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Abstract
In this paper, a three (four) dimensional autonomous Finance
chaotic (hyperchaotic) system is considered, and we obtained the stability
of this systems. We show that the chaotic (three dimensional) system is
asymptotically stable at the critical points when 0<a<1, and unstable
otherways. While the hyperchaotic (four dimensional) system is
asymptotically  stable if the variables has the form

—(1+d)<a<0,b<0,d >1,,c>ad. Finally, illustrative examples are
given.

Keywords: Finance chaotic and hyperchaotic systems, stability, Routh-Hurwitz

1. Introduction:

Over the past decades, chaos has been found to be very useful and
has great potential in many engineering-oriented applied fields such as in
encryption and communications, power systems protection, liquid
mixing, information sciences, and so on [3,13].
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In 1963, Lorenz discovered the first classical chaotic system[2]. In
1976, O.E.Rassler constructed a several three-dimensional quadratic
autonomous chaotic system[10]. In 1999, Chen and Ueta found the dual
system of Lorenz system via chaotification approach, in the sense of
Lorenz system with a;,a,, >0 and Chen system with a;,a,; <0 from the

definition of Vanecek and Celikovsky [3], where a;, and a,; are the
corresponding elements in the linear part matrix A=(a;)s.3 Of the

system. In 2002, LU and Chen discovered the critical chaotic system
between the Lorenz and Chen system[5], satisfying a;,a,; =0, and the

same year, LU et al. unified the above three chaotic systems into a new
chaotic system — unified chaotic system [6].

Hyperchaotic system is usually defined as a chaotic system with
more than one positive Lyapunov exponent [14]. As we know now, there
are many hyperchaotic system discovered in the high dimension social
and economical systems [1,10,12,15]. Typical examples are four-
dimensional hyperchaotic Rdssler system [10], four dimensional Lorenz-
Haken system[1], four-dimensional hyperchaotic Chua's circuit [12], and
four-dimensional hyperchaotic Chen system[15]. Since hyperchaotic
system has the characteristics of high capacity, high security and high
efficiency, it has broadly applied potential in the nonlinear circuits, secure
communications, lasers, neural networks, biological systems, and so on.

2. Dynamical Behavior of The Finance Chaotic (Hyperchaotic)
Attractors:

Recent works [7-9] have reported a dynamic model of finance,
composed of three first-order differential equations. The model describes
the time variations of three state variable: the interest rate x, the
investment demand y and the price index z, By choosing an appropriate
coordinate system and setting appropriate dimensions for each state
variable, references [7-9] offer the simplified finance system as:

X=-a(X+y)
z=b+axy

where (x,y,z)" eR® is the state variables of the system, ab are
parameters and b > a.

In light of the thought of G.Chen [15], we construct a hyperchaotic
finance system by introducing a state feedback controller w to the system
(1). The new controlled system has the form of:

X=-a(X+y)+w

y=—-y-—axz (2)
Zz=Db+axy

W = —Ccxz—dw
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Where (x,y,z,w)" € R* and a,b are the parameters of the

system(2), and c is constant[4].
In the following briefly describe some basic properties of the
systems (1) and (2) respectively.

1. Symmetry and Invariance:
First, note that the system (1) and (2) has a semmetry S
respectively, because the transformations:
S:(X,—y,Z)—)(—X, y’Z) (3)
S:(X-Y,Z,W) > (=X, Y, Z,—W) (4)

Which permits systems invariants for all values of the system parameters
a,b,c,d. Obviously, the z — axis itself is an orbit, that is if x=0,y=0,
(x=0,y=0,w=0) at t=0 then x=0,y=0 (x=0,y=0,w=0) for all
t >0 respectively. Moreover, the orbit on z —axis tend to the origin as
t —>oo0. And the transformation S indicates that the systems (1) and (2)
are symmetrical on the z —axis, for instance, if ¢ is the solution of the
systems (1) and (2), and S¢ is t00.[4]

2. Dissipative:

The systems (1) and (2) can be dissipative system, because the
divergence of the vector field, also called the trace of the Jacobian matrix
is negative ifand only if a>-1,(a+d >-1).

OX ay 62_ _
ax 82 Tr(J)=—(a+1) (5)

V (t) =V (0)e~ (@t

diw =—

dIVV—QvLQ @+@_Tr(J)_—(a+d+l) (6)
x oy oz ow

V (t) -V (O)e—(a+d +Dt

So, the systems (1) and (2) will always be dissipative if and only if when
a+1>0,(a+d+1>0).

with an exponential:d—v =g (@+D (d—V = e (@*d+Dy gee [4].
dt dt

3. Critical Points:

The critical points of the systems (1) and (2) can be easily found by
solving the three (four) equations x=y=2=0,(Xx=y=2=wWw=0)
respectively, which leads to
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—a(x+y)=0 —a(x+y)+w=0
—-y—axz =0 and —y-—axz =0
b+axy =0 b+ axy =0
— cxz—dw =0

It can be easily verified that the system (1) has two critical points
P.(vb/a,—/bl/al/a),P_(—vb/a,vb/all/a)

If b/a>0, butif b/a<0,there is no critical points; as for b/a=0, there
iIs only one critical point but which dependent on the value of the
parameter a, which is denoted as (0,0,1/a),aeR.

While when the parameters a,b,c,d satisfy abd(a®d —c) >0, the system (2)
has two equilibrium points:

b , A% cA A2 cA
P (— A—— P, (— —,——
( 0 ) ( 0 )
Where A= fbd Obviously, P_,and,P. are symmetric about
ad-c

X,y —axis (X,y,w—axis) for any parameters a,b,c,d .[4]

3. Helping Results:
Remark 1 (Routh-Hurwitz Test) [11]:

All roots of the indicated polynomial have negative real parts
precisely when the given conditions are met:

A +al +bi+c:a>0,c>0ab-c>0 (7)
A +ar®+bA% +ci+d: a>0,(ab-c)>0,(ab-c)c—a’d >0,d >0 (8)

Remark 2 (Critical Cases) [11]:

Critical cases in the theory of stability for differential equation
means, that cases when the real part of all roots of the characteristic
equation have no positive with the real part of at least one root being zero,
other express which is neither stable nor unstable.

Now, we only needs to consider the stability of system (1) and (2)

2
at the critical points P, (vb/a,—vb/al/a) and P, (— A, A—,—%)
respectively. Because the system (1) is invariant under the transformatlon
(X’_y’ Z) - (_X’ Y, Z)
Under the linear transformation (x,y,z) —(X,Y,Z)
x=X++/b/a
T= y=y-+bl/a 9)

z=27Z+1/a
2 N\
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After substitute (9) in (1) we get:
X =-a(X +Y)
Y =-X-Y-axz -avb/az (10)
Z =ab/a(y - X)+axy
Also, since the system (2) is invariant under the transformation
(X,=Y,2,~W) = (=X, Y, Z,W)
Under the linear transformation (x,y,z,w) —(X,Y,Z,W)

T= A2 (11)

w=W +%
ad

After substitute (11) in (2) we get:

X =-a(X +Y)+W

2
Y :-ix—v +BZ—axZ
b A

: 12
Z=aAX—%Y+aXY (12)

2
W=_SA" P awooxz
b aA

Remark 3[4]:
The characteristic polynomial of system (12) at the critical P, is:

2 3
abc“d +2ad —a bd)ﬂf .

b(a d —C) (13)
)A+2(a?bd —bc) =0

f(A)=2"+@1+a+d)A*+(a+d+ad +

abc + bdc

...... +(2a’b—bc + abd —

In [4], studied the stability and control of system (2) when the
parameters a=3,b=15,c=0.2,d =0.12, and we found that the some
eigenvalues of the characteristic polynomial (remark 3) has positive real
parts (0.708300, 0.032247, 0 and -4.713900). Thus the equilibrium point
P, is unstable. Similarly, the equilibrium point P_ is unstable. In this
paper a new chaotic (hyperchaotic) finance system is constructed, and
stabilization of the chaotic (hyperchaotic) finance system is achieved.
when a,b,(a,b,c,d) are parameters.
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(i) Projection on the z—z plane. (j) Projection on the y—w plane.

Phase portraits of hyperchaotic finance system(2)whena=3,b=15,¢=0.2,d =0.12
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4. Main result:

Theorem1: In system (10),

1- if ae(02), and b>0,the critical point P,(0,0,0) is asymptotically
stable.

2- ifa e (1,),then the critical point P,(0,0,0) is unstable.

3-if a=1, then system (10) is critical case.

Proof: At the critical point P, (0,0,0), system (10) is linearized, the
Jacobian matrix is defined as:

-a -a 0
J, = -1 -1 -—a+b/a (14)
—avb/a avb/a R P
and the characteristic polynomial is:
f(1) =2 +@+D2% +abl+2a’h=0 (15)

Obviously, the two points P have the same stability. Let

A=a-+1 B =ab,and,C =2a’b, then the Routh- Hurwitz condition (remark

2) lead to the conclusion that the real part of the roots A are negative if
and only if A>0,B>0,and ,AB-C>0. Since A=a+1 and ais positive
parameter. Consequently A>0 always, C>0 when ab>0 and
AB-C>0when ae(0l)and b>0,and hence when aec(01), the
system(10) is asymptotically stable, the proof of first condition is
complete. While when a e (1,) ,then the system (10) is unstable. Finally,
if a=1, then system (10) has critical case.

Theorem2: The solution of system (12) at the critical point P,(0,0,0)is:

1- asymptotically stable if —(1+d)<a<0,b<0,d >1,,and,c>a?d.
2- unstable if -(1+d)<a<0,b<0,d >1,and,c<a’d.
3- critical case if —(1+d)<a<0,b<0,d >1and,c=a’d.
Proof: Using Routh -Hurwitz criterion, the equation (13), has all roots
with negative real parts if and only if the conditions are satisfied as
follows:

A>0,

D >0,
AB-C>0

(AB-C)C - A’D >0,

(16)

abc?d +ad —a®bd
b(a’d —c)

Since A=(a+d+1), B=(a+d+ad+

abc+bdc

C =(2a’b—bc+abd - ),and, D =2(a?bd —bc) . Consequently, after

applying the conditions —(1+d)<a<0,b<0,d >1,,and,c>a%d, we get

D=
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that the system (12) is asymptotically stable always, and if
—~(@1+d)<a<0,b<0,d>1,and,c<a’d, we get that the system (12) is

unstable. Finally if —(1+d)<a<0,b<0,d >1,,and,c=a?d, then satisfied
remark 2, hence the system (12) is critical case, the proof is complete.

5. Illustrative Examples:
Example 1. Investigate for stability of system (1) at the critical point

P.(0,0,0), Where a :%,b 2
Solution: from equation (15) we get
f(1) =2 +@+DA% +abl+2a’h=0
= f(1) =2 +§/12 +A+1=0
And by wusing Routh - Hurwitz conditions we get
& :g >0,a3 =1>0,and,a;a, —az = % >0, hence the system is

asymptotically stable and the first part of theorem (1) is satisfied. While
if a=2,b=4, we get 3y =3>0,a3 =32 >0,and,a;a, —a3 =-8<0 and the
system IS unstable. And if a=1b=2, then
a =2>0,a3 =4>0,and,a;a, —az =0 and the system (10) is critical case.

Example 2: Investigate for stability of system (12) at critical point

P,(0,0,0,0), when a=-3b=-2,d =3,c>27,let,c =28

Solution: from equation (13) we get:

abcd +ad —a’bd 2
b(a’d —c)

f(/1):24+(1+a+d)ﬂ3+(a+d+ad+ L

...... +(2a%b—be+abd —22CFPAC ) L otaZbd —be) =0

a
— f(1) =2+ 13 +(6961.5)1° +384+4=0, and by using Routh-Hurwitz
conditions we get,

a; =1>0,a, =4>0,aa, —a3 =6923.5> 0,and, (yya, —az)as —a12a4 = 263089 >0

Hence, the system(12) is asymptotically stable.
While if ¢c=26,=a, <0, and the system (12) is unstable.

Finally, if c=27,=a, =0, and the system (12) is critical case.

Example 3: Investigate for stability of system (12) at critical point
P,(0,0,0,0), when b=-2,d =1.1a>-2.1 let ,a=-2,c>44, let,c=5
Solution: from equation (13) we get

2 .3
abc d +2ad a“bd 2.

b(a“d —c)

f()=2+Q+a+d) A +@+d+ad+

abc+bdc
ad

<

...... +(2a’b—bc+abd — )A+2(a’bd —bc) =0
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and by using Routh-Hurwitz conditions we get,

3 =0.1>0,a4 =2.4>0,&a, —a3 =4.715757576 >0,and, (a;a, —az)az — afa4 >0
Hence, the system(12) is asymptotically stable.

While if c=4,= a, <0, and the system(12) is unstable,

Finally, if c=4.4,— a, =0, and the system(12) is critical case.

6. Conclusions:

In this paper, a three (four) dimensional autonomous Finance
chaotic (hyperchaotic) systems are studied, there are obtained stability of
these systems. We show that the three dimensional system is
asymptotically stable at the critical points when 0<a<1, and unstable in
others. While the four dimensional hyperchaotic system is asymptotically

stable if the variables has the form —(1+d)<a<0,b<0,d >1,¢c>a%d.
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