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Abstract

This paper is concerned with the solvability condition for
nonhomogenous linear boundary value problem for sixth-order ordinary
differential equation.

Throughout this study, we observed that, when the homogenous
problem
have nontrivial solution,then the nonhomogenous boundary value
problem have a solution in case of nonhomogenous term that satisfied the
solvability condition.
We justified our results through the given example.
Keywords :Sixth-order boundary value problem, self-adjoint problem.

(1)- Introduction

There is a relationship between homogenous and nonhomogenous
linear boundary value problem as there is between homogenous and
nonhomogenous linear algebra system. A nonhomogenous boundary
value problem has a unique solution and the corresponding homogenous
problem has only the trivial solution, then a nonhomogenous problem has
either no solution or infinity many, and the corresponding homogenous
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problem has nontrivial solution Boyce [1]. The solvability condition is
derived for the case of fourth —order nonhomogenous boundary value
problem Nayfeh [4]. In Mahmood et al [3] and Mahmood [2],
the solvability condition for certain eigenvalue problem by perturbation
method was studies .In both Noor et al [5] and Shen [6] applied the
homotopy perturbation method for solving fourth —order boundary value
problems and fifth—order boundary value problems.

This paper deals with investigation of the solvability for the
following boundary value problem

Ps ()" + s (X)p" + p, (X" + p; (X" + p,(X)p" + py(X)ep' +
+Po(X)p = f(x) -(1.1)

p@)=p,¢'a)=B,.¢"(@)= B, 0(b) = B,.¢'0)= B5.9"(0)= 5 ...(1.2)

Where P(x)ec'[a,b],i=1234,56, Py(x)#0 in the interval
[a,b] and f(x) is continuous function in the same interval and also

B, Bor Bs, i, B and g, are real constants.

(2)- Solvability Condition for the problem

In this section, we will try to give a theorem which is the main basis
of solvability condition for the problem (1.1). It is worth noting that when
the homogenous have a nontrivial solution, the nonhomogenous
equations have a solution if and only if the nonhomogenous parts satisfy
a solvability condition [4].

Theorem
The desired solvability condition that the problem (1.1-1.2) has a
solution is
[Pu"B, + (4Pu" + Pu" —Pu™ B — A0PL" +5Pu" + Pu
—4PU" —RUu" +Pu™B,], —[PU"B; + (4PU" + Pu" —Pu™) 5,
—(0PL" +5PU"Y +PuY —4PUu" - PRPu" + PUM A, = T (x)u(x)dx
a

..(2.1)
Proof
To determine the solvability condition for the problem (1.1-1.2) we
multiply (1.1) by u(x) and integrate it from x=a to X =b, we obtain

"

b b b b b
1Pu@” dx+Pugp’ dx+ (Pug" dx -+ Pue” dx+ [ Pug” dx+
a a a a a

+?lep’ dx+?POU(pdx:?u(x)f(x)dx (2.2
a a a
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We integrate by parts the integrals in (2.2) to transfer the derivatives
from ¢ to u, we note that

b b p ' ' b
1P dx=(Ru)p” |- 1(Ru) ¢"dx = [Pug’ ~(Pu) 0" |

b " 14
+£(P6u) p" dx = [PGU(/’V _(PGU) " +(P6U) Q"

"

b " !/ "
~1(Ru) ¢"ox= Pug’ ~(P) @" +(Pu) ¢"—(Pu) ¢"

b

|
a
b
|
a

b ' " " b
+1(PW)" o'tk =[Pup” <Pu) 0" +(Ru) 9"~ (Ru) ¢'+(Pu)" ']
a

b ! n
—i(PGU)V p'dx = [PsU(PV ‘(Peu) p" + (Peu) (PW‘(PGU) @'+ (PGU)IV ¢’

b
- (Peu)v @+ lF(PGU)VI @ dx
a a

In similar way

"

b
tJ)PU(p dx = [P ugp" Pu) go'"+(Pu) 0" —(Pu) (p'+(P5U)IVg0|—?(P5U)V X,
a a

a
m b D

o]+ [(Pu)" gdx,

a 3

b

IPUgo'de [Pup” —(Pu) ¢+ (Pu) ¢ —(Pu)

b b

- (P
b b :

¢)|+J. ) @dx,
a a

II

IP3U(PWdX:[P3U(P —(Pyu) (P "+ (Ru) ¢
a

I

b
[Pougdx =[Pue’
b
[Rupdx=[Pug - j (Ru) gdx
a a a

Therefore we can rewrite (2.2) as

T(p[ (Pa)" ~(R)" + (R)" —(P)” +<P2u)" () + (Ru)lix

z( ke’ () - (Ru)b +{ f+Ru)r
(;(m)()(a) ((><5><>,
—(Ru) + Pu)(p ((Pu Ru)’ +(Ru) —(Ru) +(Ru)
- (Ru)lp}? =11 (9 u(x) dx (23)

To find the differential equation describing the adjoint u, we set
the coefficient of ¢ in the integral on the left —hand side of (2.3) equal

zero, we have:

¥@:
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(Ru)" ~(Ru)’ +(Ru)" ~(Pu) +(Pu) ~(Ru) +(Ru)=0 - (2.4)

which is the adjoint homogenous differential equation corresponding to

(1.1). In order that the homogenous differential equation (1.1) be self —

adjoint, (2.4) must be the same as the homogenous equation (1.1).
Expanding the derivatives in (2.4) and obtain

Pu” + (6P, — P, )u’ +(15P/ 5P, + P, )u" +(20P,/—10P+ 4P,
—R)u"+(15P —10P"+ 6P/~ 3P} + P, b +(6PY —5R," +4P)"

—3P+ 2P~ R+ (R —RY + P — P /- R+ P, )Ju=0 ...(2.5)
Comparing (2.5) with (1.1) we obtain
P, =6P; —

P, =15P/-5P, + P,

P, = 20P/-10P/+ 4P, — P,

P, =15PY —10P/+6P; —3P; + P,

P =6P/ —5R" +4P/—3P;/+2P, - P,

P=R"-R +PY -P+P/ —P+P,

or

PR=3F , R=-5P"+2P, , PR=3R -P/+P,
Then (1.1) becomes

P! + 3Pl + Py +(2Pu—5R )" + Pyp” +(3RY — P+ P} + Prp =0
Which can be written as

" d2 " d " \Y) %D') _
(Psp™)+ ™ —— (P, =3P )+&((P2—P4+3P6 +Pp=0 ...(2.6)

To determine the boundary conditions for u, we consider the
homogenous problem that is: put f =0 in (2.3) and using (2.4), we have

{(PGU)(D’\'/ - ((PGU,)’ - (PSU)}DN + ((Psu)" - (F{:,u")’, + (F)zlu),},p"' B ((Pb;u)m
~ (o) +(Ru) - Ru) + (RU)Y - () + (Ru) - (Ru) + (Pu)ly

~(rw) - Ruy + () (R + (R ~(Rulf =0 @7
But for the homogenous problem

p(a)=¢'(a)=¢"(a)=p(b)=¢'(b)=¢"(b)=0

Hence (2.7) becomes

Pul, ¢ (b)-| (Ru) - <Pu)}b
Rl o' @)+ [P) —(Ru)l0" @)-Pu) ~ (Ruf + (Pu) ], o7(@)=0

..(2.8)

We choose the adjoint boundary conditions such that each of the
coefficients of

g®:

d3
dx®

0" (b)+ [(Pu)” - (Ruf + ()] #7(0)

b
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@' (b).¢" (b),9"(b), ¢’ (a),0" (a) and ¢"(a)
Vanish independently in (2.8),we get
u(a)=0,u'(a)=0,u"(a)=0,u(b)=0,u’(b)=0,u"(b)=0 ..(2.9)
To determine the solvability condition for the original problem and
by using the relations (2.4), (1.2) and (2.9) in (2.3), we have

P6U,”§0”+(4P6'Um+ PGUIV _ B’U,”)(DI—(].OPG,U”"FSP(;UIV + P6UV _4P5rum_ P5uIV +

b
+p,u" o) =I fudx

or
[Pu"s, +(4Pu" + U™ —Pu”) 4, —(10PU" + 5PU" + Py’ —4PU"
“Ru" +Pu)g, ], —[Pu"s, + (4P + PU" —Pu") 8, —(10PL"
5Pu" +Pu¥ —4PUu”"-Pu" + P4u’”),81]a =T () u(x) dx

a

(3)- Hlustrative Example
This example concerns the solvability condition of the following
boundary problem :

2.,V

y' +567°y"Y +784x"y" +2304x°y = ° cOS27X

y@) =4 .Yy () =4,.Y"(0) =4, yD=4,.yD =45y D=4

Using the theorem we have

ps=1,ps=0,p,=567",p, =0 ,p,=784x" ,p, =0, p, = 2304~°
The general solution of boundary value problem is

Yy =C,C0S27 X+ C, SiN 277 X+ C5 COS47 X +C, SN 47 X+ C; COS67 X +

: 1 :
+ CgSIN 67 X + Fxsm 27 X
The general solution of adjoint equation is

u :200327zx—55in an—gcos47zx+sin A7t X +COS 67 X +SIn 6.7 X

and the adjoint boundary condition
u(0) =u’(0) =u"(0) =0, u”(0) =—240~>,u" (0) = 640z*,u¥ (0) =86407°

u@=u'()=u"@) =0, u"()=-240~%u" (1)=6407"u" (1) =8640~"
Hence the solvability condition
—2407° B, + 640, —(86407° + 567> (~240)) B, — (-2407° B, + 6407 B, —

—(86407° +567%(-2407°)) B,

= —2407[3(ﬁ6 - f.)+ 6407[4(ﬂ5 -p,) + +4800725(,B4 -p) = gf’
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L
5. 5 .

We have =Zx°==r
6 6

Thatis R.H.S =L.H.S

(4)- Conclusions

Through out the investigation of the solvability condition of
sixth—order boundary value problem (1.1-1.2), we have seen that if the
homogenous problem has non trivial solution, the corresponding
nonhomogenous problem has a solution if the nonhomogenous term
satisfied the condition (2.1).
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