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 الملخص:
           :يتضمن هذا البحث تطبيق لطريقة ادومين التحليلية لحل المعادلةةة التضايةةلية الة ةةرية       

0)( =++ xCyyBDyADm ,      nn − 1       ,...)3,2,1n( =(1.1)                 

لإيجةةاد ولةةلات مةتلضةةة يةةارت   ال ةةرو    ،كطريقةةة تتايةيةةة لطريقةةة تحلايةةل   ةة    ،عةة د يةةحي   mو
 ال ةةةةةر  ا  تةةةةة ائ  الةةةةةذة يمتةةةةةل المت ل ةةةةةلة التاليةةةةةة الأولةةةةة ويةةةةةث انةةةةةتة ميا  ةةةةة  اليتيجةةةةةة ، ا  ت ائيةةةةةة
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Abstract 

In this paper we apply the Adomian decomposition method to find 
solution of fractional differential equation: 

0)( =++ xCyyBDyADm      ,    nn − 1      ,...)3,2,1n( =            (1.1)  

and m is integer number, with two different initial condition the first is 
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as an alternative method of  Laplace transform. 
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Introduction 
 

         The decomposition method was introduced by Adomian [1] for solving 

linear and nonlinear functional equations (algebraic, differential, integral, 

integro differential equation) this method leads to computable, accurate, 

approximately convergent solutions to linear and nonlinear deterministic and 

stochastic operator equations. The solution can be verified to any degree of 

approximation. Elzaidi [5] solved the extraordinary differential equation 
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−cx
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Laplace transform and Adomian decomposition method. This method 

simpler in computation. Diethelm and  Neville [4]  discussed  existence and 

uniqueness theorem of differential equation of fractional order  
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 is the Taylor  

polynomial of order  (n-1)  for y, centered at 0. 

Luise [6] solved the fractional differential equation     
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Saha  and  Bera [8]  applied the Adomian  decomposition  method  for the 

solution  of  fractional differential equation 02
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2. Definitions and Lemmas 
 

Definition 2.1[7] 

The Gamma function is denoted by   and is defined by the integral 
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Definition 2.2[3] 

Let  f a function which  is defined  a.e on [a,b].for  0 ,  we define 
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Corollary 2.3[2] 

  If R  and f(x) is defined a.e on bxa   we define ( )
( )

x
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a
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x
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Lemma 2.4[3] 

Let thenaxIfR − .1,,   
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3. Main results 
 

In this section we get some results about the solution of an 

extraordinary differential equation. 

 
Theorem(1) 

The extraordinary differential equation 
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A,B,C, C0,C1,…  are constant, and m is integer. 
 

Proof: (Adomain Decomposition method )                 

Suppose that  
m

m
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d
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The Adomain decomposition method provide, we can write 
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operate equation (3.1.2) by  1−L  getting 
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In the light of the Adomian decomposition method, we assume              

y(x)= y0(x)+ y1(x) +y2(x) … 

To be the solution of equation (3.1.1) ,where 
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 by using lemma(2.4)  we get     
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by using lemma (2.4)    
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by using lemma(2.4)     
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and so on. Therefore the solution of  (3.1.1) is   y(x)=y0(x)+y1(x)+y2(x)+… 



Application of A domian Decomposition method for Solving Fractional ... 

98 

 

1 1 11
( )

( 1) ( 1) ( 1)0 0 0

p p m m p
C x C x C xn n np p p

y x C B
p A p m m pp p p

 

 

− − + − 
− − − 

= − + +    − +  − + +  − += = =  

 

2 2 2
1 1 11 2 22

2 ( 2 1) (2 1) (2 1)0 0 0

p m m p m p
C x C x C xn n np p p

C CB B
p m m p m pA p p p

 

 

− + − − − 
− − − 

+ + +    − + +  − +  − − += = =  

3 3 3
1 1 11 3 2 23 3

3 ( 3 1) (3 1) (3 1)0 0 0

p m m p m p
C x C x C xn n np p p

C C B B C
p m m p m pA p p p

 

 

− + − − −
− − −

− + + +    − + +  − +  − − += = =

  
3 2

1
3

(3 2 1)0

m p
C xn p

B
m pp





− − 
− 

+   − − += 

4 4
1 11 4 34

4 ( 4 1) (4 1)0 0

p m m p
C x C xn np p

C C B
p m m pA p p





− + −
− −

+ + +   − + +  − += =

                         

4 4 2 4 3
1 1 1

2 2 3 46 4
(4 1) (4 2 1) (4 3 1)0 0 0

m p m p m p
C x C x C xn n np p p

B C CB B
m p m p m pp p p

  

  

− − − − − − 
− − − 

+ + + −    − − +  − − +  − − += = = 

 

5 5 5
1 1 11 5 4 2 35 10

5 ( 5 1) (5 1) (5 1)0 0 0

p m m p m p
C x C x C xn n np p p

C C B B C
p m m p m pA p p p

 

 

− + − − −
− − −

− + + +    − + +  − +  − − += = =

5 2 5 3 5 4
1 1 1

2 3 4 510 5
(5 2 1) (5 3 1) (5 4 1)0 0 0

m p m p m p
C x C x C xn n np p p

C B CB B
m p m p m pp p p

  

  

− − − − − − 
− − − 

+ + +    − − +  − − +  − − += = = 

  

+…     (3.1.3) 

 

Example:  To illustrate the procedure  
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Theorem(2) 

The extraordinary differential equation: 

( ) 0mAD y BD y Cy x+ + =           1n n−                                       (3.2.1) 

has a solution of the form y(x)= y0(x)+ y1(x) +y2(x) … , for the initial 

condition 
1 ( )

(0) (0)
!0

kn x k
y y

kk

−
= 

=

 which is a Taylor polynomial of order (n-1) 

for y , centered at 0, where  A,B,C  are constant and  m is integer. 

Proof: (Adomain Decomposition method) 

Suppose that 
md

L
mdx

= . 

using the Adomian decomposition method, we can write 
1

( ) ( )mD y x BD y Cy x
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(3.2.2) 

 Operating equation (3.2.2) by  1−L  we get 
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In the light of the Adomian decomposition method, we assume              

y(x)= y0(x)+ y1(x) +y2(x) … 

To be the solution of equation (3.2.1) , where 
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by using Corollary (2.3) we get  



Application of A domian Decomposition method for Solving Fractional ... 

100 

 

1
( ) ( ) ( )1 0 0

0 0

x x
m my x C I y t B I y t

A


 

− =− +
 
  

 

1 11 ( ) ( )
( ) (0) (0)1 ( 1) ( 1)0 00 0

k kx xn nt tk km my x C I y B I y
A k kk k


 

− −
− =− + 

  +  += =  

  

 

by using lemma(2.4) we get  

1 11 ( ) ( )
( ) (0) (0)

1 ( 1) ( 1)0 0

m k m kn nx xk k
y x C y B y

A m k m kk k





+ − + − −
 =− + 

 + +  − + + = = 

 

1 1 1( )
2

m md y d y
y x C B

m mA dx dx





− − 
 =− +

− − 
 

 

 

by using Corollary (2.3)  we get: 
 

1
( )2 1 1

0 0

x x
m my x C I y B I y

A


 

− =− +
 
  

  

1 11 ( ) ( )2( ) (0) (0)2 2 ( 1) ( 1)0 00 0

m k m kx xn nt tk km my x C I y CB I y
m k m kA k k





 + − +− −
= + + 
  + +  − + += =

      
1 1( ) ( )2(0) (0)

( 1) ( 1)0 00 0

m k m kx xn nt tk km mBC I y B I y
m k m kk k


 



+ − +− −
− − + + 

 + +  − + += = 

 

by using lemma (2.4) 
2 21 11 ( ) ( )2( ) (0) 2 (0)

2 2 (2 1) (2 1)0 0

m k m kn nx xk k
y x C y CB y

m k m kA k k





+ − + − −
= + 

 + +  − + + = =

                                                                         
2 21 ( )2 (0)

(2 2 1)0

m kn x k
B y

m kk





− + −
+ 

 − + + = 

 

1 2 2( )
3

m md y d y
y x C B

m mA dx dx





− − 
 =− +

− − 
 

         

3 31 11 ( ) ( )3 2( ) (0) 3 (0)
3 3 (3 1) (3 1)0 0

m k m kn nx xk k
y x C y C B y

m k m kA k k





+ − + − −
=− + + 

 + +  − + + = =

                        
3 2 3 31 1( ) ( )2 33 (0) (0)

(3 2 1) (3 3 1)0 0

m k m kn nx xk k
B C y B y

m k m kk k

 

 

− + − + − −
+ 

 − + +  − + + = = 
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4 41 11 ( ) ( )4 3( ) (0) 4 (0)
4 4 (4 1) (4 1)0 0

m k m kn nx xk k
y x C y C B y

m k m kA k k





+ − + − −
= + + 

 + +  − + + = =

                
4 2 4 31 1( ) ( )2 2 36 (0) 4 (0)

(4 2 1) (4 3 1)0 0

m k m kn nx xk k
B C y CB y

m k m kk k

 

 

− + − +− −
+ 

 − + +  − + += =

  

                                                                       
4 41 ( )4 (0)

(4 4 1)0

m kn x k
B y

m kk





− + −
+ 

 − + + = 

 

 

5 51 11 ( ) ( )5 4( ) (0) 5 (0)
5 5 (5 1) (5 1)0 0

m k m kn nx xk k
y x C y C B y

m k m kA k k





+ − + − −−
= + + 

 + +  − + + = =

         
5 2 5 31 1( ) ( )2 3 2 310 (0) 10 (0)

(5 2 1) (5 3 1)0 0

m k m kn nx xk k
B C y C B y

m k m kk k

 

 

− + − +− −
+ + 

 − + +  − + += =

 

                     
5 4 5 51 1( ) ( )4 55 (0) (0)

(5 4 1) (5 5 1)0 0

m k m kn nx xk k
CB y B y

m k m kk k

 

 

− + − + − −
+ 

 − + +  − + + = = 

 

 

and so on. Therefore the solution of  (3.2.1) is  y(x)=y0(x)+y1(x)+y2(x)+… 

 

1 1 11( ) ( ) ( )
( ) (0) (0) (0)

! ( 1) ( 1)0 0 0

k m k m kn n nx x xk k k
y x y C y B y

k A m k m kk k k





+ − + − − −
 = − + +  

 + +  − + + = = = 

            
2 21 11 ( ) ( )2 (0) 2 (0)

2 (2 1) (2 1)0 0

m k m kn nx xk k
C y CB y

m k m kA k k





+ − + − −
 + 

 + +  − + + = =

 

2 2 3 31 1 11( ) ( ) ( )2 3 2(0) (0) 3 (0)
3(2 2 1) (3 1) (3 1)0 0 0

m k m k m kn n nx x xk k k
B y C y C B y

m k m k m kAk k k

 

 

− + + − + − − −
 + − +  

 − + +  + +  − + + = = = 

    
4 41 11 ( ) ( )4 3(0) 4 (0)

4 (4 1) (4 1)0 0

m k m kn nx xk k
C y C B y

m k m kA k k





+ − + − −
+ + + 

 + +  − + + = =

  

        + 
4 2 4 31 1( ) ( )2 2 36 (0) 4 (0)

(4 2 1) (4 3 1)0 0

m k m kn nx xk k
B C y CB y

m k m kk k

 

 

− + − +− −
+ 

 − + +  − + += =

 

        
4 41 ( )4 (0)

(4 4 1)0

m kn x k
B y

m kk





− + −
+ 

 − + + = 

511 ( )5 (0)
5 (5 1)0

m kn x k
C y

m kA k

+ −
− 

 + + =

 

+
5 5 21 1( ) ( )4 2 35 (0) 10 (0)

(5 1) (5 2 1)0 0

m k m kn nx xk k
C B y B C y

m k m kk k

 

 

− + − +− −
+ + 

 − + +  − + += =

  

+ 
5 3 5 41 1( ) ( )2 3 410 (0) 5 (0)

(5 3 1) (5 4 1)0 0

m k m kn nx xk k
C B y CB y

m k m kk k

 

 

− + − +− −
+ 

 − + +  − + += =
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5 51 ( )5 (0) ...

(5 5 1)0

m kn x k
B y

m kk





− + −
+ +

 − + + = 

           (3.2.3) 

 
Example: To illustrate the procedure 

 
)0()0()0(

!
)0( )1()0()(

1

0

yxyy
k

x
y k

k

k

+==
=

   

  1

)1(

0

)0( )0(,)0( CyCy ==  

by using  theorem (2) we get  


=

+

=

−

=

+

= +
+



















+

+
+

−=
1

0

)(
21

0

)(
2

1

1

0

)(
1

)(
1

0

)0(
)3(

)0(

)
2

1
(

)0(
)2(

)0(
!

)(
k

k
k

k

k

k

k

k
k

k

k

k

y
k

x
y

k

x
y

k

x
y

k

x
xy        


=

+

=

+

=

−

=

+

+

−
+

−


+

+

+
1

0

)(
2

3

1

0

)(
31

0

)(
11

0

)(
2

1

)0(

)
2

5
(

3)0(
)4(

)0(
)(

)0(

)
2

3
(

2
k

k

k

k

k
k

k

k
k

k

k

k

y

k

x
y

k

x
y

k

x
y

k

x
CB  


=

−

= −

−
+

−
1

0

)(
2

3

1

0

)( )0(

)
2

1
(

)0(
)1(

3
k

k

k

k

k
k

y

k

x
y

k

x   +… 

Provided (k-1≠negative integer number)   

)

)
2

5
()

2

3
(

(2)
)4()3(

()

)
2

3
()

2

1
(

()
)3(

()()(
2

3

1

2

1

0

3

1

2

0

2

1

1

2

1

0

2

1010



+



+


+


+



+



−


+−+=

−

x
C

x
C

x
C

x
C

x
C

x
C

x
CxCxCCxy

...)

)
2

1
()

2

1
(

()(3)

)
2

7
()

2

5
(

(3)
)5()4(

()(
2

1

1

2

3

010

2

5

1

2

3

0

4

1

3

01

1

0 +



+

−

−+−



+



−


+


−++

−−

− x
C

x
CxCC

x
C

x
C

x
C

x
CCxC

 

by using lemma(2.4) we get ( 01

0 =−xC ),there for the solution  is 
3 1 1 3

2 32 2 2 2

0 0 0 0 0 0 0 0

1 1 3 5

2 3 42 2 2 2

1 1 1 1 1 1 1 1 1

( ) 2 2 3
1 1 3 5 (3) (4)

( ) ( ) ( ) ( )
2 2 2 2

2 2 3 ...
1 3 5 7(3) (4) (5)

( ) ( ) ( ) ( )
2 2 2 2

x x x x x x
y x C C C C C x C C C

x x x x x x x
C C C C x C C C C C

− −

−

= − − − + − − + + −
 

 −   

− + − − + − − + − +
  

   

 

 

 

 

3

2( ) ( ) ( ) 0 1 2let Dy x D y x y x + + =  
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