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 الملخص

 تناولنا في ىذا البحث دراسة شرط الحل لمعادلة تفاضمية خطية غير متجانسة من الرتبة  
ومن خلال ىذه الدراسة توصمنا إلى انو إذا كان  .حدودية غير متجانسة شروطمع  ةالسادس

إذا  وذلك الصفري فأن مسألة القيم الحدودية غير المتجانسة ليا حل لممسألة المتجانسة حل غير
. وقد تم تأكيد النتائج من خلال المثال التوضيحي المعطى الحل المتجانس شرط قق الحد غيرح

                                                                                              
Abstract 
  This paper is concerned with the solvability condition for 

nonhomogenous linear boundary value problem for sixth-order ordinary 

differential equation. 

 Throughout this study, we observed that, when the homogenous 

problem                                                                                                                                                                                                                                                                                                                                                                                                                                                                    

have nontrivial solution,then the nonhomogenous boundary value 

problem have a solution in case of nonhomogenous term that satisfied the  

solvability condition. 
We justified our results through the given example. 

Keywords :Sixth-order boundary value problem, self-adjoint problem. 

 
(1)-  Introduction     
            There is a relationship between homogenous and nonhomogenous 

linear boundary value problem as there is between homogenous and  

nonhomogenous linear algebra system. A nonhomogenous boundary 

value problem has a unique solution and the corresponding homogenous 

problem has only the trivial solution, then a nonhomogenous problem has 

either no solution or infinity many, and the corresponding homogenous 



Investigation of solvability condition for sixth-order boundary value problem. 

71 

problem has nontrivial solution Boyce [1]. The solvability condition is 

derived for the case of fourth –order nonhomogenous boundary value  

problem Nayfeh [4]. In Mahmood et al [3] and Mahmood [2],                         

the solvability condition for certain eigenvalue problem by perturbation 

method was studies .In both Noor et al [5] and Shen [6] applied the 

homotopy perturbation method for solving fourth –order boundary value 

problems and fifth–order boundary value problems. 

           This paper deals with investigation of the solvability for the 

following boundary value problem  
              xpxpxpxpxpxp IVVVI

123456                    

                                                      xfxp  0
               …(1.1)                                                                                              

 

            654321 ,,,,,   bbbaaa      …(1.2) 
   

 Where     6 ,5 ,4 ,3 ,2 ,1,,  ibacxP i
i

,   06 xP  in the interval 

[a,b] and  xf  is continuous function in the same interval and also        

654321 ,,,,  and    are real constants. 

 
(2)-  Solvability Condition for the problem  

 In this section, we will try to give a theorem which is the main basis 

of solvability condition for the problem (1.1). It is worth noting that when 

the homogenous have a nontrivial solution, the nonhomogenous 
equations have a solution if and only if the nonhomogenous parts satisfy 

a solvability condition [4].   
 

Theorem  

        The desired solvability condition that the problem (1.1-1.2) has a 

solution is  
VIVIV

uPuPuPuPuPuPuP 666556666 510()4([    

2566364455
)4([])4  uPuPuPuPuPuPuP

IV
b

IV   


b

a
a

IVVIV dxxuxfuPuPuPuPuPuP )()(])4510( 1455666                                                                                                                      

                                                                                                          …(2.1)       

Proof 

         To determine the solvability condition for the problem (1.1-1.2) we 

multiply (1.1) by  )(xu  and integrate it from ax   to bx  ,  we obtain   

 

b

a

b

a

b

a

IVb

a

Vb

a

VI dxuPdxuPdxuPdxuPdxuP   23456   

                              dxxfxudxuPdxuP
b

a

b

a

b

a
    01            …(2.2) 
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 We integrate by parts the integrals in (2.2) to transfer the derivatives 
from    to u ,  we note that  

      
b

a

IVVb

a

V
b

a

Vb

a

VI uPuPdxuPuPdxuP || 66666 





   

                                            
b

a

IVVb

a

IV uPuPuPdxuP |6666  






   

                                   
b

a

IVVb

a
uPuPuPuPdxuP |66666  








   

                        
b

a

IVIVVb

a

IV
uPuPuPuPuPdxuP |666666  








   

                         








 
IVIVVb

a

V
uPuPuPuPuPdxuP 666666

 

                
b

a

VI
b

a

V
dxuPuP  | 66   

 In similar way 

        






 uPuPuPuPdxuP IVb

a

V
55555    

b

a

V
b

a

IV
dxuPuP  55 | , 

         









b

a

IV
b

a

b

a

IV dxuPuPuPuPuPdxuP  444444 | , 

      









b

a

b

a

b

a

dxuPuPuPuPdxuP  33333 | , 

    






b

a

b

a

b

a

dxuPuPuPdxuP  2222 | , 

  



b

a

b

a

b

a

dxuPuPdxuP  111 |  

 
 Therefore we can rewrite (2.2) as  

               









b

a

IVVVI
dxuPuPuPuPuPuPuP 0123456   

               








 uPuPuPuPuPuP IVV
456566  

               












 uPuPuPuPuPuPuP

IV
4563456   

              









 uPuPuPuPuPuPuP

IVV

2345623   

   
b

a

b

a
dxxuxfuP )()(1                                                          …(2.3)  

           To find the differential equation describing the adjoint u , we set 
the coefficient of   in the integral on the left –hand side of (2.3) equal 

zero, we have:  
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              00123456 








 uPuPuPuPuPuPuP
IVVVI

                 …(2.4)    

which is the adjoint homogenous differential equation corresponding to 

(1.1). In order that the homogenous differential equation (1.1) be self – 
adjoint, (2.4) must be the same as the homogenous equation (1.1). 

           Expanding the derivatives in (2.4) and obtain          

     456456566 410205156 PPPuPPPuPPuP IVVVI   

                456234563 456361015 PPPuPPPPPuP IVVIV   

   023 0123456123  uPPPPPPPuPPP IVVVI             …(2.5) 

Comparing (2.5) with (1.1) we obtain  

565 6 PPP   

4564 515 PPPP   

34563 41020 PPPPP   

234562 361015 PPPPPP IV   

1234561 23456 PPPPPPP IVV   

01234560 PPPPPPPP IVVVI   

or  

65 3PP         ,    463 25 PPP        ,     2461 3 PPPP V   

      Then (1.1) becomes   
    264466 523 PPuPPPP IVVVI   03 0246   PPPPV  

      Which can be written as  

      42642

2

63

3

3 PP
dx

d
PP

dx

d
P

dx

d
    03 06   PP IV   …(2.6)  

 To determine the boundary conditions for u , we consider the 

homogenous problem that is: put  0f  in (2.3) and using (2.4), we have  

                









 uPuPuPuPuPuPuP IVV

6456566   

                














 uPuPuPuPuPuPuPuP
IV

23456345  

             0123456 









b

a

IVV
uPuPuPuPuPuP              …(2.7) 

 But for the homogenous problem 

            0 bbbaaa   

           Hence (2.7) becomes   

               buPuPuPbuPuPbuP
b

IV

b

V

b
 





 











 




456566
|           

             






 uPuPauPuPauP IV

a

V
a 56566 |       04  auP

a
  

                                                                …(2.8)                                                                             
 

We choose the adjoint boundary conditions  such that each of the 
coefficients of  
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           aandaabbb IVVIVV   ,,,,  

 Vanish independently in (2.8),we get  

            0,0,0,0,0,0  bububuauauau                    …(2.9) 

         To determine the solvability condition for the original problem and 

by using the relations (2.4), (1.2) and  (2.9) in (2.3), we have  

    IVVIVIV uPuPuPuPuPuPuPuPuP 556665666 45104 

   

b

a

b

a fudxup 4         

or 

   uPuPuPuPuPuPuPuP VIVIV 
5666556666 45104   

     uPuPuPuPuPuPuP
IV

b

IV  6256636445
104   

  
b

a
a

IVVIV dxxuxfuPuPuPuPuP )()(45 145566   

 
(3)-  Illustrative  Example 
           This example concerns the solvability condition of the following 

boundary problem : 

xyyyy IVVI  2cos230478456 5642   

654321
)1(,)1(,)1(,)0(,)0(,)0(   yyyyyy  

Using the theorem we have 
6

01
4

23
2

456 2304,0,784,0,56,0,1   ppppppp  

 The general solution of boundary value problem is  

xxxc

xcxcxcxcxcy





2sin
1536

1
6sin

6cos4sin4cos2sin2cos

6

54321





                                                   

The general solution of adjoint equation is 

xxxxxxu  6sin6cos4sin4cos
3

8
2sin52cos

3

5
  

and the adjoint boundary condition  

543

543

8640)1(,640)1(,240)1(,0)1()1()1(

8640)0(,640)0(,240)0(,0)0()0()0(









VIV

VIV

uuuuuu

uuuuuu
 

Hence the solvability condition  

5

14

5

25

4

36

3

1

325

2

4

3

3

4

25

56

3

6

5
)(4800)(640)(240

))240(568640(

640240())240(568640(640240












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1536

2
,, 251436


 if  

We have    55

6

5

6

5
   

That is    R.H.S  =L.H.S 

 
(4)-  Conclusions  
              Through out the investigation of the solvability condition of 

sixth–order boundary value problem (1.1-1.2), we have seen that if the 

homogenous problem has non trivial solution, the corresponding 

nonhomogenous problem has a solution if the nonhomogenous term 

satisfied the condition  (2.1). 
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