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ABSTRACT

In this paper , a new four-dimensions hyperchaotic system is
proposes based on a three-dimensional Pan system by introducing a
nonlinear state feedback controller, and we investigated some basic
properties for this system numerically and analytically, we found the
parameter ¢ is effective on stability of new system at the point
0(0,00,0)and has two roots form 4, =-b, 4, =-d  while has root 4, =0 at
the points p,, , and we compare the properties of a new system with

properties of another 4D hyperchaotic system and show the difference
between them, Finally, an illustrative example is given.
Keywords: Hyperchaos, Lyapunov exponent, Pan system , Stability,

1- Introduction:

Hyperchaos generation and control have been extensively
studied in recent years, due to its theoretical and practical applications in
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the fields of communications, laser, neural work, nonlinear circuit,
mathematics, and so on[11].

In mathematics and physics, chaos theory describes the behavior of
certain nonlinear dynamical systems that under specific conditions exhibit
dynamics that are sensitive to initial conditions(popularly referred to as
the butterfly effect)[3].

Hyperchaotic systems have received much attention in recent
years, particularly the hyperchaotic Rassler system and its variation. that
Is, the noted four-dimensional(4D) hyperchaotic system[3,7,11,13],
hyperchaotic systems are more suitable for some special engineering
applications such as chaos based encryption and secure
communication[3]. hyperchaotic system is usually defined as a chaotic
system with at least two positive exponents[2,3,4,7,8,10]and is expanded
in two or more directions, So the hyperchaotic system is more complex
than chaotic system[7,8,10,11].

This paper proposes a new four- dimensional continuous
autonomous hyperchaotic system based on the 3D Pan system by
introducing a nonlinear state feedback controller. Dynamical behaviors of
the new system are analyzed, both theoretically and numerically,
including equilibrium points , Lyapunov exponents spectrum stability
and bifurcation .

2- Historically Description for System:

In 1963, Lorenz discovered the first chaotic system when he
studied atmospheric convection[11], many interesting chaotic and
hyperchaotic systems have been proposed, such as Lii system, Liu system
and so on [14 ] .in 2008 ,Yang and Chen proposed a 3D chaotic system
with six terms including only two quadratic terms in a form very similar
to the Lorenz, Chen and Lt systems based on the Lorenz system, where
a>0,b>0 and c are constants [12].

In 2010 Pan et al. proposed another 3D chaotic system which in
fact was similar to the system of Yang and Chen but the parameters a, b
and c are real constants, this system is described by

X=a(y-Xx)

Yy =CX—XZ (1)

Z=xy-bz

Recently , this system is called Pan system or L -like system[5,6] .

[4] generated 4D hyperchaotic system (2009) based on system (1)
and generated conditions and hyperchaotic system is described by
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x=a(y—Xx)

y=CX—XZ+U

z=xy—bz

u=—dx
(2)

where ab,c and d are constant parameters ,when

a=35b=3c=35 and d =8, system (2) has a hyperchaotic attractor as
shown in fig. 1.

In 2011, Pan et al generated another 4D hyperchaotic system which

has the following form[6]:
x=a(y—x)+u
Yy =CX —XZ
Z=xy-bz
U=-xz+du

(3)

When parametersa=10,b=8/3,c=28 and d =1.3, system (3) has a
hyperchaotic attractor as shown in fig. 2
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Fig. 1 Attractors of hyperchaotic system (2) in (a)the x-y-z space;(b) the x-y-u
space, (c) the x-z-u space, and(d) the y-z-u space.
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Fig. 2 Attractors of hyperchaotic system (3) in (a)the x-y-z space;(b) the x-y-u
space, (c) the x-z-u space, and(d) the y-z-u space.
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3- Helping Results:
Remark 1 (Lyapunov Exponents)[4,6] :
Lyapunov exponents by Wolf Algorithm are:

(1) in system (1) when a=10, b=2 and <c=16 then
LE, =0.8311, LE,=00000 and LE;=-125113 and The
Lyapunov dimension 2.0664[6].

(i) in system (2) when a=35b=3 c=35 and d=8 then
LE, =0.2788, LE, =0.1470, LE, =0 and LE, =-38.429[4] .

(iii) in system (3) when a=10, b=8/3 c=28 and d=13 then

LE, =0.7340, LE, =0.2492, LE, =0.0000,and LE, =-11.3437[6].

The Lyapunov exponents spectrum of the systems (1,2,3) are
shown in Fig.3, Fig.4 and Fig.5 respectively
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Fig. 5 Lyapunov exponents spectrum of
system (3) versus parameter d
Remark 2 [4,14] :
System (2) has unique equilibrium point 0(0,0,0,0) and
(i)  unstable always,
(i)  characteristic equation is of the form :
f(1) =" +(a+h) 4% +a(b-c)4? +a(d —bc)A+abd =0 4)

Remark 3(Generating Hyperchaos) [2,6,7,9,11]:

To generate hyperchaos from the dissipatively autonomously
polynomial systems by using a state feedback controller, the state
equation must satisfy the following two basic conditions:

(i)  The minimal dimension of the phase space of an autonomous
system is at least four.
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(i)  The number of terms in the coupled equations giving rise to
instability is at least two, of which at least one has a nonlinear
function .

Remark 4 [1]: Critical Cases

Critical cases in the theory of stability for differential equation
means that cases when the real part of all roots of the characteristic
equation are non-positive with the real part of , at least , one root being
zero.

Remark 5 (Routh— Hurwitz Test) [1]:
All the roots of the indicated polynomial have negative real parts
precisely when the given conditions are met.

e 2Z+AL+B: A>0 ,B>0 (5)
e 2+A2%+BA+C: A>0, C>0, AB-C>0 . (6)
o +ALP+BF+Ci+D: A>0, AB-C>0, (AB-C)C-A’D>0 ,D>0. (7)

In the context of ordinary differential equations ODEs the word
"Bifurcation” has come to mean any marked change in the structure of the
orbits of a system (usually nonlinear) as a parameter passes through a
critical value[1].

Remark 6(Hopf Bifurcation) [11]:
Any system has a Hopf bifurcation if the following condition is
satisfied:
1- The Jacobian matrix has two purely imaginary roots and no
other
roots with zero real parts.

2. ;_#(Re(/l(#)))| PRl

4- Main Results:

Based on system(1) and remark 3,we can construct a new four
dimensions hyperchaotic system by introducing a state feedback
controller, as follows:

Add a nonlinear controller u to the second equation of system (1),
let u=z-du, then we obtain a new hyperchaotic system

x=a(y—x)
y=CX—Xz+U
z=xy-bz
U=2z-du

=

(8)



Saad Fawzi Jasim AL-Azzawi Ahmed Intisar Ghitheeth

where (x,y,z,u)eR*, and a,b,c,d e R are constant parameters. For
simplification, system(8) is called a new hyperchaotic system in this
paper.

In the following we briefly describe some dynamical behaviors of a
new hyperchaotic system (8).

4.1 - Dissipative and Existence of Attracter:

The system can be a dissipative system, because the divergenence
of the vector field, also called the trace of the Jacobian matrix is negative
if and only if the sum of the parameters a,b and d is positive, that is
a+b+d>0

- oy 07 ol
divw _&Jray e +a—u_Tr(J)_ (@a+b+d) , )
V(t) =V(o)e—(a+b+d)t

So, the system will always be dissipative if and only if when a+b+d>0

N

with an exponential rate: CL—\t/ =g (@)

4.2- Equilibrium Points :
In order to obtain the equilibrium points of system(8), let
x=y=2=u=0,and we can obtain the following expressions(10 ):

a(y—-x)=0

X—XzZ+Uu=0 (10)
Xy—bz=0

z—du=0

From the above equations, we obtain three equilibrium
poINnts 0(0,0,0,0)

1++/1+ 4bcd? 1++/1+ 4bcd? 1++1+4bcd® ¢ 1++/1+4bcd?

pl( ] ] C+ ) _+—) ]
2d 2d 2d2b d 2d°b
1-+/1+4bcd? 1-+1+4bcd? 1—+/1+4bcd? 1—\/1+4bcd2
Pa( 2d T2 S T ’d BTN

4.3- Lyapunov Exponents and Lyapunov Dimension :

We calculate the Lyapunov exponents for a new hyperchaotic
system with the Wolf Algorithm by using MATLAB software, the
numerical simulation was carried out with a=10, b=8/3 c¢=28 d=13
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for initial value @,1,1,1 and the four Lyapunov exponents of the new
hyperchaotic system(8)are  LE, =0.17702, LE, =-0.027435, LE, =-1.2336,and
LE, =—12.8815. the Lyapunov exponents spectrum and attracters of system

(8) in two and three dimensions are shown in Fig.6, Fig.7, and Fig.8
respectively.

So, we can obtain the Lyapunov dimension of the new
hyperchaotic system(8),it is described as follows:

1

i
_ LE, +LE, + LE
Die = J+—Z LE; :34_#:
|LEj+1 i=1 |LE4|
5, 047702-0,027435 ~12336 o o
-12.8815] '

Dynamics of Lyapunov Exponents
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Fig. 6. Lyapunov exponents spectrum of new hyperchaotic system
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Fig. 7 Attractors of new hyperchaotic system in (a)the x-y-z space;(b) the x-y-u
space, (c) the x-z-u space, and(d) the y-z-u space.
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Fig. 8 Attractors of new hyperchaotic system in (a) x-y ; (b) x-z; (c) x-u; (d) y-z.
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Theoreml: The solution of system (8) at the equilibrium point 0(0,0,0,0)
when a,b,d >0 has the following cases:

1) Asymptotically stable if c¢<o0,
2) Unstable if c¢>0,

Proof: At the equilibrium point 0(0,000), system (8) is linearized, the
Jacobian matrix defined as :

-a a 0 O -a a 0
3= c-z 0 -x 1 0<Oit)0:0>: c 0 0 1 (11)
y x -b 0 0 0 -b O
O 0 1 -d 0O 0 1 -d
and its characteristic equation is :
f(A)=2"+(a+b+d) 2’ +(ab+ad +bd)A* —ac(b +d)A—abcd =0 (12)
Solving equation (12) gives
A =-b
and the following equation:
f(A)=2+@+d)A” +a(d-c)i—acd =0 (13)

from equation (13) we get three eigenvalues corresponding
to the equilibrium point o(0,0,0,0) are:

—a¥+a® +4ac

2
So, it's clear that if —a>+a?+4ac , then 4, <0, 4, <0, But this is a
possible under the condition c<0 since when -a>+a®+4ac
= a’>a’+4ac=4ac<0 and a>0 given hence c<0 ,while
—a<+a’+4ac then 1,<0,4,>0 is possible under the condition

¢ >0.consequently the equilibrium point 0,000 is depended on
parameter c to detriment the stability .

Ay ==d , A, =

Theorem2 If c=d(a;d) =c, , (c,is critical value),then system(8) not

Hopf bifurcation at the point 0(0,0,0,0) .
Proof: If c =@ = ¢, the equation (13) is transformed into

(A+(@+d)) (22 -d?)=0

— =
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with solutions 4, =—(a+d), 4,, =+d ,but this contradiction with the

first condition of Hopf Bifurcation( remark6), Consequently, the system
(8) not Hopf bifurcation.

Theorem3: The solution of system (8) at the equilibrium point p, is
critical case .

Proof: Now to find Jacobian matrix at p, we need the following
transformation

Under the linear transformation (x, y, z,u) - (X,Y,Z,U)

N\

X= X +X,
y=Y+Yy,
14
2= Z+1, ( (14)
u= U+u,
J
the system (8) becomes
. 3\
X =a(y - X)
,  1++/1+4bcd? 1++/1+ 4bcd?
2d°b 2d (15)
Z= -bz
U= Z 7

The equilibrium point p, of the system (8) is switched to the new
equilibrium point o’(o,o0,0,0)of the system (15) under the linear
transformation,

The Jacobian matrix of the system (15) at o'(0, 0,0, 0) is:

—a a 0 0
_L1+vl+dbed® o 1+41+4bed®
J(O) = 2d%b 2d (16)
0 0 -b 0
i 0 0 1 0]
and the characteristic equation is :
A+ AP +BF+CA=0 (17)

where

— =



Analysis and Comparison the Dynamical Properties for ...

A=a+b A
2
B = a4 LT VL+4bed” “ZJ‘L'OCO' , (18)
1++/1+4bcd?
C =ab(- Y2t
2d“b J

Using Routh-Hurwitz criterion, the equation (17) has all roots with
negative real parts if and only if the conditions are satisfied as follows

A>0,

AB-C >0,
(AB-C)C-A’D>0 ,
D >0.

(19)

Since D=0 therefore one of Routh-Hurwitz conditions is not satisfied,
consequently the system (8) is critical case, the proof is completed.

We explain the difference between the two systems by use of the
following table

system (2) a new system (system (8))
x=a(y-x) x=a(y-x)
y=CcX—-xz+u y=CX—Xz+U
Equation Z=xy-bhz Z=xy—bz

U =—dx U=z-du

Equilibri 00000) 0(0,0,0,0), p1 (X5 + Yo 1 Z+ )

um P, (X, Y;,25,U,)
Stability asymptotically stable when
unstable always c<0
unstable when ¢>0
Bifurcatio not Hopf bifurcation not Hopf bifurcation
n
Effective | effective u on the system not effective u on the system
u
Dissipativ | dissipative when a+b>o0 dissipative when a+b+d >0
e

5 - Hlustrative Example:

Example: Investigate the stability of the following new hyperchaotic
Pan system:

— =
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X =10(y —x)
y=20X—-XZ+uU
Z=Xxy—-6z (20)

U=z+3u

Solution:

At pointorigin  a=10,c=20, b=6, d=3 and linearized system
(20) about the equilibrium point 0(0,0,0,0) yield the following
characteristic equation:

A +192° +1084* — 36004 — 3600=0 (21)
or A, =—6
A* +134% —~1704-600=0 (22)

by using Routh-Hurwitz method on equation (22)we obtain
A=13C=-600 SO A>0 but C<0 not satisfied Routh-Hurwitz
conditions since ¢ =20>0(by theorem 1,(2)), the system (22) is unstable
when c¢>0.

but if c<0 (by theorem 1,(1)), let ¢c = -2 then yield the following
characteristic equations: A’ +131* +501+60=0 (23)

where satisfied Routh-Hurwitz conditions, consequently , the system (20)
Is Asymptotically stable at origin when c<o.

To justified this results we found the roots of equations (22 ), (23)
the roots of equation ( 22) are 4, =-3, 1, =-20, A, =10.

while the roots of equation (23 ) are 4, =—-3, 4, =-5++/5, 4, =-5-4/5.

consequently , the system (20) is asymptotically stable at
equilibrium point 0(0,0,0,0) if c<0 and unstable ifc>0.

At point p,: The characteristic equation is:

6547 2 4020 ,_, (24)
108 108

6547 A+ 4020) _0

108 108

therefore 2, =0 , satisfied remark 4 (Critical Cases) by theorem 3,
consequently
the solution of system (20) at the equilibrium point p, is critical case.

24 +162° +

or A3 +162° +

6- Conclusion:
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This paper presents a new four dimensional hyperchaotic system,
called a new hyperchaotic system. This new hyperchaotic system is
different from the system proposed by Liu and Feng in 2009 and also
the system proposed by Pan in 2011 , we found the parameter c effective
on stability of new system at the point 0(0,0,0,0)and has two roots form

A =-b, 4,=—d while has root 2 =0 at the points p,,.
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