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Abstract

In this paper, we study the existence and uniqueness of a mild solution
of a nonlinear mixed Volterra — Fredholm integro-differential equation
with nonlocal condition in Banach space. Furthermore, we study
continuouce dependence of mild solution. Our analysis is based on
semigroup theory and Banach fixed point theorem.
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1. Introduction
Byszewski [ 2 ] has studied the existence and uniqueness of mild,
strong and classical solutions of the differential nonlocal Cauchy
problem of the form
dl;—(tt)+Au(t) = f(t,u(®)),t €[0,al.
u(ty)+g (tl,...,tp,u(.)) = U,
Where 0 < t, < t; << ty;<aa>0,(p€N),—A is the infinit-
esimal generator of a C,semigroup T(t), t = 0in a Banach space
Xuy€X, andf: [0,a] X X—->X,g: [0,a]P XX —>X are given
functions. Several authors have investigated the same type of problem to
a differential classes of abstract differential equations in Banach spaces
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[1,3,5,6,7,8,9]. The purpose of this paper is to prove the existence,
uniqueness and continuous depenence of mild solution of a nonlinear
mixed Volterra — Fredholm integrodifferential equation with nonlocal
condition of the form

x'(t)+Ax(t) =

f(tx, fotu(t, s)k(s, xg)ds ,foa v(t,s)h(s,x.)ds),t € [0,a] (1.1)

x(O) + | (%2, ) | (£) = 0 (t) Lt €[-,0] (1.2)
Where 0 < t; <t; < <t, <a,a>0,(p€N),—Ais the infinitesi-
mal generator of a C, semigroups T(t), t = 0 on a Banach space E,
and f: [0,a] XX XX XX —>FE, k,h:[0,a] XX - X, g:X? - X,
w,v: [0,a] X [0,a] = [0,a],D € X.
2. Preliminaries and Hypotheses :
Let E be a Banach space with norm||.||. Let X = C([-r,0],E),

0 <r < oo, be a Banach space of all continuous functions ¥ : [—r, 0] -
E endowed with the supremum norm

[]l, = sup {[w()|: —r =s <0}
LetY = C([—r,a],E),a > 0, be the Banach space of all continuous
functions x : [—r, a] - E with the supremum norm
lx|ly =sup {llx(®)||: —r <t<a} ForanyxeYandte|[0,a],
we denote x, the element of X given by
x:(s) =x(t+s) fors e [-r,0].
Definition 2.1[3]
A function x € Y satisfying
i x(6) = T(OB0) = T(®) |g (xe, - x, )| (O
+ fOtT(t —s)f(s, xs,fosu(s, Dk(t,x,)dr, foa v(s,7)h(t, x,)d1)ds
,t € [0,a]

ii. x(t) = o(t) — [g (xtl, xtp)] t) ,te[-r0]
Is called the mild solution of the nonlocal Cauchy problem (1.1) - (1.2)

Theorem 2.2 [6]
Let T be an operator from normed space E to a normed space S, then

T is continuous iff T is bounded.

We need the following integral inequality, often referred to as
Gronwall - Bellman inequality [4].
Lemma 2.3
Let uand f be continuous functions defined on R, and c be nonegative

constant. If u(t) < c + fotf(s)u(s)ds,for t € R, then

u(t) < cexp (fotf(s)ds),for t € R,.
Assume that M = supepo o11IT () |lp(g)- In this sequel the operator
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norm ||. || ¢z Will be denoted by [|. .

We list the following hypotheses :
.(K,) Foreveryu,v,w €Y and t[0,a], f(.,u;, v, w;) € C([0,al, E).
(K,) There exists a constant L > 0 such that

“f(t; Xt) YVt Zt) - f(tl Ug, Vg, Wt)” <

L(llx —Ulleq-rae) 1Y = Vlcq—rae + 1z — W”C([—r,t],E))

forx,y,z,u,v,w €Y, t e [0,a].
(K3) There exists a constant K > 0, H > 0 such that

”k(S» xs) - k(S, YS)” < K”x - yuc([—r,s],E)

|h(s, xs) — h(s, ¥l < Hllx = yllc-rs1,5)

forx,y €Y, se€]0,al.

(K,) There exists a constant / > 0, N > 0 such that

lu(t,s)| <J, lv(t,s)| < N for t,s€[0,al
(Ks) There exists a constant G > 0 such that

g (xe,s - 2e,)] O = [9 (0032, )| ® || = Gllx = ylly
forx,y €Y,t € [-r,0].
(Kg) MG + MLa[1 + aJK + aNH] < 1
(K;) There exists a constants G, H;, K;,L; such that
L, = trer%gg]llf(t, 0,00)|| , K= trer%gg]llk(t, o)l

H, = trer%%]llh(t, 0)|| , G;= max ”[g (xtl, ...,xtp)] (t)”

te[—r,0]

3. Existence of mild solution
Theorem (3.1)
Suppose that the hypotheses [K;] — [K,] holds, then the nonlocal
Cauchy problem (1.1) — (1.2) has a unique solution.
Proof:
Define an operator F on the Banach space Y by the formula

(9(6) - g (e, ...,xtp)] t) ifte(-r0) (3.1)
T(6)8(0) - T() |g (e, -2, )| (0)

(Fx)(t) = 4 +f0tT(t —9f (s xs fOSU(S, k(e x)dr,
foa v(s,T)h(t,x,)dr)ds if t €[0,a] (3.2)
\ wherex €Y

Now, We show that F maps Y into itself. let x(t) € Y and by
hypotheses (K,) and from (3.1), We have

PO = [0 = |g (xey o xe, )| @ ||
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< ol + ||[g (¢ - 2,) | O |
< I19llx + G, , for t € [-r0] (3.3)
From (3.2) and hypotheses (K;)_ (K), we get
IEED@I = IT@IBO)I + 1T |9 (e, %2, )| @] +
+ fotllT(t — I (s, xs, fosu(s, 1) k(t, x,)dT, foav(s, T)h(z, x,)d7)||ds
I(F2)OIl < Mllt(bllx + MG, +
S a
+M fo [||7 (s, xs, fo u(s, ) k(z, x,)dr, fo v(s, T)h(t, x,)dt) —
~f(5,0,0,0)|| + 1If (s,0,0,0)l]ds
< M||9llx + MG, +
t
+M [ [L(llx = Olle(i=r.s1.e) + || f; u(s, 7) k(z, x;)dT — 0| +
+||an v(s, Dh(z,x,)dt — O|| + L, )]ds
< MIIQlly + MGy + ML [[(Ixllcq—rs1e) + [ Tuls, O ez, 2x,) —
k(z,0) + k(t,0)lldt + [, Tv(s, DIlIA(r,x;) — h(z,0) + h(z,0)||d7) +
+L1]ds
IFz)ONl < MIIDllx + MG, + M fot[L(”x”C([—r,s],E) +J [k (T, x;) —
k(z, 0)lldT + ] [ IIk(z,0)lldr + N [ lIA(z,x;) — h(z,0)||d7 +
+N [, Ih(7,0)|ldT) + Ly ]ds
< MlIBllx + MGy + M [J[L(Ixllcq—rs1p) + AKX c(r ey +
aJKy + aNH ||x|lc(—rap) + aNHy) + Ly |ds
I(F)OIl < MIBllx + MGy + M[Lallx|ly + a®LJK||x|ly + a®L]K; +
+a?LNH||x|ly + a?NH; + alL,]
< M[||19llx + G, + ||x|ly(La + a’LJK + a®LJK, + a®>LNH + LNH,)
+ al] (3.4)
From (3.3)and (3.4), we have
|(Fx)(t)]| is bounded by using the Theorem (2.2)
This shows that Fx €, thus the operator F maps Y into itself. Now, we

shall show that F is a contraction on Y.
Let x(t),y(t) € Y, and from the hypotheses (K;) — (K-),we get

(Fx)(t) = (Fy)(t) = 8(t) — g (xe,, -2, )| () — 0(8) +
+ [.9 (ytlr ---»}’tp)] ()

=~ [9 (xey s, )| O + [0 (V0 32, )| O (3.5)
forx,y €Y , t € [-r, 0]
From (3.2) we have

(F)(t) = (Fy)(©) = T(©)9(0) = T(®) |g (x¢, - 2, )| (0) +
+ fOtT(t — 9)[f(s, xs, fosu(s, k(t, x,)dT, foa v(s, T)h(t, x,)dt)|ds —
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T()(0) +T() |g (e 072, )| (0) =

fOtT(t —)[f (s, vs fosu(s, Dk(z,y,)dT, foa v(s,T)h(t,y,)dt)]|ds
(Fx)(t) — (Fy)(®) =

T(t) (— [g (xtl, ...,xtp)] 0) + [g (ytl, ...,ytp)] (0)) +
fOtT(t — 9)[f(s, xs, fosu(s, k(t, x,)dT, foa v(s, T)h(t, x,)dt) —

£ (s, vs fosu(s, Dk(t,y,)dr, foav(s, T)h(z,y,)dr)|ds (3.6)
forx,y €Y , t €]0,a]
From (3.5) and hypotheses (Ks)we get
I(Fx)(@) — (Fy)(OIl < Gllx — ylly (3.7)
forx,y €Y , t € [—r,0]

From (3.6) and hypotheses (K,) — (Kg) we get

|(Fx)(8) = (Fy)(OIll <

TN | [9 (%22, )| ©) = [g (v 7, )| O] +

FNTCE = DN (5% f; uls, Dk(r,x)dx, [ v(s, DA(T, x,)dT) —
£ (s, v fOSu(S, Dk(t,v,)dT, foa v(s, Th(T, y,)d7)||ds

< MGllx = ylly + ML [}llx = yllctr.sz1 + Jy (s, DIl (T, %) =

k(myolldr + [, 1v(s, DllIh(t,x;) — h(z,y,)lldr]ds
< MGllx — ylly + ML[||x — y|ly(a + a*JK + NHa?)]

< [MG + MLa(1 + aJK + aNH)]||x — ylly (3.8)
From (3.7 )and (3.8), we get the inequality
I(Fx) (@) = (Fy)OIl < qllx = ylly (3.9)

where q = [MG + MLa(1 + aJK + aNH)]. Since,q < 1

The inequality (3.9) shows that F is a contraction on Y.Consequently,
the operator F satisfies all the assumptions of the Banach contraction
theorem. Therefore, in space Y there is a unique fixed point for F and this

point is the mild solution of the nonlocal Cauchy problem (1.1) — (1.2) .

4. Continuous dependence of a mild solution
Theorem (4.1)

Suppose that the functions f, g, k, u and v satisfy the hypothesis
[K;] — [K;].Then for each @,,®, € X and for the corresponding mild
solution x;, x, of the problem
x'+ Ax(t) =

f (t, X, fotu(t, s)k(s, xg)ds, foa v(t, s)h(s, xs)ds),t € [0,a] (4.1)

x(t) + | (xe,, e, )| (©) = Bi(0), £ € [-7,0], (G = 1,2) (4.2)

The following inequality
MeaML(1+a]K)

1 = xally < [1-M(G+a2LNH)eaML(+aJK)] 191 — @llx (4-3)
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is true,if M(G + a?LH)e®ML(1+aJK) < 1
Proof :

Let @;, (i = 1,2) be arbitrary functions belonging to X and let
x;, (i = 1,2) be the corresponding mild solutions of problems
(4.1) — (4.2).Then,

x1(8) — x,(t) = T()[0,(0) — D,(0)]
-1 ([g (Ce, - (xl)t,,)] (0 = [ (C2deys - e, )| @) +

f T(t—S)[f(S ()5 Jy u(s, Dk(T, (x1))dr, [ v (s, DAL, (x1);)dr)

—f (s, (s J, uls, T)k(r (xz)r)dr J, v(s, DT, (xz))dr)|ds  (4.4)
€ [0,q]
and fort € [—r, 0], we have

11(0) =50 = 18,0 = 8,01 (g (Ce0ey -, e, )| © =

|9 (G2eys - G, )| ©) (45)
By hypotheses (K,)_(K;) and (4.4) we have
[12¢,(6) — x2(O) || < MI|@1 — Do llx + MGllxy — x|y + ML f09[||x1 -
Xalleorse) + Jy (s, DI, () — k(T, () lldT +
Jy (s, DR, (x)o) = h(z, () lldelds
< MIB; — B,llx + MGllx, — x;lly + ML [} [Ilxy = x3llcr,stm) +
JK fos||x1 — Xllc(=rm,p)dT + NH f0a||x1 — lelc([—r,r],E)dT]dS
< M||@; — @, llx + MGllx; — x,lly + MLNHa?||x; — x5y +
ML f06[||x1 - xZ”C([—r,s],E) + ajK||x, — xz”c([—r,r],E)]dS
<101 — @,llx + M(G + LNHa?)||x; — x,lly +
ML(1 + aJK) foellxl — Xlle-rs1pds for0<T<s<O<t<a.

Therefore,

QSl[lopt |1 (8) — x, ()| < M9, — D,llx + M(G + LNHa2)||x1 — x2|ly
€

+ML(1 + aJK) fo llx1 = x2ll¢((-r.s1,pydS ,t € [0,a] (4.6)
By hypotheses (Kz) and (4.5), we have
I, () — %, (O < 101 — Dollx + Gllxy — x2lly, t € [-7,5] (4.7)
Since, M > 1, (4.6) and (4.7) we have
21 () — %, (Ole=re15) < MIIB; — B2llx + M(G + LNHa?)
Iy = 22 lly + ML(L + aJK) [}llx1 = %alleqir.s15)ds (4.8)
For t € [0, a].Therefore by Gronwalls inequality we get
lx; — x2lly < [M||@; — Byllx

+M(G + LNHa?)||x; — x,||y]eMLA+aIK)
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llx; — x5 lly[1 — M(G + LNHa?)e®M(+a/K)] <
M”®1 _ ®2”X eaML(1+a]K)

7 191 = BalIx

MeaML(1+a]K)

[1-M(G+a2LNH)eaML(+aJK)
Hence the proof is complete.

I, — 220y <
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