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Abstract

In this paper, e investigate the existence of global solution for
nonlinear mixed Volterra—Fredholm integro differential equation with
nonlocal condition in Banach space.
Our results depend on Leray —Schauder alternative theorem.
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1. Introduction

Many authors [4,5,6] have interested to solve the linear and
nonlinear integral and integro differential equations of type Volterra and
Volterra- Fredholm, for example in [7], Pachpatte studied the existence
and uniqueness of solutions of mixed Volterra- Fredholm type integral
equations which a rises in various physical and biological problems in
[8], Pachpatte studied the problem of global existence of solutions of
some Volterra integro differential equations, also in [2], Balachandran
and Kanagrajan studied the problems of existence and uniqueness of
solutions of a class of nonlinear fuzzy Volterra- Fredholm integral
equations, in [3], El-Borai and Abdou considered the existence and
unigueness of solutions of nonlinear integral equations of the second kind
of type Volterra- Fredholm.Also the normality and continuity of the
integral operator are discussed, in [10], Tidke investigated the existence
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of global solutions to first order initial —value problems with nonlocal
condition for nonlinear mixed Volterra- Fredholm integro differential
equations in Banach space. Finally in [1], Balachandran and Kim
established sufficient conditions for the existence and uniqueness of
random solutions of nonlinear Volterra-Fredholm stochastic integral
equations of mixed type by using admissibility theory and fixed point
theorem.

The purpose of this paper is to study the basic problem of existence
of global solutions of nonlinear integro-differential equation of Volterra-
Fredholm integral equation of the form

X'(t) =f (t, X(t), }k(t, S)G(s, x(s))ds, I?h(t, 5)Q(s, x(s))ds) (1.1)

t €[0,b],
X(0) +u(x) = x, (1.2)

By using theorem known as Leray — Schauder alternative.

Where f:[0,b]xR"xR"xR" —R" is a function, k,h:[0,b]x[0,b] - R"
are continuous functions and G,Q:[0,b]xR" — R" are also continuous
functions and u:B — R" is given function and X, is given element of

R" and R" denotes the Euclidean n-space with norm |.|. and let

B =c([0,b],R") be the Banach space of all continuous functions from

[0,b] into R" endowed with supremum norm
IX| =sup{|x(t) | :t <[0,b]}.
The paper is organized as follows: In section 2, we present the

preliminaries and hypotheses. And, in Section 3, we deal with the main
results.

2. Preliminaries and Hypotheses

Our existence theorem are based on the following theorem, which
Is a version of the topological transversality theorem given by Tidke [10]
and is known as Leray — Schauder alternative.

Theorem (2.1) [10] (Leray —Schauder alternative)
Let S be a convex subset of a normed linear space E and assume
O0eS. Let F:S—S be a completely continuous operator and let

g(F)={xeS:x=AFx forsome 0<A<1}, then either &(F) s
unbounded or F has a fixed point.

Theorem (2.2) [9] (The Arzela — Ascoli Theorem)
Let A be a subset of (¢(1), p). Then the following statements are

equivalent:
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(i) A'is compact.
(if) A is closed subset of (¢(1), p) and is both uniformly bounded and
equicontinuous over 1.

We list the following hypotheses used in our discussion.
1) There exists a continuous function p:[0,b]—> R, =[0,) and there
exists a constant L>0, st [k(ts)<L for t>s>0 and

| :J)k(t,s)G(s,(x(s))ds |<Lp®H(|x]) for every t,sefo,b] and

x e R", where H:R,_ —(0,00) is a continuous nondecreasing function.
2) There exists a continuous function q:[0,b] >R, =[0,0) and a
constant N>0 st [h(t,s)[<N, for t>s>0  and

H Eh(t,s)Q(s,x(s))ds |<Ng@t)M(|x|) for every t,se[o,b] and

x e R", where M :R, — (0,) is a continuous nondecreasing function.
3) There exists a continuous function 1:[0,b]— R, =[0,0) Ss.t.

|t x,y, 2)|<1@)(|x|+|y|+|z]) foreveryte[o,b] and x,y,zeR".
4) Thereexists aconstant A s.t. [u(x)| <A, for xeR"..

3. Main results
The following theorem ensures the existence of solution to equation
(1.1)-(1.2).

Theorem (3.1)
If the hypotheses (1-4) are satisfied, then the initial —value problem
(1.1)-(1.2) has a solution x defined on [0,b] provided b satisfies

13R(s)ds< | as
0 ¢ StH(s)+M(S)
Where ¢ =|x,|+ A and R(t) =max{l(t), Lp(t), Nq(t)} for te[o,b].

Proof
The proof will be given in the three steps.

Step |
To use theorem (2.1), we establish the priori bounds on the solution

of the problem
X'(t) = Af (t, X(t), } k(t,s)G(s, x(s))ds,?h(t, 5)Q(s, x(s))ds) , (3.2)

t €[0,b]
Under the initial condition (1.2) for 2 <(0,1). Let x(t) be a solution of
the problem (3.2)-(1.2), then it satisfies the equivalent integral equation
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X(t) = X, —U(X) + z(}) f(s, X(s), 1k(s, 7)G(, x(2))d7, Ih(s, 7)Q(z, x(r))drj ds

(3.3)
for t [0,b], from (3.3) and using the hypotheses (1-4) and the fact that

A €(0,1), we have
| X0 <] %-u0o |+ | f(s,x(s), Tk(s, 16, (2 ))dr,

zh(s,r)Q(r, x(z))dz)ds |
<{[ % |+ A+ ]| f(s,x(s),jk(s,r)G(r,x(r))dr,

.? h(s,7)Q(z, x(z))d T)‘ ds

<{| %, [+ Ab+ JIE)(X()] + Lp(s)H ([x(s)] + Na(s)M (x(s)))ds

0
(3.4)
Let v(t) be defined by the right hand side of (3.4),then
[x@) <v(t) v(0)={x|+A}=c  and

v(t) = {|xo| + A}+i 1(5)(|x(8)] + Lp(s)H (|x(s)[) + Na(s)M ([x(s)[) )ds

then
v(t)=c +} 1(3)([x(s)[+ Lp(s)H (|x(s)]) + Ng(s)M (|x(s)[) )ds

3.5
Differentiating both sides of (3.5) with respect to t we have 49
V(1) < 1()(v(t) + LP()H (v(t) + Na(t)M (v(t)))
V(t) < 3RV + H V(D) + M (v(b)) (36)
That is,
Vi) <3R(t) (3.7)
v(t) -+ H (v(t)) + M (v(t))

Integrating of (3.7) from (0 to t), the change of variable and the condition
(3.1) gives

v(t) t b 0
| as < [3R(s)ds < [3R(s)ds < | s

(3.8)
¢ S+tH(S)+M(s) 3 0 ¢ S+H(s)+M(s)

From this inequality, we conclude that, there is a constant « independent
of 2e(0) such that v(t)<«a and hence |x(t)|<a for te[0,b], and

consequently [x|, =sup {[x®)[:t[0,b] }< .
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Step 11
We define B:c([o,b], R”) to be the Banach space of all

continuous functions from [0,b] into R"endowed with sup norm defined
above. We rewrite the problem (1.1)-(1.2) as follows.

If yeB and x(t) =X, —u(x)+ y(t),t €[0,b] it is easy to see that y
satisfies y(0)=y, =0

V()= (5, () + %, ~u(y). [K(s,7)G(z, Y(2) + X, ~u(y))dr.

zh(s, 7)Q(7, y(r) + %, —u(y))dzr)ds ,te[0,b]
If and only if x(t) satisfies

X(t)= %, —u(x) +} f(s, x(s),}k(s, 7)G(r, X(7))d 7, ? h(s,7)Q(z, x(r))drj ds,

t [0, b]
We define the operator F : B, — B,, B, ={y € B: y(0) =0} by

(FYO =] £(5,Y(5) + % ~u(y), k(5. 7)G(r, Y(2) + % —u(y))d. 59
zh(s, 7)Q(z, y(r) + X, —u(y))dz)ds ,t<[0,b]

Then F is clearly continuous.
Next, we prove that F is completely continuous.

Let {b, } be a bounded sequence in By, i.e. b, [, <& forall m, where

O is a positive constant. From (3.9) and using the hypotheses (1-4) and
letting R™ =sup{3R(t):t €[0,b]} we have

Fo <]

f(s,by(S)+ X —u(bm),?k(s, 7)G(7,b, (7)) + %o —u(b,,))dz,
0

Th(s, 7)Q(z.by (7) + X, —U(by))d 7 [ ds
0

<

QO —

I(s)(6 +c+ Lp(s)H (o +c)+ Nq(s)M (o +c))ds
siR*(5+c+ RH (5 +¢)+R'M(5+c))ds

<bR'(§+C+RH(5+C)+R M(5+0)) (3.10)
This means that {Fb, } is uniformly bounded.

Step 1
We shall show that the sequence {Fb,} is equicontinuous Let

0<t <t,<b. Then from (3.9) and using the hypotheses (1-4) and
letting R™ =sup{3R(t):t €[0,b]} we have
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IFb, (t,) - Fb, ()] < [

4]

£(s,b, (5)+ %, - u(bm),jk(s,f)c;(f, b (£)+ %, —u(b, )dr,

ih(s, 7)Q(z,b, () + , ~u(b,))d7 | ds

t2
< [1()([bn () + %, —u(b,)])+ Lp(s)H by, (5) + %, —u(o,)])+
tl
Na(s)M (|b,, (s) + X, — u(b,, )| )ds
<R (S+Cc+RH(@S+C)+RM(S+0)(t, —t,) (3.11)
From (3.11) we conclude that {Fbm} IS equicontinuous and hence by the
Arzela- Ascoli theorem (2.2) the operator F is completely continuous.
Finally, the set &(F)=1{y € B,,y = AFy,A < (01)} is bounded in B, since
for every ye¢(F), the function x(t) =x, —u(x)+ y(t) is a solution of
(3.2)-(1.2) for which we have provid that x|, <« and hence |y| <a+c.

Consequently, by theorem (2.1), the operator F has a fixed point in B, .

This means that the initial — value problem (1.1)-(1.2) has a solution. This
completely the proof of the theorem.
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