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 الملخص
كثير ذاتيا  مدتقل مدتمر الإبعادرباعي نظام جديد اقترح  تم ا البحثهذ  في  
العكدية غير التغذية حالة سيطرة  بتقديم ثلاثي الأبعاد   Pan  على نظامِ  معتمدا  الاضطراب

وتبين بان قيمة ، اعدديو للنظامِ الجديدِ نظرياً  بعض الخرائص الأساسية  تحليل وتم.الخطية 
ويمتلك جذران بالذكل  الأصلتؤثر على استقرارية هذا النظام عند نقطة c غير المت

db  21 ,    2,1بينما يمتلك جذر صفري عندp قارنا خرائص النظام الجديد مع  و
ء وأخيرا تم إعطا وبين الاختلاف بينهما رباعي الإبعاد كثير الاضطراب   أخرخرائص نظام 
 . مثال تهضيحي  

 
ABSTRACT 

In this paper , a new four-dimensions  hyperchaotic system is 

proposes based on a three-dimensional Pan system by introducing a 

nonlinear state feedback controller, and we investigated some basic 

properties for this system numerically and analytically, we found the 

parameter c  is effective on stability of new system at the point 

)0,0,0,0(O and has two roots form db  21 ,  while has root 01   at 

the points 2,1p , and we compare the properties of a new system  with 

properties of another 4D  hyperchaotic system and show the difference 

between them, Finally, an illustrative example is given.   

Keywords: Hyperchaos, Lyapunov exponent, Pan system , Stability,   

 

1- Introduction: 

 Hyperchaos generation and control have been extensively 

studied in recent years, due to its theoretical and practical applications in 
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the fields of communications, laser, neural work, nonlinear circuit, 

mathematics, and so on[11]. 

In mathematics and physics, chaos theory describes the behavior of 

certain nonlinear dynamical systems that under specific conditions exhibit 

dynamics that are sensitive to initial conditions(popularly referred to as 

the butterfly effect)[3]. 

 Hyperchaotic systems  have received much attention in recent 

years, particularly the hyperchaotic ssleroR   system and its variation. that 

is, the noted four-dimensional(4D) hyperchaotic system[3,7,11,13], 

hyperchaotic systems  are more suitable for some special engineering 

applications such as chaos based encryption  and secure 

communication[3]. hyperchaotic system is usually defined as a chaotic 

system with at least two positive exponents[2,3,4,7,8,10]and is expanded 

in two or more directions, So the hyperchaotic  system is more complex 

than chaotic  system[7,8,10,11]. 

This paper proposes a new four- dimensional continuous 

autonomous hyperchaotic system based on the 3D Pan system by 

introducing a nonlinear state feedback controller. Dynamical behaviors of 

the new system are analyzed, both theoretically and numerically, 

including equilibrium points , Lyapunov exponents spectrum  stability 

and bifurcation . 

 

2- Historically Description for System: 

In 1963, Lorenz discovered the first chaotic system when he 

studied atmospheric convection[11], many interesting chaotic and 

hyperchaotic systems have been proposed, such as uL   system, Liu system 

and so on [14 ] .in 2008 ,Yang and Chen proposed a 3D chaotic system 

with six terms including only two quadratic terms in a form very similar 

to the Lorenz, Chen and uL   systems based on the Lorenz system,   where 

0,0  ba  and c are constants [12]. 

In 2010  Pan et al. proposed another 3D chaotic system which in 

fact was similar to the system of Yang and Chen but the parameters a, b 

and  c are real constants, this system   is described by  

 

bzxyz

xzcxy

xyax











 )(

                               (1) 

Recently , this system is called Pan system or L u -like system[5,6] . 

[4] generated 4D hyperchaotic system (2009) based on system (1) 

and generated conditions and hyperchaotic system is described by 
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dxu

bzxyz

uxzcxy

xyax















 )(

                                                                                                

(2) 

   where cba ,,  and d are constant parameters ,when 

35,3,35  cba  and  8d , system (2) has a hyperchaotic attractor as 

shown in fig. 1 . 

In 2011, Pan et al generated another 4D hyperchaotic system which 

has the following form[6]: 

duxzu

bzxyz

xzcxy

uxyax















 )(

                                                                                               

(3) 

When parameters 28,3/8,10  cba  and  3.1d , system (3) has a 

hyperchaotic attractor as shown in fig. 2  

 

 

 
Fig. 1 Attractors of hyperchaotic system (2) in (a)the x-y-z space;(b) the x-y-u 

space, (c) the x-z-u space, and(d) the y-z-u space. 

a b 

c 
d 
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Fig. 2 Attractors of hyperchaotic system (3) in (a)the x-y-z space;(b) the x-y-u 

space, (c) the x-z-u space, and(d) the y-z-u space. 
 

3- Helping Results: 

Remark 1 (Lyapunov Exponents)[4,6] : 

Lyapunov exponents by Wolf Algorithm are: 

(i) in system (1) when 2,10  ba  and 16c  then 

0000.0,8311.0 21  LELE  and 5113.123 LE  and  The 

Lyapunov dimension 0664.2 [6]. 

(ii) in system (2) when 35,3,35  cba  and 8d  then 

0,1470.0,2788.0 321  LELELE  and 429.384 LE [4] . 

(iii) in system (3) when  28,3/8,10  cba   and   3.1d   then 

,0000.0,2492.0,7340.0 321  LELELE and 3437.114 LE [6]. 
 

The Lyapunov exponents spectrum of the systems (1,2,3) are 

shown in Fig.3, Fig.4 and Fig.5  respectively 

c d 

a b 



Saad Fawzi Jasim AL-Azzawi            Ahmed Intisar Ghitheeth 

 

106  

 

0 50 100 150 200 250 300
-40

-35

-30

-25

-20

-15

-10

-5

0

5

 

 
 

 

 

 

 
 

 

 

Remark 2 [4,14] : 

 System (2) has unique equilibrium point O(0,0,0,0) and  

(i) unstable always,  

(ii)  characteristic equation is of the form : 

                 0)()()()( 234  abdbcdacbabaf                            (4) 

 
Remark 3(Generating Hyperchaos) [2,6,7,9,11]: 

 To generate hyperchaos from the dissipatively autonomously 

polynomial systems by using a state feedback controller, the state 

equation must satisfy the following two basic conditions:  

 

(i) The minimal dimension of the phase space of an autonomous 

system is at least four. 
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 Fig. 3  Lyapunov exponents spectrum of  

             system (1) versus parameter c   
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 Fig. 4  Lyapunov exponents spectrum of  

              system (2) versus parameter d   
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 Fig. 5  Lyapunov exponents spectrum of  
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(ii)  The number of terms in the coupled equations giving rise to 

instability is at least two, of which at least one has a nonlinear 

function . 

 

Remark 4 [1]: Critical Cases 

Critical cases in the theory of stability for differential equation 

means that cases when the real part of all roots of the characteristic 

equation are non-positive with the real part of , at least , one root being 

zero. 

 

Remark 5 (Routh– Hurwitz Test) [1]: 

All the roots of the indicated polynomial have negative real parts 

precisely when the given conditions are met.    

oBABA  ,0:2                                                                     (5)                                                                              

.0,0,0:23  CABCACBA                                              (6)  

.0,0)(,0,0: 2234  DDACCABCABADCBA          (7) 

 

In the context of ordinary differential equations ODEs the word 

"Bifurcation" has come to mean any marked change in the structure of the 

orbits of a system (usually nonlinear) as a parameter passes through a 

critical value[1]. 

 

Remark 6(Hopf Bifurcation) [11]: 

Any system has a Hopf  bifurcation  if the following condition  is 

satisfied: 

1- The Jacobian matrix  has two purely imaginary roots and no 

other 

                  roots with zero real parts.  

2-  0)))((Re(
0





d

d  

 

    4- Main Results: 

Based on system(1) and remark 3,we can construct a new four 

dimensions hyperchaotic system by introducing a state feedback 

controller, as follows: 

Add a nonlinear controller u to the second equation of system (1), 

let duzu  , then we obtain a new hyperchaotic system  
 

duzu

bzxyz

uxzcxy

xyax















 )(

                                                                              (8) 
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where 4),,,( Ruzyx  , and Rdcba ,,,  are constant parameters. For 

simplification, system(8) is called a new hyperchaotic system in this 

paper. 

In the following we briefly describe some dynamical behaviors of a 

new hyperchaotic system (8). 

 

4.1- Dissipative and Existence of Attracter:   

 The system can be a dissipative system, because the divergenence 

of the vector field, also called the trace of the Jacobian matrix is negative 

if and only if the sum of the parameters ba,  and d  is positive, that is 

0 db a  

             
tdbaeVtV

dbaJTr
u

u

z

z

y

y

x

x
Vdiv

)()0()(

,)()(






























                            (9)         

So, the system will always be dissipative if and only if when 0db a  

with an exponential rate: )( dbae
dt

Vd 



  . 

 

4.2- Equilibrium Points  :   

In order to obtain the equilibrium points of system(8), let  

0 uzyx  , and  we can obtain the following expressions(10 ): 

 

0

0

0

0)(









duz

bzxy

uxzcx

xya

                                                                                  (10) 

 

From the above equations, we obtain three equilibrium 

points )0,0,0,0(O  

.)
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222

1

bd

bcd

d

c

bd

bcd
c

d

bcd

d

bcd
p

bd

bcd

d

c

bd

bcd
c

d

bcd

d

bcd
p

















 

 

4.3- Lyapunov  Exponents and Lyapunov Dimension  :   

We calculate the Lyapunov exponents  for  a new hyperchaotic 

system with the Wolf Algorithm by using MATLAB software, the 

numerical simulation was carried out with   3.1,28,3/8,10  dcba    
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for initial value )1,1,1,1(  and the four Lyapunov exponents of the new 

hyperchaotic system(8)are ,2336.1,027435.0,17702.0 321  LELELE and 

8815.124 LE . the Lyapunov exponents spectrum and attracters of system 

(8) in two and three dimensions are shown in Fig.6, Fig.7, and Fig.8 

respectively.  

So, we can obtain the Lyapunov dimension of the new 

hyperchaotic  system(8),it is described as follows: 

 

915847145.2
8815.12

2336.1027435.017702.0
3

3
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Fig. 6.  Lyapunov exponents spectrum of  new  hyperchaotic system 

versus parameter d 
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Fig. 7 Attractors of new hyperchaotic system in (a)the x-y-z space;(b) the x-y-u 

space, (c) the x-z-u space, and(d) the y-z-u space. 

 

 
Fig. 8  Attractors of new hyperchaotic system in (a) x-y ; (b) x-z; (c) x-u; (d) y-z. 
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Theorem1: The  solution of system (8) at the equilibrium point )0,0,0,0(O  

when 0,, dba  has the following cases: 

 

1)   Asymptotically stable        if      0c  ,  

2)   Unstable                             if    0c  , 

 

Proof: At the equilibrium point )0,0,0,0(O , system (8) is linearized, the 

Jacobian matrix defined as : 

     























































d

b

c

aa

d

bxy

xzc

aa

J
O

100

000

100

00

100

0

10

00

)0,0,0,0(

                      (11)  

 

and its characteristic equation is : 

 0)()()()( 234  abcddbacbdadabdbaf               (12) 

 Solving equation (12) gives     
            b1  

and the following equation:  

          0)()()( 23  acdcdadaf                                      (13)                                     

 

 from equation (13)  we get three eigenvalues corresponding 

to the equilibrium point )0,0,0,0(O  are: 

                       
2

4
,

2

4,32

acaa
d





  

So, it's clear that if acaa 42  , then 0,0 43   , But this is  a 

possible under the condition 0c  since when acaa 42   

acaa 422  04  ac  and 0a  given hence 0c  ,while 

acaa 42     then 0,0 43    is possible under the condition 

0c .consequently the equilibrium point )0,0,0,0(O  is depended on 

parameter c to detriment the stability . 

 

Theorem2 If 0

)(
c

a

dad
c 


  , ( 0c is critical value),then system(8) not 

Hopf  bifurcation at the point )0,0,0,0(O   . 

Proof: If 0

)(
c

a

dad
c 


  the equation (13) is transformed into  

                        0)( 22  dda     
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with solutions )(1 da  , d3,2 ,but this contradiction with the 

first condition of Hopf Bifurcation( remark6), Consequently, the system 

(8) not Hopf bifurcation. 

 

Theorem3: The  solution of system (8) at the equilibrium point 1p  is 

critical case .  

Proof: Now to find Jacobian matrix at 1p  we need the following 

transformation  

Under the linear transformation ),,,(),,,( UZYXuzyx  : 

 

             

0

0

0

0

uUu

zZz

yYy

xXx









                                                                         (14) 

 

the system (8) becomes 

 

ZU

bZZ

UZ
d

bcd
X

bd

bcd
Y

XYaX























2

411

2

411

)(

2

2

2

                                            (15) 

The equilibrium point 1p  of the system (8) is switched to the new 

equilibrium point )0,0,0,0(O of the system (15) under the linear 

transformation,  

The Jacobian matrix of the system (15) at )0,0,0,0(O  is:  

 

































0100

000

1
2

411
0

2

411

00

)(

2

2

2

b
d

bcd

bd

bcd

aa

OJ                                  (16) 

 

and the characteristic equation is : 

                                   0234   CBA                                   (17) 

where  
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)
2

411
(

2

411

2

2

2

2

bd

bcd
abC

bd

bcd
abB

baA









                                                        (18) 

 

 Using Routh-Hurwitz criterion, the equation (17) has all roots with 

negative real parts if and only if the conditions are satisfied as follows  

 

         

.0

,0)(

,0

,0

2









D

DACCAB

CAB

A

                                                                  (19) 

 

Since 0D   therefore one of Routh-Hurwitz conditions is not satisfied, 

consequently the system (8) is critical case, the proof is completed. 

                                                                                
We explain the difference between the two systems by use of the 

following table 

 

 system (2)
 

a new system (system (8)) 

 

 

Equation 
dxu

bzxyz

uxzcxy

xyax















 )(

 

duzu

bzxyz

uxzcxy

xyax















 )(

 

Equilibri

um 
)0,0,0,0(0  

),,,(

),,,(),0,0,0,0(0

11112

00001

uzyxp

uzyxp
 

Stability 

unstable always 
asymptotically stable when  

0c  
unstable  when 0c  

Bifurcatio

n 

not Hopf bifurcation not Hopf bifurcation  

Effective 

u 

effective u on the system not effective u on the system 

Dissipativ

e 

dissipative when 0ba  dissipative when 0 dba  

 
5 - Illustrative Example: 
Example: Investigate the stability of the following  new hyperchaotic 

Pan system: 
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uzu

zxyz

uxzxy

xyx

3

6

20

)(10

















                                                             (20)                            

  

Solution:  

At point origin    3,6,20,10  dbca   and linearized system 

(20)  about the equilibrium point )0,0,0,0(O yield the following 

characteristic equation:  

                                   03600360010819 234                          (21) 

                                or              64   

                                  060017013 23                                           (22) 

                                     
by using Routh-Hurwitz method  on equation (22)we obtain 

600,13  CA   So  0A  but 0C   not satisfied Routh-Hurwitz 

conditions since 020 c (by theorem 1,(2)), the system (22) is unstable 

when  .0c   

    
but  if 0c    (by theorem 1,(1)), let c = -2 then yield the following 

characteristic equations:        0605013 23                                 (23) 

 

where satisfied Routh-Hurwitz conditions, consequently , the system (20) 

is Asymptotically stable at origin  when .0c   

 
To justified  this results we found the roots of equations (22 ), (23)  

the roots of equation ( 22) are .10,20,3 321      

while the roots of equation (23 ) are .55,55,3 321      

consequently , the system (20) is asymptotically stable at 

equilibrium point )0,0,0,0(O  if 0c  and unstable    if 0c  . 

 

At point 1p :   The characteristic equation is:  

                                               0
108

4020

108

6547
16 234                          (24) 

                                  or          0)
108

4020

108

6547
16( 23    

therefore 01   , satisfied remark 4 (Critical Cases) by theorem 3, 

consequently 

the solution of system (20) at the equilibrium point 1p  is critical case.  

 

 

6- Conclusion: 



Analysis and Comparison the Dynamical Properties for … 

 

115  

 

 

This paper presents a new four dimensional hyperchaotic system, 

called a new hyperchaotic  system.  This new hyperchaotic system is 

different from the system  proposed by Liu and Feng in 2009  and also 

the system proposed by Pan in 2011 , we found the parameter c effective 

on stability of new system at the point )0,0,0,0(O and has two roots form 

db  21 ,  while has root 01   at the points 2,1p . 
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