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Abstract: ;
In this work, we propose the rings of dlfferentlal operators are

simple and for this proposition we can generalize the results of Jones in

1995. In fact, this work is complement to the results of Mahmood in

2006.
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1. Introductlon 2

|  Letk be an algebralcally closed fi eld of characterlstxc zero For a‘f :
: commutative k algebta A we deﬁne

D(A) ——-DD‘ (A),
i=0

where  DA)=Bnd,(A)  ad

Di(A) = {eeEnd (A) [6,a]eD"'(A), Vac A }

Then D(A) is a sub-ring of End, (A),called the ring of dltferentlal i

- operators on A. For an irreducible affine ‘variety X, we define

D, (x) = D(O(x)), where O(x) is a ring of regular functlonq ofX and call i

thls ring D(O(x)) of differential operator on x.

We use here all the remarks of Jones in [2] and [3] For A an' :
arbitrary semi-group such that Z = M, let k be the associated semi- group .

~algebra of A and D(kA) the ring of dlffelentlal operators Then

D(kn) < D(kM)
= D(K[X} X2 ‘
=KX} e X, 0,1, See[6} :

Clearly x,0, is in D(kA). Now for pe ZA, X, 0ix" = pyx Whei‘e

W= (fyyeeenpt, ). Let W =Q[x 1Oy penseenens 0,]Qk. Then We D(k/\)
Thus the element of W define polynomml Irom Ing MQ to k by the

rule (W) =p; forpeZAn. Thus for feWandpeZn,
[(Xi0 e ,xiai)*x“ = F(p)x". o

®[X,0}0vveens X, 0, ]
...... (A)

Also we have |
H; = {(a),3,) e Mgla; 20 , ¥, =1,....,t}

with respect to the basis {m',, ....... : m'r} of Mg , order {m’l, ....... : m't} S0
that m; e[ )oH; .
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2- D(k/\) and D(k/\) i , :
- For semi-groups A B € M such that ZA = ZB deﬁne
 D(kA,kB) = {p e D(kZA)|o* kA < kB} |
Then D(kA,kB) is a D(kB)-D(kA) —bi-module, see [5].

Jones in [2] and Muséori in [4]‘ptr0ved the folloWing’ propositibn:

Proposition 2.1: : o S o
(1) D(kA,kn) = © X"I(Q~ a);

(2) D(KR, kA)_.,ea x* I(Q (x))' S
where e I(Q) {f € w]f(p) 0,Vpe Q}  and
AB<x>—{ueA|>»+ueB} '

In this paper, we propose that D(k}\) is a simple ring.

Proposition 2.2: : ;
(1) D(kR)is a simple ring ;-
(2) D(kAkA)* kR =kA;
3) D(k/\) End ;) D(KA, k/\)
(4) D(kA,kA)D(kA, l\/\) = D(k/\) In paltleular D(k/\ KA)piay 18 @

gemrator
Proof: See [2, proposition 3.10].

Proposition 2.3:
D(kA,kA)*kAn =k K.
Proof: By the proposition 2.2, we have D(kA,kA)*kA =k A. Then
D(kA,kAR) *kA = D(kA, kA)D(kA, kA)*k A
=D(kA)*k A
=kn

By the relations (A) and (B), and the proposition 2.1, Jones in [2] proved
the following theorem.

Theorem 2.4: , .
D(kR,kA)D(kn,kR) = D(k/\) In particular D(kA,kA) is a
finitely generated projective right D(k’A)-module.
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Definition 2.5: Two rihgs are Morita equivalence if there is a
progenerator Wy, such thatS End Wy . RMS.

Hence by the proposmon 2.1 and theorem 2. 3 we have

Theorem 2.5:
There is Morita equ1valence D(k/\)M D(kR).

3.The new relations:

In fact, by the proposmons 2.1-2.4, we can find the following
results:

Proposition 3.1:
(1) D(kA)D(kA,kR) = D(kA,kAX)D(kA);
(2) D(kAR,kA)D(kA) = D(kA)D(kA,kA).
Proof: |
(1) We have D(kA,kA)D(kA,kA) =D(kA). Then
D(kA,kA)D(kR, kA)D(kA,kR) = D(kA)D(kA,kR), hence
D(kA, kA)D(kA) = D(KA)D(kA,KR).
(2) The same way of part (1).

Note 3.2: It is easy to prove part (1) of proposition 3.1, it’s equal to
D(kA,kA) and part (2) of the same proposition is equal to D(kA,kA).

Proposition 3.3:
(1) (D(kA))? = D(kR):
() (D(kA))* = D(kn)
Proof:
(1) (D(kR))* = D(kR)D(KR)
= D(kR)[D(kA, KA)D(R, kA)]
=[D(kR)D(kA, kR)] D(kX,kA)
= D(kA,kX)D(kA,kA), By Note3.2
= D(kR).
(2) The same way of part (1).

Proposition 3.4:
(D) D(kA)D(kA) € D(kA,kA);
(2) D(kA,kA) c D(kA)D(kR).
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Proof By the note 3. 3 (A) and (B) in Mahmood m [3] we have i

S Q) (7\)
: _,QM(X);’ o cQ~ (x)
Eeg O (K)
- w@m
CThen 1(Q;,00)<{ or (SIQ.0),
AT T(36H)) R
Sl ‘ D(kA)|
-,ja_nd thereforeyn(kx;kA)c' or c:D(k/\ k/\)
SR i D(kR)| i
; Then D(k/\)D(k/\)c D(k/\)D(k/\ k/\) D(k/\ k/\) and thls 1s the ﬁrst b
part. ‘ . ,
| | R e D(k/\)
Also,  DKka)DKXka)c{ or
e D(kA)D(kK)
(D(kn) S -
= D(kA,kA) or ,and tlns is thcsecond part
D(k/\)D(k/\) o
Note 3.5: o
[(knc kR
(1) DKZ.kn)*kncdPEN *:rA = k2 » < D(kA,kX) ¥k A ;
knc D(ka)*k A
| D(kX))
) (D(kR,kA)> < DKkX,ka)c{ or e D(knakX)c (D(ka,kK))?

D(kA)

(3) (DA kA)? < D(kX)D(kx,kA) < D(kR) < D(k, kR)D(KR) < (D(kA,kR))?

@) (D(kR,kA)? < D(kA,kA)D(kA) C D(kA) C D(kA)D(kA, k) c (D(kA,kX))>

08
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Proof . ORI
(2), (3) and (4) are very clear Sl

: (1) By  the proposmoh : 3.4, we  have s

' D(k/\) |
D(k/\ k/\)c or fC D(k/\ k/\)
D(kA) ; : '
then D(kA,kA) *kAC D(k/\) * k/\ < D(k/\ k/\) * k A
- :>k/\<:k/\cD(k/\k/\)*k/\

'Also D(kA, k/\)*k/\CD(k/\)*k/\c: D(k/\ k/\)*k/\ L
= D(kA, k/\)*k/\ck/\c:k/\
LM
Therefore by (C) and (D) wereach : |
D(kR, k/\)*k/\c: kanckAc D(k/\ k/\)*k/\

Of another side, D(kT\,k)\)* kn D(|<7\) KA .Q DUU\kX) kA
= DA kA)*kac D(KR)*kac kX

Also, D(kRkA)Y* kR € D(ka)*kA € D(KAKR) KA
= ka < D(ka)*kA < D(kn, kx)*kx ‘

...... D)

Therefore, by the relations (C), (D) w1th (E) we have:

knc kA

- D(kA)*kn c k A N ~
D(kA,kA)*ka <3 > < D(kA,kR)*K A
or -

kanc D(ka)*k A

then the proof is completed.

Now, for n e N*, we hz‘tvek the fo‘llv()wi'ng tﬁeorem:
Theorem 3.6:
(D (D(kA, k/\)D(k/\) = (D(kR, k/\)) D(k/\) c D(kA);
(2) (D(kA,kX)D(KR)" = (D(k/\,k/\))n D(kR) < (D(kA,kX)™;
(3) (D(k/\)D(kA,kA)) = D(kA)DkA,kR)" < (D(kA, kX)"™;

g

99




! (D) For n=1,its clear by note 3 S. Then we start wnth n=

L The Sinklp"lévlll‘ingsiofD’iffer;e‘ntiz‘aliOpera'tors o SRR A
& ‘(4)* (D(k/\)D(k/\ k/\)) —(D(k/\)(D(k/\ k/\))“ CD(k/\)
e Proof e

(D(k/\ kA)D(kAN? = D(kR, kA)D(kA)D(KR, kA) D(k/\)
= D(k/\ kA)D(KR, k/\)D(k/\) By

Proposition 3.1

LA ; —(D(k/\ k/\)) D(kA)
c D(kR, k/\)D(k/\) By note 3.5 (4)
c D(k/\)

| (D(k/\ k/\)D(k/\)) = (D(k/\ k/\)D(k/\)) (D(k/\ k/\)D(k/\))

< D(kA)D(kA, kA) D(k/\) o
- < D(kA)D(kA), - - By Proposition 3.4
 =D(kn), By Proposition 3.3.

We assume that the proposition is satisfy when n=t.

(D(kX,k/\)D(k/\))”' = (D(kR,kA)D(kA)) (D(kA, kA)D(kA))
< D(kA)D(kR, kA) D(kA) |
= D(kn), By Proposition 3.3.

‘Similar‘ity for (2),(3)and (4).

For the Proposition 3.1, the Note 3.5 .and the Theorem 3.6 we
conclude the following theorem:

Theorem 3.7: For ne N’

(1) (D(kA)D(KA, kA)D(kA)" < (D(kAKA)",

(2) (D(kA)D(kA,kX)D(KR))" < (D(kA,kR))*™,
(D(kA, kA)D(kA)D(kA, kA))"

3) or c (D(kA,kAN™' .
(D(kA,kA)D(kA)D(kA,kR))"
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