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ABSTRACT

We study a new definition of a non-linear model of time series with
hyperbolic secant function in a discrete time. The suggested model
consist of two parts the first part is (linear) and the second part is (non-
linear) which contains the hyperbolic secant function. We approximate
this model to be linear by using the local linearization technique. We find
the non-zero unique singular point that satisfies the non-linear variation
equation, also stability of the non-zero unique singular point and the limit

cycle if it exists of the suggested model.
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1.Introduction

We study the non-linear models of time series with hyperbolic
secant function. If the roots of the distinctive equation are located in
(inside) the unity circle, then the linear (time series) models are stable.
Furthermore there are numerous distinct ways to learn the stability for
non-linear models. We used the local linearization technique to obtain the
approximate linear model near the non-zero unique singular point for
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non-linear model that is suggested in this paper. We find the non-zero
unique singular point for the non-linear time series model with hyperbolic
secant function, stability for the non-zero unique singular point and the
limit cycle if it occurs. Also we find the necessary and enough conditions
for the presence, the stability of a non-zero unique singular point and the
condition for the stability of the limit cycle if it occurs of the public case
of the suggested model.

Finally, we have given some examples (examples(1),(2),) to
explain the local linearization technique with a graph of the orbits to
show the stable unique singular point and unstable singular point of the
suggested model of order one, and example(3) to explain unstable unique
singular point of the suggested model of order two with it's graph of the
orbits.

2. Fundamental conceptions for time series
Definition 2.1: The public linear (autoregressive) model of p order is
denoted by AR(p) that satisfies the next variation equation:

X, =X 4 +...+ 8%, +Z;t=0FLF2,..., Where a,a,,..,a, are the

real constants, and {z,} is white noise. The stability state of above linear
model that is if the roots of the distinctive equation

p’ —aut-a,u?..—a =0 are lies in(inside) the unity circle |4|< 1
Vi=12,...,p [1].

Definition 2.2: Let we have the variation equation for the non-linear
model that x, = f(xt_l,...,xt_p), then the non-zero unique singular point ¢ is
defined as a point, such that for each of trajectory of the non-linear model
X, = f(xt_l,...,xt_p) beginning to be enough reach it oncoming either if for
t >0 or for t—-wo. If it (approached) converge it for t - then this
point ¢ invite as a stable unique singular point and if it
(approached)converge for t—-« then this point ¢ invite as unstable
unique singular point. Then to get the unique singular point ¢ we lay that

Definition 2.3: The variation equation for a non-linear model
% = f (X, %_, ), then a limit cycle of this model is isolated and closed

path X, X4 , Where q is a positive integer.
Closed means if the elementary values (Xl, ----- ; Xp)belong to limit

cycle then (XHQ,---,Xp+kq)=(X1,---, Xp) for any integer k. Isolated mean

every path beginning enough near the limit cycle converges either for
t —oo0r for t ——o. When the limit cycle converges it for t —oeowe call it
a stable limit cycle and if the limit cycle converges it for t ——oo we call it
unstable limit cycle [3].
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Definition _2.4: The exponential model of p order with appositive
parameter y, expAR(P) is defined by the next variation equation

_ e -E
X, = (a1 +be ‘l)xtfl +...+(ap +bpe “)xtfp +2,

while {z} is white noise and a,,..,a,;b,,...b,are a parameters of model

and 7 js 3 positive parameter [4].
The necessary conditions for the presence of the limit cycle of the above
model are

1- If all roots for the equation x” —(a, )u* —...+(a,, Ju—a, =0are

located inside the unity circle |4|<1.

2- Some of the roots of the equation
u’ —(a, +b )u? —...—(apf1 +bp71)u—(ap +bp)=0 lie outside the unity
circle |4|<1 .

3- The sufficient condition for the limit cycle is 0<<1'p§ai’ <, 5]
(iZ::,bi)
Definition 2.5: The next non-linear variation (difference) equation
X, = (a1 +b1e*X12*1 )xH +...+(ap +bpe*X‘2*1 p T2, While z, is white noise
and a,,...,a_;b,..., b, are the real constants(parameter), then this model

Is invite as exponential autoregressive model of p order which is
denoted by expAR(p) [5].

Theorem 1: [2]
If p=1 in (definition 2.5), then we get that x, = (a1 +he ™ K | +z,
The limit cycle of cyclic q X;, Xi.q: X2+ X, Of above model is orbital

<1,

-
stable if =
‘ Sy

Theorem 2: [2]
For the variation (difference)equation of (definition 2.5) which is

not linear that satisfies: x, = a1+b1e‘x12*1 g et ap+bpe_x@1 p
Then X, X, X0 X, IS called as the limit cycle of cyclic q of this
model which is an orbital stable if all the eigenvalues |4|of the

matrix A= A A A o AA
have absolute values lesser than one, such as

+ Z,

o
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P 2 X2 X2
a +{b, - 22 (X MXaade ot a, +be ™ . a +be
j=1
0 .. 0 0
1 .. 0 0
A =
0 0 w1 0

The suggested non-linear model:
We will give the definition of a non-linear time series model with
hyperbolic secant function of order p such as:

%= 3la, +bysech(x ), +2 ¢

i=1
Where {z} is a white noise(hormal distribution) and a,,...,a_;b,,....b_are
the parameters (real constants) of the suggested model.
Note that:
In the non-linear suggested model of an equation (1) we have
the next cases:
1) if x_, — Foo then sech(x_)—0, and the model is linear of order p,

p
that means the model % = Z[ai X+ 2 s linear.
i=1

2) Also, if x_, —0, then sech(x,_,) —1, and the model is linear of order

p
p, suchas: X, = > [a +bx_; +2, is linear.
i=1

3. The stability for the suggested model
In this paragraph, we used the local linearization technique in
order to find the stability for non-linear suggested time series models
with hyperbolic secant function of order p=1,2, and we generalized this
technique to the public model.
The local linearization technique includes three basic steps to find
the stability for suggested model namely:
1- The non-zero unique singular point for non-linear model of
time series.
2- The stability condition for unique singular point.
3- The stability condition for the limit cycle of the suggest model
iIf it exists.
3.1 Let the non-linear suggested model defined by the next difference
equation
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X, = Zp:[ai +b, sech(x,,)IX,; + 2, (1)

i=1
3.1.1 The unique singular point:
Let p=1 in variation equation(1), then we have that:

X, =[a, +b sech(x_y)Ix_, +z, ()
Since, the non-zero unique singular point satisfies that ¢=f(¢) and
supposes that the white noise is neglected (z, =0).

Then, ¢ =[a, +b,sech()]I¢, if(g’;tO)’ (b, #0) and (a, #1).

Then, the non-zero unique singular point

g=sech-l(1;a1)  where 0<(1=%) <1 ®3)

1 1

The needful and enough condition for presence of the singular point of
1-a

the suggested model of one order is that: 0<(

)<1.

1
3.1.2 The condition of the stable unique singular point:
We shall find the stability condition for the non-zero unique
singular point as next:
Put x, =¢ + ¢, for s=t,t-1 , in the variation equation (2), and let the white

noise is zero z, =0, then we have:

§+§t :[al +b1 SeCh(g+gt—l)](§+§t—l)
2

Or! é/ + é’t = [al + bl (e(nggt_l) N e,(ng;t_l) )](é/ + é/t—l) (4)
¢ ye¢ ¢ _e¢)_(ef e ¢
Then,{t:[(al(e +e )+2bl+a;§(e_§ e)—(ec —e )4)]4_1 (5)
(e® +e7°)
Therefore
¢ 4o ¢ _e ) _(ef —e ¢
¢, =hg, wheren, — (& e AcE te )T Ze ey ()

(ef +e™)
The equation (6) is a first order linear model which is stable if the root of
the above distinctive equation lies in(inside) the unit circle .

That means if |z|=|h| <1.

3.1.3 The condition for the stable limit cycle if it exists:
Let the limit cycle of period g of the suggested model in the
variation equation (2) has the form  x, X, X, Xuq =% .The

points x, near the limit cycle is represented by x =x_+¢,, then replace x,
and x_, by x +¢, and x_ +¢,_, , and suppose that the white noise is zero

z, = 0. Respectively, then we get:
2
Ny +¢0s) (7)

e(xt—1+§t—1) + e*(xt—ﬁgt—l)

iy

X +§t :[a1+b1(
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Therefore

=l (a1 (e +e7)+2b, + ali(f_l (eX: - er) — (e —eT )X, e )
(™ +e )

Equation (8) is a first order variation equation with a periodic coefficient,

which is not easy to solve analytically. Now, we need to learn that

whether ¢, of equation (8) converges to zero or not, and this can be test

by using (Theorem 1), which means ‘ii—lq Is less than one or not [2].

Let, t=t+qg in equation (8) we get the following:
al (eXHq—l + e7XI+q—l) + 2b1 + a1Xt+q—1 (eXmH _ efxuq—l) _ (eXmH A

e My (@)

¥ =[( X -X
éz‘ q (e el 4 g l+q71)
Hence
) (ext+q—i + e_xt+q—i ) + 2b +ax o (ext+q—i _ e_xt+q—i ) _ (exl+q—i _ e_xt+q—i )X ronli
oo =] [ - — =, (10)
i-1 (e +e )
Then, by (Theoreml) equation (10) is orbitally stable if Sua <1.
t
Therefore
i1 (e +e )

Hence, equation (11) can be written equivalently as:
ﬁ[al (exl+i—1 + efxn-i—l) + 2b1 + a1Xt+i_1 (ext+i—1 _ efxu-i—l)_ (ext+i—1 _ efxt-v-i—l)xt*-i ]
il (eXHi—l +e_xt+|—1)

CHq

G

<1(12)

3.2 Substitute p=2 in equation(1), we get:
X = [a:L + bl SeCh(XI—l)]Xt—l + [az + b2 SeCh(Xt—l)]Xt—Z +Z, (13)
3.2.1 The unique singular point:

By using the definition of the singular point ¢ = f(¢) and the white

noise be neglected that means z, =0.
Then ¢ =[a, +b,sech()]¢ +[a, +b, sech($)]¢
The singular point for the variation equation (13) :

& =sec hl((l_zai)) 0 (aiai)) <1
= 3= < = <
(Zb‘) .where (Zb‘) (14)

The necessary and sufficient condition for the presence of a non-zero
unique singular point for the suggested model of two order is that:
O<(—=~—)<1-

S

— =i
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3.2.2 The condition of the stable unique singular point:

We shall find the stability condition for the singular points of the
variation equation (13) as follows:
Put x, =¢ + ¢, for all s=t,t-1,t-2 , and let z, =0, then we have:
C =l b M ) b I+ ) (35)
Then

a(e® +e ) +2b +a, (e’ —e)—(e° —e )  +a,l(e° —e)

a,(e* +e*)+2b

Go=I (eg +e_4) 16+ (64 +e_§) 2]é,t-z
Or

S=hd +hd (16)
Where
h o= a (e +e)+2b +a, (e’ —e)—(e° —e ) +a,(e” —e‘g)]

' (e +e) ’

_a,(ef +e)+2b,
27 (ef +e7)
Then equation (16) is a linear model of order two which has distinctive
equation of the form
V2 —hv—h,=0
Then hy = (e + 1), h, = —p418
Where 1, 1, are the roots of the distinctive equation of the model.
The stability condition is that || <I; for all i=1,2 .

3.2.3 The condition for the stable limit cycle if it exists:
Let the limit cycle of period g of the suggested model in the
variation equation (13) have the form x.,x.; X, X.q =%.The

points x, near the limit cycle are represented by x, =x, +¢,;Vs=t,t-1t-2,
and let z, =0, then we have

2 2
Xt + é/t - [al + bl( (X1+¢ea) “(%1+¢1a) )](XF]' * §t71)+ [az + b2 ( (%-1+¢ta) -(%1+4i) )](XFZ + gt—Z ) (17)
e ot e o T
Then
a (e +e ) +2b +ax (% —eTv) - (&% —e )X +ayXx (e —e7*)
¢, =[ P ]41171
(e +e7) (18)

a,(e™ +e)+2b,
o ey ke

Then equation (18) is a 2nd —order variation equation with a periodic
coefficient, which is not easy(difficult) to find it's analytical solution.

— =
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Then we need to know that whether¢, of an equation(18) converges to
;t St+q

zero or not, and this can be test by using (Theorem 1), that means IS
less than one or not [2].
Suppose that t=t+q in the variation equation (18).
_ [al (e Xt1g-1 + e—qufl) + Zbl + alxuqil (e Xteg-1 _ e—XHH) _ (eXqul _ e-XwH )XHq + az XHq,z (eXnH _ e—Xqui )]é/
t+q X, X, t+q-1
(e t+q-1 +e |+ql)
el re ) B, (19

(ean—l + e_qu—l)

g al(ex‘mii _I_e*Xum )+ 2b1 + a‘lxt+q—i (eXHq*i _eixmii )_(ex‘ - e s )Xt+q (i-1) +a‘qu-q i+1) (e h _eix‘im)

S =0 T e 1
ol g, (g™ +e )+ 2b,
20
+l;[[ (equ’l _I_e’xmfi) ]}é/t ( )
Equation (20) is orbitally stable if this condition hold g”q
t
Ciiq a (™ +e ) 420 + X, (8" —e ) — (Mt —e V)X L+ @, X, (8T —e )
\Q\Iy " e ) !
a, (e +e7 ) + 2h,
]_2[[ e J<1 (21)

3.3 The stability condition of the public case of the suggested model:
For the public case for the suggested model.

p
Let X = Z[ai +b; sech(x,)Ix.; +2z,.

i=1
We can find singular point by using the processes which are similar to the
equation (3), then we get that:

(- Za)
¢ =sech™(— Lo ) , where the necessary and sufficient condition for the
presence for_the singular point for the suggested model of (p) order is:
0<(— =)<l
2.5

The stability for the singular point is

— =
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a,(e° +e)+2b +a,l(e* —e ) —(e* —e‘§)§+zp:ai§(e5 -e7)
p h = i=2
i = Zhigt—i ,Where " (e* +e™)
i=1
ae*+e)+2b .
h, = LVi=23,..,p-1,
' (e +e7) ! P=aP
The stability condition for the singular point of the suggested model of
(p) order is satisfied if all the absolute value of the roots|y| of the
distinctive equation vP—hvP*—h,v*?—hyv*?—_.—h =0 must be lie
in(inside) the unity circle.

Theorem 3: The model for the variation equation (1), then the limit cycle
of period q , Xu1 ,Xu2,..., Xieg 1S an orbitally stable when all the
eigenvalues of the matrix A = Ay . Ag1 ..... A have absolute value less
than one, where

p
ac +2b +acX. ,—CX. . +a,CX.. .+ acX..
1¥1 1 172 PMt+i-1 2 M+ 2Y2M+i-2 ; Y20+ aZC1+2b2 apC1+2bp
C, c, C,
1 0 . 0 0
0 1 . 0
A= :
0 0 1 0
and

C]_ — (ext+i—1 + e_xt+i—1)

CZ — (ext+i—1 _ e_Xt+i—l)'
4. Examples

In this paragraph three examples are given to explain how to find
the unique singular point for the (non-linear) model of time series, the
conditions for stability of unique singular point and graph of the orbits
of a non-linear models with hyperbolic secant function of one order and
two order.
Example(1):
Assume that we have the model x, =[-3+5sech(x,_,)]x,,+2 ,then a, =-3

1-a,, 4
() <1.
b, ) =)

iy

, b, =5, Which satisfies the condition that: o < (
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4, 1+3 ~ )
Therefore, { =sech 1(%) =sech™(0.8) =0.6931js a (non-zero)

unique singular point for the model of example(1).

By means of variation equation (6) to get that ¢, =-0.6636¢, , .

Then, the unique singular point of the example is stable because of the
root .=-0.6636 of the a above variation equation is located inside the

unit circle, and the next figures offer the stability of the model of the
example(1) for various initial values.

Orbit of x0=0.5 for x(t)=((-3)+5*sech(x(t-1)))*(x(t-1))
0.75¢ r r r r

o7l

0.65

x[t]

0.6

0.55

0.5

0 5 10 15 20 25 30
t
Figure(1)
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Orbit of x0=0.0001 for x(t)=((-3)+5*sech(x(t-1)))*(x(t-1))
0.8+ r r r r r
0.7 /
0.6

0.1
ot I I I I I A
0 5 10 15 20 25 30
t
Figure(2)
Orbit of x0=-1.1 for x(t)=((-3)+5*sech(x(t-1)))*(x(t-1))
0.8¢ r r r
0.6
0.4
0.2

-0.6 /
0.8 ]
A
1'26 5 16 15 20 25 36
Figure t(3)
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Example(2):
If a=-1 , b =20then the model in variation equation (2) is

X, =[-1+20sech(x, )%, , +Z,, which satisfies the condition that:

l1-a,, i
0<(T)_(20)31.

1+1 . .
Therefore, (zsech‘l(zio) =sech™(0.1) = 2.9932 is the (non-zero) unique

singular point. By applying the variation equation (6), we obtain an
equation &, =-4.9564¢,_, .Then, the singular point of an example(2) is
not stable because the root of the distinctive equation is located outside
the unit circle, and the next figures offer that the model of example(2) is
unstable for various initial values.

Orbit of xO=11 for x(t)=((-1)+20*sech(x(t-1)))*(x(t-1))

Figure(4)

t of x0=0.0001 for x(t)=((-1)+20*sech(x(t-1)))*(x(t-1))

Figure(5)

— =
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Orbit of x0=-1.1 for x(t)=((-1)+20*sech(x(t-1)))*(x(t-1))

15¢

L

x[t]

o
—
—
—
—
— |
—
—
—
—
1
—
—
|
—
—
—
T —
E—
E————
—
E————
| E—
————
—
|
| E—
————
—
¢

-15°

Figure (6)
Example(3):
If a =—2, a,=-3, b, =4, b, =3in variation equation(14), then we
have the (non-linear) model such that:
X, =[-2+4sech(x_,)Ix , +[-3+3sech(x_,)Ix_,+2z , which satisfies the
condition that:

1—22:ai 6
O<(—2—)=()=1
2.b

i=1
4, 1+5 4,6 . )
Therefore, ¢ =sech (T):SECh (7):0.5696 is the (non-zero) unique

singular point .
Then, applying variation equation (17), we get that
¢, =1.4286¢, , —0.4286¢, ., .

The distinctive equation of the linear model is v* —1.4286v +0.4286 =0.
Then, u =-1, 1, =-0.4286 are the two roots for the distinctive equation

of the linear model.

Since the stability conditional of singular point is not satisfied, then the
singular point for example (3) is not stable, and the next figures offer that
the model of example (3) is not stable(unstable) for various initial values.

D
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Qr@{fof x0=3,x1=4,for x(t)=-2+4*sech(x(t-1))*x(t-1)+(-3)+3*sech(x(t-1))*x(

t-2)

i

V
0 5 10 15 20 25 30
t
Figure(7)

Qpbjpof x0=-3,x1=-4,for x(t)=-2+4*sech(x(t-1))*x(t-1)+(-3)+3*sech(x(t-1))*x(t-2)

5 10 15 20

25 30
t
Figure(8)
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Orbig Qb§0=1.001,x1=1.1,f0r X(t)=-2+4*sech(x(t-1))*x(t-1)+(-3)+3*sech(x(t-1))*x(t-2)
0.5

X[t]
|
i

-0.5

| \/

10

15 20
t

25 30
Figure (9)
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