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ABSTRACT
In this work we study the existence solution for certain non-linear differential
equations of fractional order a of the form

y®(x)=f(xy) ., ae(0]), aeR
With
y(a_l)(xo)=)’0

y(u)(x)=f(x,y) , n-lze=<n , n22 , neZz'
With

y(u-l)(xO)=ylo , i=1,2,3, ........
By using Schauder fixed point theorem.
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INTRODUCTION

The concept of fractional differentiation is used in the solution of ordinary
Higgins[7], partial Riesz and integral equations Bassam [2] and to find the inverse
Laplace transformation Colan and Kolr [3]. Although other methods of solutions
are available , the fractional derivative approach to these problems often suggests
methods that are not obvious in a classical formulation. A classical example of a
differential equation of non-integer order is the inverse of the Abel integral
eguation Bocher , that is consider the solution as the differential equation , where
the integral equation becomes the solution of this equation . An example of such
an equation

y® (x)+y =h(x)
Was discussed by Barrett [1] .Bassam [2] proved the local existence and
uniqueness theorem of the differential equation

vy (@)=f(x,y) O<a<l
By using the Banach contraction principle on the same limes as used
by Bielecki for an ordinary differential equation. Our work is to extend some

results of [6] to prove the existence solution for non-linear fractional differential
equation which has the form

y@(x) = fix,y) ae(0l) , aeR ... )
With
y(“")(x0)= Yo oo (2)
and
y®(x)=f(x,y) , n-l<a<n , n22 , neZ' ... ()
With
vy x)=ys . =123 e, (4)

Where xel={xin<x<r, 1,10 eR} and fis a function from I xR into

R, where R is the set of real numbers, and YosYioare constants, and it is
continuous on the domain
<d } .......... )

B Yolx~ xo)cl_l

T T

D:{(x,y):0<x0 <X<Xy+¢,

118



Goseph G. Abdulahad & Azhaar H. Sallo
—————————————————————————————

< d} ........... (6) -
Define the norm of yeC(J) by:

Ivl = Sg{exx{— m Zj(x — 1) Z(t)dt\] ly(X)l} ---------- (7)

We define the set S(p) as follows:

S(p)={y:y eCQ):|y|< of (8)

PRELIMINARIES
In this section we set some definitions and lemmas to be used in this work..

and the domain

LS .0(x xo)ol|

o S (a-i+1)

D:{(x,y):0<x0 <X <Xy +6€,

Definition 1:
A sequence i }::, in a normed linear space is called a Cauchy sequence if,
given £>0 , there isan N el suchthat forall nm=>N, we have
I, -l <
Definition 2:
A complete normed linear space is called a Banach space .

Definition 3:
Let f be a function which is defined a.e (almost every where ) on [a,b].For a >0,
we define:

bIof = —— j(t)(b—t)‘”dt

()

Provided that this integral (Lebesgue) exists , ‘where T is the Gamma function.

Lemma 1:
Let o,peR,p>-1.1f x>a,then
a+p
boq (E=2) (x-a)"" o +p# negative integer
bpe =< =3T(a+p+1) _
r(+1) i o+ B = negative integer

Theorem 1 (Schauder s fixed-point theorem):
If k is a closed ,bounded and convex subset of a Banach space E , and the
mapping T:k =K is completely continuous , then T has a fixed point ink .
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Theorem 2:
Let {f, }77, be asequence of real — valued functions on the set E, then {f, ]~ is
uniformly convergent on E if and only if given €>0 there exist N e Z* such that
[ (x) = £, (x) € (mn2N, xeE)
Theorem 3:
If {f, }:’zl is a sequence of continuous real — valued functions on a metric space
X that converge uniformly to fon X. then f is also continuous on X.

Theorem 4:
A sequence {fn }:°=l in C[a,b] converges to f eC[a, b] if and only if it is
converge uniformly to f on [a,b].
Remarkl1:
For the proof of definitions, lemmas and theorems see (1], [2], [4], [5], and [8].

THE MAIN THEOREMS
Theorem 5 (Local Existence theorem ):
If f(x,y) is a continuous in a closed ,bounded rectangular box (5) .Then

there exist at least one solution y(x)of(1)and (2)on:0< Xog<X<X,+B,
for some B> 0 .
Proof:

Let C(J)=C[J,R] be the space of all continuous functions from :
J =(x0,x0 +c] into R.

We shall prove that the space C(J) with the norm (7) is a Banach space.
Let {y (x)}“’l be a Cauchy sequence in C (J), Ve >0 there is an m, €1 such that

I1¥a-yaulse (m,n>m,)

](x - t)a_ Z(t)dtJ Iy, (x)- Ym(x)t<e

sup exp(— H
xel

[¥a )=y () <

Thus

Toe-t) a(ohe

len(X)—ym(X)l <e

or
€

:f(x—t)°"z(t)dt(]

CXP[— m

P )-yax)<e,

120



Goseph G. Abdulahad & Azhaar H. Sallo

%ﬁ
€
where g, = -
exp{— u J.(x =) z(t)dt

functions {y, (x)}, is convergent uniformly to the limit y(x). Also from the

theorem (3) y € C(J) therefore from the theorem (4) {y, (X)}7_, convergent to the y.
This implies that C (J) is a Banach space.

Since f'is a continuous on the D, there exists a positive number M such that:
I f(x,y}lSM for(x,y)eD . ©)

J and by theorem (2) the sequence of

Choose B and p suchthat 0<p<c, 0<p<d and

o
T(o+ 1)B P
It is clear that the set (8) is a closed and bounded subset of the Banach space
C (9),8(p) is convex, for if y,,y, €S 0<A<I1 then

[Ry; + (@ =1)y,| =sup {exp{— m J Ay, (x)+(1- l)y2|}

[x =) " 2(t)at

].(x — )% 2(t)dt ][ky, (x}] +

- [exp(— u }(x — )% 2(t)dt

le](x)l}+

+(1- k)sup{exp(— m

xel

= sup{(exp[— v
xel
< Asup{exp[— il
xel

< Ally: ”+ (1- }‘)l)’z "

<Ap+(1-A)p =p

]lo—wyz(x)}
Jtof

X

I(x — )% 2(t)dt

c

](x — )% z(t)dt

xel

Ay, +(@=2)y,|<p
Sothat Ay, +(1- 1)y, eS(p)
Therefore S(p) is convex.
Now, let T be an operator defined by:
®—X, )
(Ty )(x ) _Jo ( 0 )

1 1 * a-1
() +F(a)x{(x_t) 1A E) 5 S (10)
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for yeS(p) , x e (x,x, +BJ.
Since f is continuous , it follows that T is continuous operator from S(p) to C(J).

From (9) and (10), we have:

(Ty)ox) - Lo

f (-0 y(Oke]

"\.—a

.
me

I"()

sixj - )" JE(t, y(t))dt
. )}

< M B* <

r(a+1) :

This implies that T maps from S(p) into itself,
Now, we show that all functions belonging to T(S(p)) are uniformly bounded on

(xo’xo +ﬁ]

|Mﬂm}kﬁu) FL]@af«w@ﬁ

B M
< T S
_lyolp*! . Mp®

I(a) T(a+1)

ol

[(a)
This implies that T(S(p)) is uniformly bounded.
Next, we shall prove that the functions of T(S(p)) are equicontinuous on

(xo:xo +51

To do so, it is enough to show that the integral part of (10) which we shall
1 7 a-1
G(X)= —— —t) f(t, y(t))dt
09~y [0 GO

Forms a family of equicontinuous function on (xo,x0+B] ;because

-1

y()(x—x())(x ’ ; 7 : x 3 o . ¢

T Is equicontinuous function, since its derivative is uniformly
a) .

bounded on (x,,x, +B]

122



Goseph G. Abdulahad & Azhaar H. Sallo
#
Now, for x,x, €(xq;Xq + B] such that: 0 <x, <X, <X, <X, +p.from (10) we
obtain :

a-l

xl

I(xz -t

Xo

|@@a—cumzfé5

£yt [(x, 0" £t y(OKt

X a-1

s~ sy Ok [ -0 O fox, -0 iy OKe

2
X

e
(o)

\

Xo

sﬁ$ﬁm,¢~4m4r%mwwH?mawwme}

N

Xo

< %—{xj‘[(xz ™ ) }it + :j[(xz < dt}

(Since l(x2 ) =[x, -] J is negative for all a € R)
By usual integration, we obtain

0(c2)~ 605 s =)+ =00 =5 =)'

S—l%——l—) (xz—x,)°+|x2—x,‘“} .......... (11)

From (11) and since x* = x§ as X = X,, i.e. x* is uniformly convergent on
(xo,X +P],we obtain that the function of T(S(p)) are equicontinuous on
(xgsxq + B].Hence the closure of T(S(p)) is compact.

Now, from Schauder s fixed-point theorem T possesses a fixed-point.

(TyXx)=y(x)
369 = 20 T O

y(x) is a solution of the equation (1) and satisfies the initial condition (2).

Theorem 6:

If f(x,y) is a continuous in a closed ,bounded rectangular box (6).Then there
exist at least one solution y(x) of (3) and (4)on: 0 <x, <X <X, + B, for some
B>0.
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Proof:
Let T be an operator define by:

a-i 3 a-1 ’

Yio ) 1

(TyXx)= + x—t) ft,y()dt . (12)
; r(a [(«) J( )

for yeS(p),x €(x,,%, +B]. It is clear that S(p) is a closed and bounded subset

of the Banach space C (J) and it is convex.
Since f is continuous, it follows that T is continuous operator from S(p) to

C{),from (9) and (12) , we have:

(- S0 2 ) st
< F(la“) ]<x - O (e, e
)
T
‘r(a+1)B ~F

This implies that T maps from S(p) into itself.
Now, we show that every functions belonging to T(S(p)) is uniformly
bounded on(x,,x, +B].

(0= Byl b T 0y

1+1)

S llylollﬂ“‘ ool g
Z‘l‘(a—wl on) I( =

- "le”chn M a
z,l"(a—wl) (o +1)
"2 lly.ollB

= —1+1)
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This implies that Ty € T(S(p)) is uniformly bounded.
In the theorem (5) we prove all functions in T(S(p)) are equicontinuous on
(x,X, +B].Hence the closure of T(S(p)) is compact.
Now, from Schauder s fixed-point theorem 7 possesses a fixed- pomt

(OB o
i)~ Sl re S Te-0 raom

y(x) is a solution of the equation (3) and satisfies the initial condition (4).
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