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Abstract:

 In this work we introduce the notion of G.P.P - rings and some of
it is basic properties , we prove that if R is a right G.P.P - ring , then R is
P.P- ring if r(a") < r(a) for every acR and a positive integer n .\We also
consider that a reduced G.P.P — Ring with every non — zero divisor has

inverse is strongly 7— Regular .

1- Introductmn
Throughout this paper, R will denote an associative ring with

identxty, and all modules are unitary R— module. Recall that ;

1) R is called reduced if R has non-zero nilpotent elements[5]. 2) R is
right (left) duo if every rlght(left) ideal of R is an ideal of R. 3) R is

strongly
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B reoular 1f for every aeR There ex15ts beR and a posmve mteger n

such that a= az"b [4], 4) A rlght R-module M is called general rlght -

3 principally mJectlve (brleﬂy right GP- mjectlve) if for any OzaeR there '
~ exist a positive integer n, such that a"#0. and any right R- homomorphnsm

of a'R into M extends to one of R into M. 5) for any element a in R we
define a right annihilator of a by r(a) = {xeR ax= O} and left anmhllator
of a, I(a) is snmlarly deﬁned . .

2- Basw Propertles
In this section we introduce the notion of G.P. P- rmgs we give

some of it is basic plopertles Followmg [2] A ring R is said to be right 7 :

(left) P.P - ring if for every aeR, there exxst beR such that a = ab and

ta)=rb) (a=ba, l@=Ib).

Definition 2—1: | | o
A ring R is siad to be right G.P.P — ring if for every aeR there exist

eeR and a positive integer n such that a" = a" and r(a") = r(¢).

Clearly every P.P — ring is an G P.P —ring , however The converse is not

true. we now consider a necesszuy and sufficent eondxtlon for G P.P-ring
to bc an P. P— ring. '

 Lemma 2-2:-

Let R be a right GP.P. ring and r(a") < r(a) 101 every aeR then R is
P.P - ring.

Proof: Assume that R is GP P. ring , then a" = a"e and r(a")=r(e). Imphes

 that a"(l —~¢)=0., and hence 1 - ¢ € r(a") c r(a).

There fore (1-€) er(a) where a = ae. and r(e) = r(a") < r(a) Thus a = ae
and r(a) = r(e).

Throrem 2-3:-
R is G.P.P-ring if and only if for all a eR , r(a") is direct summand.

Proof :- ‘ :
Assum that r(a") is direct summand, then there exists a right ideal
I such that r(a") + [ =R. In particular ,d + b= 1, for some d er(a") and
bel a"l=a"(d+b)=d"d+a"b=0+a"b= a"bImplies that a"b = a" .
Now ,we must prove that r(a") =r(b) . Let xer(b), then bx =0, and
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A" bx= 0 So a" x~0andxer(a)

Hence r(b) < r(b") Now Lety er(a") then a"y =0 and a" by =0.
Thus byer(a"). but by el implies that by e r(a") N =0, then yer(b) and

2 L r(a ) < r(b). Therefore r(a" )”f(b)

Conversely
Assume that R is right G. P. P- rmg then for every aeR there .

exists beR and a positive integer n such that a"=a"b and r(a")=r(b),
Since a"(1-b)=0, then (1-b)er(a"). So 1=b + (1-b), hence R =b R+ r(a").
Let xe bR mr(a") implies that x = by for some yeR and a“x——O

s0 a'by=0 = a"y. Hence yer(a") = r(b) and by= 0 = x. Thus bR Nr(a")= =0.
Therefore r(a ") is directed summand.

Lemma 2-4:[3]

If R is a duo ring , then every 1demp0tent element in R is central.

Theorem 2.5 :
Let R be a duo G.P.P- ring and let J,J; be ldcals in R. Fhen

r(J))+r(J,) generated by a central idempotent element.

Proof: Let R be a duo G.P.P —ring and let ],,J, be two ideals in R.
Then r(J;)= ¢/R and r(J,)= ¢;R where ey,¢; are idempotent elements.
Since R is duo ring then by Lemma 2 — 4 e, ¢, are central idempotents.
Also r(J;)+r(Jy)=e; R+te; R=¢; R+ ¢ ¢) R +e3(1-¢))R. :

Ande Ribo.- R~ Ribo. (1 oW R—. R Lo R=p. R 4+ /=n
Il\' \ A\

l\llu\lll\'\/zl\\...\zll\‘\/l\l \Il/\;vl A\‘Uzl\ “

SO r(J|)+r(J2) € R + V) (1 €|)R
Let e;3= e;(1-e)),we prove that e; is idempotent element
632 =¢,(l-e)) e (l-e!)
= (e2-€; €1)(er-€2 €1)
= e22 —e:feI —-e,ee, te,eee

R
1A%,

=e’—ele —ele +ejel

=gy — € e (since ey, e; are idempotent elements)

= ey(1-€1)

=€
Hence e is idempotent element. Since R is duo ring,
then by Lemma 2 — 4, e; is central 1dempotent element.
Now ee3=¢, (€3 (1-e1)).

=¢1e,(1-€)) =€ €,-€1€,€) =€,€,-€1€,=0 (since € is idempotent)

Similariy ese,=0. :
Now let xe(e;tes)R then x=(ej.e3)r;reR

142




b

Manal.A. Abd

—

| Thus x= ‘e,r+’e'3r ee;R+é>3Rf an'd' (ek|+eg)RC€]>R+€3R‘ |

Also let yeeR+e3R . Then y= elr,+e3r3 for some r,,r3eR

(ertes)y=(eites) (eiritesrs)

= e]2r,+e,e3r3+c3e,r,_+eje3r3 :
= ¢ r;+0+0+esr3 , i
= ¢ rte;sr;=y implies ye(e|+e3)R g

~ Thus ¢ R+e;R=(e;+e3)R
That is r(J,)+r(J;) =(ei+e3)R, when (e [+e3) is centlal 1dempotent element.

3-The connection between G. P.P. — Rings a‘nd other rings:

| Theorem 3- 1 -

Let R be a reduced G P.P. - ring with every non-zero divisor has
inverse. Then R is strongly 7~ Regular

Proof: we must provea"R N e R =0 forall acR. Since R is G. P.P-
ring, then r(a") = r(e) where € is central 1demp0tent element. Let xe a'R

M e R implies that x=a"r, and x=¢ r’ for some , v € R.

Now , See that x=¢ ! =¢. ¢ / = ¢ x. Since ¢e ¢ R =‘1(a") then a"e=c¢a"

=0. Also e x = e a" r =0, x=a"r, then x=¢ x=0. Thus a" R ne R =0.

Now we must prove that (a" +¢) is non-zero divisor.

Let (a"+e)y =0 Implies thata"y =-¢y . Thatisa'y=-cye a"Rne R..
Since a” R ne R=0.

Then a"y = e y =0 and we have a"y =0 .That is y € r(a")=e R

There exists r;€R such that y=er; ,also0=ey=e.er = r=er= y
(e is idempotent), since (a"+e) is a non-zero divisor.

Let x be the inverse of (a" +e) Then we have (a" +e) x =1.

1mplles that a" (a" +e) X = a’ 1mplles (@ +a"e)x =a".

Since a"e =0 , then a” ". Therefore R is strongly T - regular ring.

Theorem 3-2:

Let R be a G.P.P.-ring with r(a") ¢ r(a) for any aeR and a positive
integer n. Then a" R is idempotent ideal if R/ a" R is
GP-injective ring. ‘

Proof:
Since R be G.P.P. -rmg, then for all aeR there exists beR and a
positive integer n, such thata" = a"b and r(a") =r(b).

. Now define a right R-homomorphism f: a" R—»R/ a" R by f(a"x)=bx

+a"R for all xeR. Then, f is well-defined, indeed, let a"x;=a"x, for any
two elements X;,X, in R ,then a"x;-a"x,=0. So a"(x-x2)=0.
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- Thus (x,—xz)er(a“) = r(b) then x.—xzer(b) 1mp11es b(xl-x2)~0
'Hence bx;=bx, therefore f(a"x,)= bx;+a"R=bx,+a R—f(a"xz)

 Now define g: R/a"R——)R/(a"R)zby g(y+a"R)*a"y+(a“R) for all‘yeR and

by the same way we can prove that g is well-defined. Smce R/a"R 18
GP- injective ring , there exists ceR Such that -
f(a" x) (c +a"R)a"x =ca"x+a"R .
Now (f(a"x)) g(bx +a"R)
i . = g(ca'x +a"R)
= a"ca"x +(a"R)
=a x+(a“R)

So a"x+(a”R) = acal x+(a“R)
But a"xe a"R ,then (a"R)’c a"R. Thus a"x+(a“R) € a"R and
a"ca"xe a"R a"R =(a"R)* .This gives a"c a"x + (a"R)* e(a"R)
Hence a"Rc (a“R) Therefore a“R“(a“R)
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