(a+1)’( b+])". Therefore R/ is strongly
-regular ring. -
Theorem 5.3:

A homomorphic image of strongly y-regular ring is strongly

y-regular ring.

Proof: The proof is similar to the proof of Theorem [2.8]. -

134
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Here we want to fmd the condmon for strongly regular rmg to be

: ~strongly - regular rmg

o : ,Theorem 5.4:

Let R be a rmg satrshes condmon (*), then the followmg are

: equrvalent

1-Ri 1s strongly v- regular ring.

2-Ris strongly regular rmg

“Proof 1=2: Clearly from the deﬁnmon ot strongly y-regular rmg

2->1: Smce R is strongly regular ring, then for every aeR there exists beR %

such thata a’b.
Now smce R satrsﬁes condition (*) then for every a, beR ab b"a for some

posmve mleger n> 1. Then a=ab"a, and since R 1s suongly regular then R is

leduced nnplleq a=a b Therefore R is strongly y-regular nng. -
Theorem 5.5:
If R‘is a regular ring satisfies condition (*), then R is strongly y;

regular ring,

Proof: Since R is regular ring, then for every aeR, there exists beR such

that a=aba. Since R satisfies condition (*), then ab=b"a with a positive

integer n# 1for every a,beR. Then a=a’". Therefore R is strongly y-regular

rng R T -
 Here we lead to discus the connection between y-regular rings and

strongly y-regular rings.

Theorem 5.6:  Every strongly y-regular ring is y-regular ring.

Proof: Since R is strongly y-regular ring, then for every aeR there exists
beR and a positive integer n# 1 such that a=a’b"= b"a’.
Now if a=b"a%, then ab” = (b"a*)b" = b"(a’b" ) = b"a. This implies

aba = c"a’= a, then a = ab"a. Therefore R is y-regular ring, ~ -

135
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: strOngly y-regular ring because the element [: :] is y-regular elemént but

~ The converse of _thié theorem is not"true in general. For example the

ring Roxa(Z,) of 2x2 matrices over they'ring 7, is. y-regular ring but not

not 'stf_ongly y—regular element.

Theorem 5.7: ,
Let R be a ring: Then R is strongly y-regular if and only if R ’is

- reduced y-regular.

Proof: Suppose that R is rey‘duced y-regular, then for every acR there exists
beR and a positive integer n# | such that a=ab"a.

Now (a-a’b")* = (a-a’b")(a-a’b") = a*a’b"™a’b"a+a’b"a’b" =

3 ' 3 3 3 . '
a’-a’b"a.ab"ata.ab"a.ab” = a*-a’b"™a.a+a.a.ab” = a%-a’b™a’+a’b” = 0. Since R

is reduced then a-a’b"=0, and then a=a’b". Similarly (a-b"éz)2 =0 which
implies a=b"a’. Therefore R is strongly y-regular.

Conversely: Suppose that R is strongly y-regular ring, then by
[Theorem 5.6] R is y-regular ring To prove that R iS a reduced ring, suppose
that there exists a positive integer n, such that ¢"=0 for some ceR.

Sine c=c*d" for sum positive integer m# | gives 0=c"d"=c""and =~ 0=c"
'd"=c"?* and so on ¢=0, then R is a reduced ring. Therefore R is a reduced v-
regular ring. , | . =

Corollary 5.8:

If R is a strongly y-regular ring, then R is a unit regular ring.

Proof: Since every strongly y-regular is reduced y-regular [Theorem 5.7],

and since every reduced ring is semi-commutative ring, then by  [Theorem

2.15] R is a unit regular ring. -

~136

ON y-REGULAR RINGS fi o L




cebiheds

llllH ot

ABDUL'A’ALI J. MOHAMMAD & SANHAN M. SALIH

| Corollarv 5 9

Ifa rmg R is strongly y-regular then a" is a unit y regular element for

each aeR and posmve integer n > 1.

Proof Let R be a strongly 'y regular then R is y- regular and reduced

[Theorem 57] and hence R 1is . semi- commutatlve rmg Therefore by -

[Theorem 3.1] a" is a unit y- regular element. ST =

Theorem 5, 10

 Let R be a rmg IfR is semi- commutanve y-regular rmg, then R/N is
strongly y-regular ring. | |
Proof smce R is y- regular then for each aeR, there exrsts beR and a
posxtlve mteger m;tl such that a=ab™a. Let e=ab", then ¢ is idempotent and
hence central, then a=ae= ca. | |
Now a(1-¢)=0 implics (a(1-€))"=0, this means that a(1-¢)eN, so a+N=ac+N
Thus a-+N= aab"+N= azb’“ +N, yleldmg a+N=(a’+N)(b" FN) Therefore R/N is
strongly y- rcgular nng : S =
Lemma 5.11: '

Let R be a strongly y-regular ring. Then R is semi-commutative ring.
Proof: From [Theorem 5.7]. ' -

Proposition 5.12:

Let R be a serni-commutative y-regular ring, then R is strongly  y-
regular ring.
Proof: Let R be a y-regular ring, and let a be a non-zero element in R, then
there exists b in R and a positive integer n# 1 such that a =ab"a.
Let e=ab", then e is an idempotent element, and hence e is central (Since R
is semi-commutative ring). So a=ea=ae=a’b", and if e=b"a then e is also
an idempotent-element, and hence e is central. So a=ae=ea=b"a’, Therefore R

is a strongly y-regular ring. ‘ -
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‘Corollarv 5.13:

| : Let Rbea duo Y- regular rmg, then R is strongly y regular rmg
Proof: Smce R is duo ring, then every 1dempotent element is central

[18; Lemmal l. 9] Hence R is sem1 commutatrve rmg Also R is a y regular

: From [Theorem 2.10] we conclude the followmg._, o |

,' Theorem 5.14:

Let R be a reduced ring. If R/r(a) is y- regular rmg for all aeR then R
is strongly y-regular ring. i
‘Proof Suppose that R/l‘(d) is y- regulal ring, then lon any '1+r(a)eR/r(a)
lhcre exists b l‘l('l)ER/l (a) and a positive mtegu n;t | such that at r(a) =
(atr(a)) (btr(a))" (atr(a))= abatr(a). Then a-ab' aex(a) = a(a- ab 'a)= O:>
a’(1- -b"a)=0. o :
lhen(l -b' d)El(d Y=r(a)=1(a)([4:Lemmal.3.6]Jand[4:L unmal 3 4]):>
(1-b"a)a=0=>a=b"a’,and from (1-b"a)a=0=>(1-b"a)el(a)=r(a)[Lemma I. 2.13],
then a-ab"a=0=>(1-ab")a=0=>(1 -ab”)}e I(a)=r(a)=>a(l Qab")=0 then a=a’b". |
Therefore R is strongly y-regular ring. ‘ | - St -
Theorem 5.15: o

Let R be a strongly m-regular ring. Then a" is strongly y-regular
elements for every aeR and neZ’.
Proof: Let R be a strongly n-regular ring, then for every acR there exists
beR and neZ" such that a"= a®" b". - |

Hence a" is strongly y-regular element. , -
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