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Abstract
In this paper we apply the Adomian decomposition method to find
solution of fractional differential equation:

AD"y +BD*y+Cy(x)=0 , n-l<a<n (n=123,.) (1.1)

and m is integer number, with two different initial condition the first is
n-1 C a-p .

y(0) = Z— , Where C; C,... are constant, the second initial
p= Or( - p+ )

condition y(0) =i%y<k)(0) is the Taylor polynomial of order (n-1) for vy,

k=0 ™=
as an alternative method of Laplace transform.
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Introduction

The decomposition method was introduced by Adomian [1] for solving
linear and nonlinear functional equations (algebraic, differential, integral,
integro differential equation) this method leads to computable, accurate,
approximately convergent solutions to linear and nonlinear deterministic and
stochastic operator equations. The solution can be verified to any degree of
approximation. Elzaidi [5] solved the extraordinary differential equation

a-1

y“()=2 (x=0,zeR*) With initial condition yo(x)=crx
X a

By using

Laplace transform and Adomian decomposition method. This method
simpler in computation. Diethelm and Neville [4] discussed existence and
unigueness theorem of differential equation of fractional order

DUy T, 4[yDe)=f(x,y), n—1<a<n where T [y] isthe Taylor

polynomial of order (n-1) fory, centered at 0.
Luise [6] solved the fractional differential  equation
DY(y-yg)(x)=—2%y (), n-l<a<n with initial condition
n-1 Xk

y(O):ZFy("’ (0) by using numerical method.

k=0 M-

Saha and Bera [8] applied the Adomian decomposition method for the

solution of fractional differential equation % . d 2?’ — 2y =0 ,with initial
X dxz

condition y(0)=C,
as on alternative method of Laplace transform.

2. Definitions and Lemmas
Definition 2.1[7]
The Gamma function is denoted by 7~ and is defined by the integral

o0
[(@)=[e *x%Xx for a>0
0

Definition 2.2[3]

Let fa function which is defined a.e on [a,b].for « >0, we define
1
I'(a)

b
1% f = T(b—t)“‘l f(t)dt provided that the integral (Lebsegue) exists.
a

a
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Corollary 2.3[2]

If <R and f(x) is defined a.e on a<x<b we define f (a)(x)z)l( g
a

for all xe[a,b], provided that 1~  exists.
a

Lemma 2.4[3]
Let o,feR,f>-1. If x>a then

_q)ath
X Vi (x-a) L(5+1) a+[f#negative integer
| %t -a)” = [+ [+1)
4 0 a+ f3=negative integer

3. Main results

In this section we get some results about the solution of an
extraordinary differential equation.

Theorem(1)
The extraordinary differential equation
AD"y+BD”y+Cy(x) =0 n-l<a<n (3.1.1)
has a solution of the form y(x)= yo(X)+ yi(X) +Yy2(x) ... , for the initial
. n1C (x—a)* P 1 C_ x*P
condition y(a)= P , and y(0)=>—L"——— | where
pZ:‘)F(a—erl) Z1"( -p+1

A,B,C, CyC; ... are constant, and m is integer.
Proof: (Adomain Decomposition method )

d m
Suppose that L =
dx ™
The Adomain decomposition method provide, we can write

D"y(x) = —%[BD“ y + Cy(x)]

d"y -—-1| _d%y
= B + Cy(Xx 3.1.2
dx™ A [ dx“ y( )} ( )

operate equation (3.1.2) by L™ getting
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y(x):—l BL™ d”y +CL™*(y) | thisimplies that
Al dx“
1[ d My de My
X)=——C +B
y(x) Al dx™ dx*™™m }

In the light of the Adomian decomposition method, we assume

Y(X)= Yo(X)+ y1(X) +ya(x) ...
To be the solu:[ion of equation (3.1.1) ,where
1 d™" Yo gem Yo
yl(x) A - + FNCED }

by using Coro__llary (2.3) we get

1|~ m “m-a
C:) yO(t)+B|O Yo()

Xm n-1 Cpta_p Xm—a n-1 Cpta_p
y1(x)=—"|C1 I a— Y L —
by using lemma(2.4) we get
y,(x)=—"{C = By P
A p—0 I'(ac—p+m+1) p—=0 I'(m—p+1)
i d—m da—m
yo(X)= Lic y1+B Y1
Al dx—M dx ¢—M
by using Corollary (2.3) we get
y (x):—i C)I( my +B)I( Mm-—a
2 A 0 1 0 1
I X n—1C . t#—pPtm X n-iCc. tM=P
y2(x)=ic2|m s _P 1My P
A2 0 p=0 I'(a—p+m+1) 0 p=0 r(m-p+1
a—p+m m-p
+BC)I(m_a nz—lcp t +BZ)I(m_a n—licpt
0 p=0 I'a—p+m+l) 0 p=0 '(m-p+1)

by using lemma (2.4)
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1 2”_1Cp Xa—p+2m _1Cp X2m—p
y2(x)=—2 c™ X +2CB X
A p=0 I'(a—p+2m+1) p= —o I'2Cm—p+1)
2m-a—p
n-1C X
+82 > P

p=0 r@2m-a-p+l)

d—m da—m
y3(x): 1 C y2+B Y2
A dx —™M dx ¥—M

by using the:CoroIIary (2.3) weget
y (x)=—iC)l(my +B)I(m_ay
3 Al o 2 2

by using Iem;na(2.4)

1 3n—1Cp Xo:—p+3m . n—le X3m—p
yz(x)=—=73|C +3C +
A3 p—0 I'(a—p+3m+1) p=0 '(Bm—p+1)

_1C X3m—a—p n-1C X3m—2a—p

+38%C ¥ B3y _P
p= 0F(3m —a—p+l) p=0 r'3m-2a-p+1)
1 _1Cp Xa—p+4m 3 _1Cp X4m—p
y4a00=—lct's +4C°B %
A p— —_o I'(@—p+4m+1) p— —o '(4m— p+1)
, 2”‘1Cp 4m—a—p 3n—1Cp X4m—2a—p 4n—1Cp X4m—3a—p
+6B“°C“- ¥ +4CB*~ Y +B7 X
p= —o F(4m-a—p+1) p=0 r(4m-2a-p+1) p=0 r'(4m-3a—p+1)
1 _1Cp Xa—p+5m A n—le X5m—p
yg(X)=—% c?® > +5C "B X +
AD p=0 I'(aa—p+5m+1) p=0 rGm—-p+1)
5m—-a-p 5m-2a-p 5m—3a—p
+1082c3nz_1c—p ” +10C283n2_1Cp " +5CB4nZ_1Cp
p=0 réGm-a—-p+1) p=0 réém-2a-p+l) p= —o FGm-3a— p+1)
5n_1cp X5m —-4a—-p
+BY X
p= _o F(5m—4a—p+1)

and so on. Therefore the solution of (3.1.1) is y(X)=Yo(X)+y1(X)+Yya(x)+..
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n1C._ x%P J n_1Cp x & p+rm . 4c_ xM-P

p P
y(x)= % > +B ¥ |+
o= Or( a—p+l) A{ o=0 Dl@—p+m+1) "~ ;=g [(m-p+1)
1 2n—1Cp Xa—p+2m n—1Cp X2m—p zn—lcp >(2m—oc—p
+—lc?y +2CB Y - _4B4 Y
A2 p— —o l'(a—p+2m+1) p=0 r2m-p+1 p=0 r@2m-a—p+1)
. 3n—1Cp Xa—p+3m " n—le X3m—p " n—le X3m—a—p
- +3C“B > - +3B°C X +
A3 p— —o I'(a@—p+3m+1) p=0 rBm-p+1) p=0 r@Gm-a—p+1)
3m-2a-p —p+4m 4m—
8351 %p L leangtCr XTI ggngtCp X
p— “o FBm-2a-p+1) | A4 p—0 I'(a—p+4m+1) p=0 r(4m-p+1)
y Am—a—p Am—-2a-p 4m-3a—-p
2.2"1Cp X 3N1Cp X BAACp ¥ _
+6B“C“ Y +4CB*~ Y tB' X
p= —o I'(4m-a-p+l) p=0 I'(dm-2a-p+1) p=0 r'(dm-3a—p+l)
n-1C Xa—p+5m n-1C X5m—p n-1C 5m—a—p
1lch b By P ji08%c3y P
A5 p— _o F(e—p+5m+1) p=0 r'(5m-p+1) p— o FGm-a- p+1)
5m-2a-p 5m—3a—p 5m-4a-p
2,3"-1Cp 54" % 55" %
+10C “B* +5CB ™ ¥
p= —_o F(6m—-2a—p+1) p= —o FGm-3a- p+1) p=0 rem-4a—p+l)
+...  (3.1.3)
Example: To illustrate the procedure
3
let D?y(x)+D2y(x)+y(x)=0 l<a<?2
by using theorem (1) we get
3, T, u 5.,
X2 1 C, x2 1 C x*P | & C, x2 1C o x*P g X2
y(x) = z -1 pg +> p3 +> "13 +2) p5 +> p7
p= 01—*( ) p=01"(f_ p) p:Or( _p) p=01"(7_ p) p:OF( _p) p=0 (7_ p)
2 2 2

E*F’
1. C. x2 1 C. x&°P

C
I

p > p p
_ZT+SZm+3Z_: 11 +>° — }+

S, —p) P

19 13 7

-p 8 p - P 5-p P
+ZC X2 4icpx +6i C;5x2 +4icpx +i C, X?

p=0 F(— —p) o0 I'(9—p) (=2~ p) o (6—p) = r(g —p)
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3 5 7 9 u 15 7

y(x):CO x* Cq x2+C0 x?2 Cox* Gy x2+2C0 x* .G, X2+C0X2 .G x* Cyx? +C0x2
5. T 7. T® NG 11 18 ") A7 19

I'= I'= = I'— I'(— I'— I'—

) ) () &) TE) ) TG

1 E 5 ] 13 y
C,x? C,x C/x2 C, x* C/x2 _C/ x> C/x2 C,x2 C,x?

+ + + +..
3y T@ 2y TE o T@ AL 10 19
1"(2) F(Z) 1"(2) 1“(2) F(z) 1"(2)
Theorem(2)
The extraordinary differential equation:
ADMy +BD %y +Cy (x )=0 n—l<a<n (3.2.1)
has a solution of the form y(X)= yo(X)+ y1(X) +Yy2(x) ..., for the initial

1.k

condition y (0)= nz X—y (k)(O) which is a Taylor polynomial of order (n-1)
k1
k=0 ""

fory, centered at 0, where A,B,C are constant and m is integer.
Proof: (Adomain Decomposition method)
m
Suppose that =4
dx M

using the Adomian decomposition method, we can write
DMy (x )=—i[BD %y +Cy (x )}

m %
d’y =_1{B d”y +Cy (x )}

axM Al g«
(3.2.2)
Operating equation (3.2.2) by L™ we get

(04
y (X )=—i BL_l{dy}CL_l(y )} this implies that
A dx ¢

[ —m a—m
y (X)= 1Cd y+Bd y}
Al dx—M dx —Mm
In the light of the Adomian decomposition method, we assume
Y(X)= Yo(X)+ y1(X) +ya(x) ...
To be the solution of equation (3.2.1) , where

d—m da—m
yl(x): 1{0 y0+B yo}

A dx —™M dx &—m

by using Corollary (2.3) we get
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y100—Llc T My @B My @)

1 A€o Yo 5 0

yio—tle i m St kg mea T k)
1 AlT 0 kZol(k+D 0 K ZoT(k +1)

by using lemma(2.4) we get

1 n—1 Xm+k (k) n—1 Xm—a+k (k)
=——|C A 0)+B 0
y1() A{ CoT(mik+1)” ©)+ CoT(m—a+k+1)’ ©
d—m da—m
y2(x): L C yl+B Y1
Al dax—M dx ¢—M

by using Corollary (2.3) we get:

y (x)——iC)I(my +B)I(m_ay
2 AlCL YatBl 1

X n—1 m +k
1 C2| m t

n-1 tm—a+k
Yo(X)=—%
2 A2

(k) m (k)
o W Zormikn’ OB X Tmoarkan?  OF

n-1 {m+k n-1 ¢Mm-a+k

+BC)I( m-a s 7y(k)(0)+82)l( m-a s —y(k)(O)
0 k o L'(M+k +1) 0 k o L(M—a+k+1)

by using lemma (2.4)

1 2n—1 X2m+k n-1 X2m—a+k

_ 1 (k) (k)
Y200= 3 {C Zor@mik+1)” (0)+2CB CoT@m-a+k 1)’ ©

oN-l 2m—2a+k

(k)
B0 2 Tem 2a+ke1)) (O)]

d—m da—m
y3(x)= L C y2+B Y2
A dx —M dx #—M
1 n-1 X3m+k n-1 X3m—a+k
73097512 X ramekn? OB T YO
A k —o I'(3m +k +1) k —o I Gm—a+k +1)
n-1 X3m—20;+k n-1 X3m—3a+k
BC ¥ v oee’ s v 0o
k =0 (Bm—2a+k +1) k =0 I (3m—3a+k +1)
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n-1 ,4m+k (k) 3 Nn-1 x 4m—a+k (k)
V4<X):A4{C CoT@mkp? OB ZOF(4m —arksy? O

n-1 4m—-2a+k n-1 4m-3a+k
6B 2C 2 z X y &) (0)+acB3 z X y )0
_ol'(4m-2a+k +1) _o'(4m—-3a+k +1)

-1 4dm—-4a+k
.84 nz X (k)(O)}

k —oL(4m 4a+k+1)

ye(x)=—z|C y®oyrscds s y ) 0)+

AD Kk —o T(6m +k +1) k —o F'(6m —a+k +1)

1{ 5n2_1 » 5m+k -1 5m-a+k

n-1 5m—-2a+k n-1 5m—-3a+k
108%c3 'y X y &K)o)+10c 283’y X y &) 0)+
Kk —o L (5m- 2a+k+1) k—oL(dm 3a+k+1)
(k)(o)}

n-1 X5m—4a+k n—l X5m—5a+k
5CB4 3 (k)() 5

k=o' (5m 4a+k+1) k 0F(5m 5a+k+1)

and so on. Therefore the solution of (3.2.1) is y(X)=Yo(X)+Yy1(X)+Yy2(x)+...
_1 k
y ()= y ©)(0)- {

y K)
(o k! (O)}

1 {Czn_l x 2m+k n-1 ,2m-a+k (k)(O)

_1 x M+k _1 x M—a+k

2y y 2
k—ol(m+ k+1) K OF(m— +k+1)

(k)
Coremiksy? (OB kZO r@m—a+k+1)°

A2

2n_1 X2m_2a+k (k)(O)} { :ﬂl—lﬂ (k)(o)+:3(: B _1M (k)(o)

+B
ZO r(2m-2a+k +1) ZO r'(3m+k +1) Z:0 rBm-a+k +1)

RN R S i (D RN ol S (O RO
A4 K OF(4m+k+1) kK —o T (4m a+k+1)
n-1 .4m-2a+k n-1 4m-3a+k
+68%c?2 v FX y &) (0)rac3 v X y &0
k —o [ (4m—2a+k +1) k -l (4m 3a+k+l)
n-1 ,4m-da+k n-1 b5m+k
84y y K)oy |-L]c5 Z Xy
k —o T (4m—4a+k +1) A5 —o T (5m+k +1)
-1 5m—a+k n-—1 5m—2a+k
rsctg s FX y &) oy+1082c3 v X y () 0y+
kK =o' (dm a+k+1) kK=ol (dm— 2a+k+1)
n-1 ,5Sm-3a+k n-1 5m —4a+k
+10c283y X y®oyesc? X y &0
k =0 (5 —3a+k +1) k—ol(5m 4a+k+l)
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n-1 yom-5a+k

5 (k) 3.2.3
B 2 rem-sarky’ O (3.2.3)
Example: To illustrate the procedure
3
let Dy(x)+D2y(x)+y(x)=0 l<a<?
YO =32y 0 =y @ +x O
k=0
y© 0)=¢C, , y®(0) =C,
by using theorem (2) we get
Y00 =3y 0| F Xy X o) b3 X ym)
=g1 ST(k+2) Sre.h ST(E+K)
2
2083y OO+ 3 X YOO -3y (0) -85 Xy 0)
=N =203 A T(4+K) = PN
2 2
N y®(0) - L X2 ® (0 +...
z(kn ©) ;nwﬁf ©)
Provided (k-1#negative integer number)
x? x7 X2 x? x® X2 X2
y(x)=(C, +Cx)-(C,x+C,—)-(C,——+C,—)+(C; —+C,—) +2(C, ——+C,
TOT gy rd e e Gy e
x? x* x% x2 x_g x_%
+(Cyx*+C)-(Cy——+C,—)-3(C,——+C, -3(C, +C,x)—(C, +C, )+ ...
e ey ) re) o)

by using lemma(2.4) we get (C,x* =0),there for the solution is

3 1 1 3

x —coxl2 _2C,+2C, ; Cx -, 2
r->) ') INCS ) I(
5

2

2 3
X X
+C,

: +-C,
5) °T @A) '(4)
2

X 2 X 2 X 2 x 2 X x® x4

—- £ 1r(3)_& Clr(4) —Clr(5)+...
re) re) e ro)
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