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 الخلاصة:

فتهحتة بالطاتامي  الط الطستطا  الطفتهحتةمتن الطاتامي   من هذا البحث هه استتددام وته الهدف 
أصظاف من فضتااات دتديهيات افوفصتال للطاتامي  الطفتهحتةف الطفتهحتة  عد لدراسة  i [9]-من الظه 
 .ظا ددراسة العلاقة ديظهافضلا عن ذلكف قط شبه الطفتهحة. و -من الظه 
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Abstract: 
The purpose of this paper is using a class of open sets called i-open 

sets [9] to study some classes of separating axioms spaces for open,  -open 

and semi-open sets. Further, we studied the relations between such spaces. 
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Levine in 1963[5], introduced the concept of semi-open sets which 

improved many important basic theories of the general topology. Njastad in 

1965[10], introduced the concept of  -open sets which is a subclass of 

generalized open sets. Also Levine in 1970[6] introduced the concept of 

generalized closed sets.. Mashhour A.S., Abd El-Monsef M.E. and El-Deeb, 

S.N., in 1982[8], introduced the concept of Pre-open sets. Dontchev and 

Maki, in 1999[3], introduced the concept of  generalized closed sets. 

Devi, R., Selvakumar, A. and Parimala, M., in 2011[2], introduced the 

concept of setsclosed in topological spaces, which, it is complements 

were called setsopen . Mohammed and Askandar In 2012 [9], 

introduced the concept of i-open sets which they could to entire them 

together with many other concepts of Generalized open sets mentioned 

above. In 2006 Fatima, M. Mohammad introduced Pre- Techonov and Pre-

Hausdorff Separation Axioms in Intuitonistic Fuzzy special topological 

spaces [4] by using the concept of Pre-open sets [8]. In 2011 Y.K. Kim, R. 

Devi and A. Selvakumar used setsOpen [2] to introduce the concept 

of Weakly Ultra Separation Axioms [12]. In 2012 Al-Sheikhly, A.H. and 

Khudhair, H.K.[1] introduced another Type of Separation Axioms Depend 

on an setopeng  [3]. The aim of this paper is to introduce another type of 

Separating Axioms spaces depend on i-open sets [9] for compare with the 

other separating axioms spaces. This work consists of two sections. In the 

first one, i-open sets[9] are defined and many related examples have been 

gave, the comparison between i-open sets, semi-open  and α-open sets 

respectively are investigated, New class of mappings named, i-continuous 

[9] are introduced and comparison among i-continuity [9], continuity [11], 

semi-continuity [5] and α-continuity [13], are investigated (see Corollary 

1.28). In the 2
nd

 section, we study many types of separating axioms spaces as 

like as (
T ,

1
T  , 

2
T  , 

3
T  , 

)
2

13(
T , 

4
T  and 

5
T ) [11], (

T ,
1

T  , 
2

T  , 
3

T  , 
)

2
13(

T , 

4
T  and 

5
T ), (

s
T

,
s1

T  , 
s2

T  , 
s3

T  , 
s)

2
13(

T , 
s4

T  and 
s5

T ) and (
i

T
,

i1
T  , 

i2
T  , 

i3
T  , 

i)
2

13(
T , 

i4
T  and 

i5
T ) by using open,  -open[10], semi-open[5] and  i-open 

sets[9] respectively. We give many examples to show that the converse may 

not be true. Also we discuss the relation among them. (See Corollary 2.5 and 

Corollaries 2.29). Throughout this work,  ,X  and  ,Y  are always 

topological spaces and f is always a mapping from  ,X  into  ,Y . 



Amir A. Mohammed       Sabih W. Askandar 

 

130  

 

1. i-open sets 

In this Section the concept of i-open sets [9] is defined and their 

position with the some other classes of generalized-open sets is determined. 

New class of mappings named i-continuous [9] is introduced and 

comparison between i-continuity [9], continuity [11], semi-continuity [5] 

and α-continuity [13], are investigated. 

Definition1.1.  [9]  A subset A of ),X(   is said to be an i-open  if there 

exists an open set G≠ , X such that A  Cl(A∩G) .The complement of an i-

open set is called i-closed set. 

Example1.2. Let X= {a, b, c}, τ= { , {a}, {a, c}, X} by Definition 1.1, i-

open sets are: ,{a},{a, c},{c},{a, b},{b, c},X. 

Example1.3. Let X= {d, e, f}, τ= {  ,{d},{e},{d, e},X}. Therefore; i-open 

sets are:  ,{d},{e},{d, e},{d, f},{e, f},X. 

Theorem1.4. [9] Every open set in a topological space is i-open, but the 

converse is not true. 

Example1.5. Let X= {g, h, i}, τ= { , {g}, {g, i}, X}, A= {g, h}. A= {g, h} is   

i-open set but it is not open. 

Corollary1.6. [9] Every closed set in topological space is i-closed.                           
 

Theorem1.7. [9] Every semi-open set in a topological space is i-open. 

Example1.8. Let X = {j, k, l} , τ={  , {j, k},X}, A={j, l} is i-open set but is 

not semi-open  in (X, τ) . 
 

Corollary1.9. [9] Every α -open set in a topological space is i-open. 

The converse of Corollary 1.9 is not true. Indeed, In Example 1.8 we see that 

A = {a, c} is i-open set but is not α -open [A Int (Cl (Int (A)))]. 
 

Corollary1.10. [9] By theorem (1.4), theorem (1.7) and corollary (1.9) we 

have the following Diagram. 

OPEN SETS 

 

 

α –OPEN SETS 

 

 

SEMI-OPEN SETS 

 

 

i-OPEN SETS 
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Definition1.11. [9] the extension τ
i
 is the family of all i-open subsets of 

space X. 
 

Definition1.12. Let (X, τ
i
) be a topological space and let A be a subset of X 

then,   

1. The intersection of all i-closed sets containing A is called i-closure of A 

[9], denoted by Cli(A): Cli(A)=
i

i

F


 . iFA
i
  Where,

i
F  is i-closed set 

i in (X,τ
i
). Cli(A) is the smallest i-closed set containing A. 

2. The union of all i-open sets contained in A is called i-Interior of A [9], 

denoted by Inti(A). Inti(A)=
i

i
I iAI,

i
 , where Ii is an i-open set i in 

(X, τ
i
). Inti(A) is the largest i-open set contained in A. 

 

Definition1.13. A mapping  f: ),X(   ),Y(  is said to be i-continuous 

[9](respectively semi-continuous[5]) at the point Xx  if and only if for 

each open set I
*
 in ),Y(    containing )x(f   there exists an i-open 

set(respectively semi-open set[5]) I in ),X(  containing 
x  such that f(I) 

 I
*
. f is i-continuous (respectively semi-continuous) map if it is i-

continuous (respectively semi-continuous) at all points of X. 
 

Theorem1.14. [9] A mapping f: ),X(   ),Y(   is i-continuous if and only 

if,   

1.  f
 -1

(I
*
) is i-open set in ),X(   for every open set I

*
 in (Y, δ). 

2.  f
 -1

(I
*
) is i-closed set in ),X(  for every closed set I

*
 in (Y, δ). 

 

Theorem1.15. [9] Every continuous mapping is i-continuous.            
 

Theorem1.16. [9] Every semi-continuous mapping is i-continuous. 

 

Definition1.17. [9] [13] A mapping  f: ),X(   ),Y(    is said to be α -

continuous at the point Xx  if and only if for each open set I
*
 in ),Y(    

containing )x(f   there exist an α -open set I in ),X(  containing 
x  such 

that  f(I) I
*
. f  is  α -continuous map if it is α -continuous at all points of X. 

 

Theorem1.18. [9] [13] A mapping  f is α -continuous if and only if   f
 -1

(I
*
) is 

α -open set in ),X(  for every open set I
*
 in (Y, δ).  

 

Theorem1.19. [9]  Every α -continuous mapping is i-continuous. 

Corollary1.20. [9] the following diagram is true: 
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Continuous Mappings 

 

 

α- Continuous Mappings 

 

 

Semi –Continuous Mappings 

 

 

i- Continuous Mappings  

 

2. i-Open Sets and Separating Axioms Spaces 
       In this section, we study new types of separating axioms spaces for i-

open, semi-open and  -open sets for compare and find many relations 

among them.  

 

Definition2.1. A topological space  ,X  is said to be 
T  space [11] 

(respect. 
T , 

s
T

[7]and
i

T
 space) if it satisfies Klomogorov axiom[11] 

(respect.  -Klomogorov, s-Klomogorov [7] and i-Klomogorov axiom):  

[
T (respect.

T , 
s

T
and 

i
T

(] 
)and,.respect(I)yx(Xy,x is   s.t. Iy,Ix  . 

 

Example2.2. Let X= {a, b}, τ= { , {a},X},    is ,  ,X ,  ,X  

,  s,X  and  i,X   are topological spaces.  
)ba(Xb,a   )and,.respect(}a{ is   s.t }.a{b},a{a   

Therefore;  ,X  is 
T , 

T , 
s

T
and

i
T

 space. 

 
Definition2.3. A topological space  ,X  is said to be 

1
T  space [11] 

(respect.   
1

T , 
s1

T [7],
i1

T  space)  if it satisfies Frechet axiom [11] (respect. - 

Frechet, s- Frechet [7] and i-Frechet axiom) :[ 
1

T (respect.
1

T ,
s1

T ,
i1

T )]  

),,.respect(I,I)yx(Xy,x is

21
  s.t.

2211
Ix,IyIy,Ix  . 

 

Example2.4. Let X= {a, b, c}, τ= { , {a},{b},{c},{a, b},{a, c},{b, c},X} 

,    is ,  ,X ,  ,X ,  s,X  and  i,X   are topological spaces. 
is ,,,}b{},a{)ba(Xb,a   , }a{b},a{a.t.s  }b{a},b{b  . 
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}c{a},c{c,}a{c},a{a.t.s

,,,}c{},a{)ca(Xc,a is



  

 

is ,,,}c{},b{)cb(Xc,b    

}c{b},c{c,}b{c},b{b.t.s  . 

Therefore;  ,X is 
1

T ,
1

T ,
s1

T ,and
i1

T -space. 

 

Corollary2.5. The following diagram is true. 

 
Proof: 1. Suppose that  ,X  is

1
T -space. 

Then,
21

I,Isetsopentwoexiststhere)yx(Xy,x    s.t. 
11

Iy,Ix  , 

22
Ix,Iy  . Since every open set is open  (corollary1.10).Then 

21
IandI  are open  sets. Therefore;  ,X  is

1
T -space (definition 2.3). 

2. Similarly, by using corollary1.10 and definition 2.3, we can prove 

every
1

T - space is
s1

T - space. 

3.  Similarly, by using corollary1.10 and definition 2.3, we can prove 

every
s1

T  -space is
i1

T  -space. 

4. From 1 and 2 we have, every 
1

T -space is 
s1

T  -space. 

5. From 4 and 3 we have, every 
1

T -space is 
i1

T - space. 

6. From 2 and 3 we have, every 
1

T -space is 
i1

T -space. ▄ 

 

Example2.6. Let  X= {1,2,3,4}, τ= { , {1},{1,2},{1,2,3},X}, 

}X},4,2,1{},4,3,1{},4,1{},3,1{},3,2,1{},2,1{},1{,{s    , 

}X},3,2{},3,1{},2,1{},3{},2{},3,2,1{},2,1{},1{,{i   , 

 ,X ,  ,X ,  s,X  and  i,X   are topological -spaces. 

Take, 21 : 
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1. There is no exists two open sets  
21

G,G  s.t.  
2211

G1,G2,G2,G1  , 

therefore;  ,X   is not 
1

T -space. 

2. There is no exists two  -open sets
21

,  s.t.  
2211

1,2,2,1   , 

therefore;  ,X   is not 
1

T  -space. 

3. There is no exists two semi-open sets 
21

S,S  s.t. ,S2,S1
11

   

22
S1,S2  , therefore;  ,X   is not 

s1
T -space. 

4. i

21
I,I)yx(Xy,x   s.t. 

2211
Ix,Iy,Iy,Ix  , therefore; 

 ,X   is 
i1

T -space. 
 

Definition2.7. A topological space  ,X  is said to be 
2

T -space [11] 

(respect. 
2

T , 
s2

T and
i2

T -space) if it satisfies Hausdorff axiom [11](respect. 

 -Hausdorff, s-Hausdorff and i-Hausdorff axiom:[
2

T (respect.
2

T , 
s2

T  and 
i2

T (]: 
)yx(Xy,x  ),and,.respect(I,I is

21
  

21
II   s.t. 

.Iy,Ix
21

   
 

Definition2.8. A topological space  ,X  is said to be: 

1. Regular space [11] (shortly R space) if it satisfies Vietoris axiom:[ R] if F 

is a closed set in X and Fx,Xx    
2121

SS,S,S   s.t. 

.Sx,SF
21

  

2.  -Regular space (shortly R - space) if it satisfies  -Vietoris axiom:        

[ R ] if F is an  -closed set in X and Fx,Xx    
2121

SS,S,S    

s.t. .Sx,SF
21

  
3. s-Regular space (shortly Rs space) if it satisfies s-Vietoris axiom:[Rs] if F 

is a semi-closed set in X and Fx,Xx   
21

s

21
SS,S,S   s.t. 

.Sx,SF
21

  

 4. i-Regular space (shortly Ri -space) if it satisfies i-Vietoris axiom:[Ri] if F 

is an i-closed set in X and Fx,Xx    
21

i

21
II,I,I   s.t. 

.Ix,IF
21

  

  

Definition2.9. A 
1

T - space[11] (respect. 
1

T , 
s1

T  and
i1

T -space) is said to be 

3
T [11] (respect. 3T , 

s3
T  and iT3 ) if it is Regular(respect.  -Regular, s-

Regular and  i-Regular). 
 

Definition2.10. A topological space  ,X  is said to be: 

1.  Normal space [11]   (shortly N space) if it satisfies Urysohn axiom: 
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[N]
2211212121

SF,SFt.sXS,SFF,XF,XFif  

,SSwhere
21

  .setsopenareS,S,setsclosedareF,F
2121

 

2.  -Normal space (shortly N - space) if it satisfies  -Urysohn axiom: 

[N ]
2211212121

SF,SFt.sXS,SFF,XF,XFif  

,SSwhere
21

  .setsopenareS,S,setsclosedareF,F
2121

   

3. s-Normal space     (shortly Ns space) if it satisfies s-Urysohn axiom: 

[Ns] 2211212121
SF,SFt.sXS,SFF,XF,XFif  

,SSwhere
21

  .setsopensemiareS,S,setsclosedsemiareF,F
2121

  

4. i-Normal space (shortly Ni space) if it satisfies i-Urysohn axiom: 

[Ni] 2211212121
IF,IFt.sXI,IFF,XF,XFif  

,IIwhere
21

  .setsopeniareI,I,setsclosediareF,F
2121

  
 

Definition2.11. A 
1

T  -space(respect. 
1

T , 
s1

T  and
i1

T -space) is said to be 
4

T  

[11] (respect. 
4

T , 
s4

T  and 
i4

T  if it is Normal(respect.  - Normal, s- Normal 

and  i- Normal). 
  

Definition2.12. A topological space  ,X  is said to be:  

1. Completely regular space [11] (shortly CR space) if it satisfies the 

following axiom:[ CR] if F is a closed set in X and Fx,Xx   there exists a 

continuous mapping  1,0X:f   s.t. 0)x(f,1)F(f  . 

2.  -completely regular space (shortly CR  space) if it satisfies the 

following axiom:[ CR ] if F is an  -closed set in X and Fx,Xx   there 

exists an  -continuous mapping  1,0X:f   s.t. 0)x(f,1)F(f  . 

3. s-completely regular space (shortly CRs space) if it satisfies the following 

axiom:[CRs] if F is a semi-closed set in X and Fx,Xx   there exists a 

semi-continuous mapping[5]  1,0X:f   s.t. 0)x(f,1)F(f  . 

4. i-completely regular space (shortly CRi space) if it satisfies the following 

axiom: [CRi] if F is an i-closed set in X and Fx,Xx   there exist i-

continuous mapping [9]  1,0X:f   s.t. 0)x(f,1)F(f  . 
 

Definition2.13. A 
1

T -space(respect. 
1

T , 
s1

T  and
i1

T -space) is said to be 

)
2

13(
T [11] (respect. 

)
2

13(
T , 

s)
2

13(
T  and 

i)
2

13(
T ) if it is completely 

Regular(respect.  - completely Regular, s- completely Regular and i- 

completely Regular). 
 

Definition2.14. A topological space  ,X  is said to be:  
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1. Completely Normal space [11] (shortly CN space) if it satisfies Tietze 

axiom:[CN] If, 
XS,SAA,XA,XA

212121
 

2211
SA,SAt.s 

setsopenareS,S,SS,setsseparatedtwoareA,Awhere
212121

 . 

2.  -completely Normal space (shortly CN  space) if it satisfies  - Tietze 

axiom:[CN ] if, 

2211212121
SA,SAt.sXS,S,AA,XA,XA  

setsopenareS,S,SS,setsseparatedtwoareA,Awhere
212121

  .  

3. s-completely Normal space (shortly CNs space) if it satisfies s- Tietze 

axiom: [CNs] if, 

2211212121
SA,SAt.sXS,SAA,XA,XA    

setsopensemiareS,S,SS,setsseparatedtwoareA,Awhere
212121

 .  

4. i-completely Normal space (shortly CNi space) if it satisfies i- Tietze 

axiom: [CNi] if, 2211212121
IA,IAt.sXI,IAA,XA,XA    

setsopeniareI,I,II,setsseparatedtwoareA,Awhere
212121

 .  

 

Definition2.15. A 
1

T - space (respect. 
1

T , 
s1

T  and
i1

T -space) is said to 

be
5

T [11](respect. 
5

T , 
s5

T  and 
i5

T  -space) if it is completely  

Normal(respect.  - completely Normal, s- completely Normal and  i- 

completely Normal). 

 

Example2.16. Let X= {a, b}, τ= { , {a},{b},X},    is  

 ,X ,  ,X ,  s,X  and  i,X  are topological spaces. 

Open, openiandopens,open   sets are:  , {a},{b},X. 

Closed, closediandcloseds,closed    sets are:  , {a},{b},X 

 )and,.respect(}b{},a{)ba(Xb,a.1 is    
}.b{b},a{a.t.s  Therefore;   ,X   is 

1
T , 

1
T , 

s1
T  and 

i1
T -space. 

)and,.respect(}b{},a{)ba(Xb,a.2 is   },b{b},a{a.t.s 

}b{}a{  . Therefore;   ,X   is 
2

T , 2
T , 

s2
T  and 

i2
T -space. 

}b{},a{setsopentwoarethere}b{aandsetclosedais}b{.i.3   

}.b{}b{},a{a.t.s  Therefore;   ,X   is Regular space. 

}b{},a{setsopentwoarethere}b{aandsetclosedis}b{.ii  

}.b{}b{},a{a.t.s  Therefore;   ,X   is  -Regular space. 

}b{},a{setsopensemitwoarethere}b{aandsetclosedsemiais}b{.iii 

}.b{}b{},a{a.t.s  Therefore;   ,X   is s-Regular space. 
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}b{},a{setsopenitwoisthere}b{aandsetclosedianis}b{.iv   

}.b{}b{},a{a.t.s  Therefore;   ,X   is i-Regular space. 

4. By (1) and (3) (i)(respect. (ii), (iii) and (iv)) we have:  ,X   is 
3

T -space 

(respect. 
3

T , 
s3

T  and 
i3

T -space).  

}b{},a{setsopentwoarethere,setsclosedare}b{},a{.i.5

}a{}a{.t.s  .}b{}a{},b{}b{,   Therefore;  ,X   is Normal 

space. 
}b{},a{setsopentwoarethere,setsclosedare}b{},a{.ii    

.}b{}a{},b{}b{},a{}a{.t.s   Therefore;   ,X   is  -Normal 

space. 
}b{},a{setsopensemitwoarethere,setsclosedsemiare}b{},a{.iii   

.}b{}a{},b{}b{},a{}a{.t.s   Therefore;   ,X   is s-Normal 

space. 
}b{},a{setsopenitwoaretheresetsclosediare}b{},a{.iv   

.}b{}a{},b{}b{},a{}a{.t.s   Therefore;   ,X   is i-Normal 

space. 

6. By (1) and (5) (i)(respect. (ii), (iii) and (iv)) we have:  ,X   is
4

T -space 

(respect. 
4

T , 
s4

T  and 
i4

T -space). 

 
.1})b({f,0)a(f.t.s}b{aand

setclosedais}b{andmappingcontinuousabe1,0X:flet.i.7




 

.1})b({f,0)a(f.t.s  Therefore;   ,X   is Completely Regular space. 

 
.1})b({f,0)a(f.t.s}b{aand

setclosedis}b{andmappingcontinuousanbe1,0X:flet.ii



 

Therefore;   ,X   is  -Completely Regular space. 

  setclosedsemiais}b{andmappingcontinuoussemiabe1,0X:flet.iii 

.1})b({f,0)a(f.t.s}b{aand  Therefore;   ,X   is s-Completely 

Regular space. 

  setclosedianis}b{andmappingcontinuousianbe1,0X:fLet.iv 

.1})b({f,0)a(f.t.s}b{aand  Therefore;  ,X   is i-Completely 

Regular space. 

8. By (1) and (7) (i)(respect. (ii), (iii) and (iv)) we have:  ,X   is
)

2
13(

T  -

space (respect. 
)

2
13(

T  , 
s)

2
13(

T  and 
i)

2
13(

T  -space). 

.}b{}a{where}b{}b{},a{}a{.t.s

}b{},a{setsopentwoarethere,X}b{},a{.i.9






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Therefore;   ,X   is Completely Normal space. 

.}b{}a{where}b{}b{},a{}a{.t.s

}b{},a{setsopentwoarethere,X}b{},a{.ii










 

Therefore;   ,X   is  -Completely Normal space. 

.}b{}a{where}b{}b{},a{}a{.t.s

}b{},a{setsopensemitwoarethere,X}b{},a{.iii






 

Therefore;   ,X   is s-Completely Normal space. 

.}b{}a{where}b{}b{},a{}a{.t.s

}b{},a{setsopenitwoarethere,X}b{},a{.iv






 

Therefore;   ,X   is i-Completely Normal space.  

10. By (1) and (9)(i)(respect. (ii), (iii) and (iv)) we have:  ,X   is 
5

T -space 

(respect. 
5

T , 
s5

T  and 
i5

T - space). 
 

Corollaries2.17. The following diagrams are true. 

i. 

                                                   T -space 
 

 

                                                    
T -space  

 

 

                                                    
s

T -space  
 
 

     
i

T - space        
Proof: 1. Suppose that  ,X  is

T space. 

Then   Isetopenexiststhere)yx(Xy,x    s.t. Iy,Ix  . Since 

every open set is open (corollary1.10).Then I is open  set. 

Therefore;  ,X  is
T -space (definition 2.1). 

2. Similarly, by using (corollary1.10) and (definition 2.1), we can prove 

every
T   -space is 

s
T

- space.  

3. Similarly, by using corollary1.10 and definition 2.1, we can prove every 
s

T
-space is 

i
T

 space. 

4. From 1 and 2 we have, every 
T -space is 

s
T

-space. 

5. From 4 and 3 we have, every 
T -space is 

i
T

-space. 
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6. From 2 and 3 we have, every 
T -space is 

i
T

-space. ▄ 
 

ii. 

                                                     
2

T -space 
 

 

2
T -space  

 

 

s2
T -space  

 

 

      
i2

T  -space       
Proof: 1. Suppose that  ,X  is

2
T -space. 

Then
21

I,Isetsopentwoexiststhere)yx(Xy,x  , 
21

II    s.t. 
1

Ix  

2
Iy,  . Since every open set is open  (corollary1.10).Then 

21
IandI  are 

open  sets. Therefore;  ,X  is
2

T space (definition 2.7). 

2. Similarly, by using (corollary1.10) and (definition 2.7), we can prove 

every 
2

T -space is 
s2

T - space. 

3. Similarly, by using corollary1.10 and (definition 2.7), we can prove every 
s2

T -space   is 
i2

T - space. 

4. From 1 and 2 we have, every 
2

T space is 
s2

T  space. 

5. From 4 and 3 we have, every 
2

T space is 
i2

T  space. 

6. From 2 and 3 we have, every 
2

T space is 
i2

T  space. ▄ 

iii. 

                                            Regular space 
 

  -Regular space  
 

 

s- Regular space  
 

i- Regular space        
Proof: 1. Suppose that  ,X  is a regular space. Then for every closed set F 

in X with Fx,Xx   
2121

SS,S,Ssetsopentwoexiststhere  s.t. 
.Sx,SF

21
  Since every open (closed) set is open ( closed )        
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(corollary1.10).Then 
21

SandS  are open  sets and F is closed set. 

Therefore;  ,X  is -regular space (definition 2.8(2)). 

2. Similarly, by using corollary 1.10 and definitions 2.8(2), 2.8(3), we can 

prove every -regular space is s-regular space  

3.  Similarly, by using corollary 1.10 and (definitions 2.8(3), 2.8(4), we can 

prove every s-regular space is i-regular space. 

4. From 1 and 2 we have, every regular space is s-regular space. 

5. From 4 and 3 we have, every regular space is i-regular space. 

6. From 2 and 3 we have, every  -regular space is i-regular space.▄ 
 

iv. 

                                                     
3

T -space 
 

 

                                                     
3

T -space  
 

 

                                                     
s3

T -space  
 

 

     
i3

T - space       
Proof: 1. Suppose that  ,X  is

3
T -space. Then  ,X  is  

1
T   and regular 

space (definition 2.9). Since every 
1

T  space is
1

T (corollary 2.5(1) and since 

every Regular space is -Regular(corollaries 2.17(iii)(1)), we have  ,X  is 

3
T -space. 

2. Similarly, by using (definition 2.8(4)), (corollary 2.5(2)) and corollaries 

2.29(iii)(2), we can prove every 
3

T  space is 
s3

T  space.   

3. Similarly, by using (definition 2.9), (corollary 2.5(3)) and corollaries 

2.17(iii)(3), we can prove every 
s3

T  space is 
i3

T  space.   

4. From 1 and 2 we have, every 
3

T space is 
s3

T  space. 

5. From 4 and 3 we have, every 
3

T space is 
i3

T  space. 

6. From 2 and 3 we have, every 
3

T space is 
i3

T  space. ▄ 

 

 

 

 

 



i-Open Sets and Separating Axioms Spaces 

141  

 

v. 

 Completely Regular space 
 

 

  - Completely Regular space  
 

 

s- Completely Regular space  
 

 

       i- Completely Regular space        
Proof: 1. Suppose that  ,X  is a completely regular space. Then for every 

closed set F in X with Fx,Xx   there exists a continuous 

mapping  1,0X:f   s.t. 0)x(f,1)F(f  . Since every open (closed) 

set is open ( closed ) (corollary1.10) and since every continuous 

mapping is  continuous(corollary 1.20) .Then F is closed  set 

and  1,0X:f   is  continuous. Therefore;  ,X  is - completely 

regular space (definition 2.18(2)). 

2. Similarly, by using (corollary 1.10), (corollary 1.20) and (definition 

2.12(3)),  we can prove every - completely regular space is s- completely 

regular space. 

3.  Similarly, by using (corollary 1.10), (corollary 1.20) and (definition 

2.12(4)), we can prove every s- completely regular space is i- completely 

regular space. 

4. From 1 and 2 we have, every completely regular space is s- completely 

regular space. 

5. From 4 and 3 we have, every completely regular space is i- completely 

regular space. 

6. From 2 and 3 we have, every  - completely regular space is i- 

completely regular space.▄ 

vi. 

 
2

13
T -space 

)
2

13(
T -space  

s)
2

13(
T space  

i)
2

13(
T  space       
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Proof: 1. Suppose that  ,X  is
2

13
T space. Then  ,X  is  

1
T   and 

completely-regular space (definition 2.13). Since every 
1

T  space is 
1

T (corollary 2.5(1) and since every completely regular space is -

completely regular (corollaries 2.17(v)(1)), we have  ,X  is 
)

2
13(

T  space. 

2. Similarly, by using (corollary 2.5(2)) and corollaries 2.17(v)(2), we can 

prove every 
)

2
13(

T  space is 
s)

2
13(

T  space.   

3. Similarly, by using (corollary 2.5(3)) and corollaries 2.17(v)(3), we can 

prove every 
s)

2
13(

T  space is 
i)

2
13(

T  space.    

4. From 1 and 2 we have, every 
2

13
T space is 

s)
2

13(
T  space. 

5. From 4 and 3 we have, every 
2

13
T space is 

i)
2

13(
T  space. 

6. From 2 and 3 we have, every 
)

2
13(

T space is 
i)

2
13(

T  space. ▄ 

vii. 

 Normal space 
 

 

  - Normal space  
 

 

s- Normal space  
 

 

      i- Normal space        
Proof: 1. Suppose that  ,X  is a normal space. Then 

2211212121
SF,SFt.sXS,SFF,XF,XFeveryfor  

,SSwhere
21

  .setsopenareS,S,setsclosedareF,F
2121

 Since every 

open (closed) set is open ( closed )( corollary1.10).Then 
21

SandS  

are open  sets and 
21

F,F  are closed sets. Therefore;  ,X  is -

normal space (definition2.10 (2)). 

2. Similarly, by using (corollary 1.10) and (definition 2.10(3)), we can prove 

every - normal space is s- normal space. 

3. Similarly, by using (corollary 1.10) and (definition 2.10(4)), we can prove 

every s- normal space is i- normal space. 

4. From 1 and 2 we have, every normal space is s- normal space. 

5. From 4 and 3 we have, every normal space is i- normal space. 

6. From 2 and 3 we have, every  - normal space is i- normal space.▄ 
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viii. 

                                                     
4

T -space 
 

 

4
T -space  

 
 

s4
T -space  

 
 

      
i4

T - space       
Proof: 1. Suppose that  ,X  is

4
T space. Then  ,X  is  

1
T   and normal space 

(definition 2.11). Since every 
1

T  space is
1

T (corollary 2.5(1) and since every 

normal space is -normal(corollaries 2.17(vii)(1)), we have  ,X  is 
4

T - 

space. 

2. Similarly, by using (definition 2.11), (corollary 2.5(2)) and corollaries 

2.17(vii)(2), we can prove every 
4

T  -space is 
s4

T - space.   

3. Similarly, by using (definition 2.11), (corollary 2.5(3)) and corollaries 

2.17(vii)(3), we can prove every 
s4

T - space is 
i4

T  -space.    

4. From 1 and 2 we have, every 
4

T -space is 
s4

T - space. 

5. From 4 and 3 we have, every 
4

T -space is 
i4

T  -space. 

6. From 2 and 3 we have, every 
4

T - is 
i4

T  -space. ▄ 

ix. 

 Completely Normal space 
 

 

  - Completely Normal space  
 

 

s- Completely Normal space  
   

 

i- Completely Normal space        
Proof: 1. Suppose that  ,X  is a completely normal space.  

Then for every two separated subsets of X, 
2121

AA,A,A  , there exists 

two open sets, 
221121

SA,SAt.sXS,S  , 
21

SS   . Since every 
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open (closed) set is open  ( closed ) (corollary1.10).Then 
21

S,S  are 

closed sets. Therefore;  ,X  is - completely normal space (definition 

2.14(2)). 

2. Similarly, by using (corollary 1.10) and (definition 2.14(3)),  we can 

prove every - completely normal space is s- completely normal space. 

3.  Similarly, by using (corollary 1.10) and (definition 2.14(4)),  we can 

prove every s- completely normal space is i- completely normal space. 

4. From 1 and 2 we have, every completely  normal space is s- completely 

normal space. 

5. From 4 and 3 we have, every completely normal space is i- completely 

normal space. 

6. From 2 and 3 we have, every  - completely normal space is i- 

completely normal space.▄ 

x. 

                                                     
5

T -space 
 

 

5
T -space  

 

 

s5
T -space  

 

 

      
i5

T - space       
Proof: 1. Suppose that  ,X  is

5
T space. Then  ,X  is  

1
T   and completely 

normal space (definition 2.15). Since every 
1

T  space is
1

T (corollary 2.5(1) 

and since every completely normal space is - completely 

normal(corollaries 2.17(ix)(1)), we have  ,X  is 
5

T  space. 

2. Similarly, by using (definition 2.15), (corollary 2.5(2)) and corollaries 

2.17(ix)(2), we can prove every 
5

T  space is 
s5

T  space.   

3. Similarly, by using (definition 2.15), (corollary 2.5(3)) and corollaries 

2.17(ix)(3), we can prove every 
s5

T  space is 
i5

T  space.    

4. From 1 and 2 we have, every 
5

T space is 
s5

T  space. 

5. From 4 and 3 we have, every 
5

T space is 
i5

T  space. 

6. From 2 and 3 we have, every 
5

T space is 
i5

T  space. ▄ 
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From above we have the converses of corollaries 2.17 are not necessary to 

be true.   
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