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ABSTRACT
In this study we investigate the approximation of the solution for
nonlinear system of integro-differential equations of Volterra type with
boundary conditions.
The numerical-analytic method of periodic solutions for ordinary
differential equations of Samoilenko has been used of this work.

1. Introduction

The approximate periodic solutions for nonlinear systems of
integro-differential equations have been used to study in many problems
[L,2,3,45].

Ghada [2], used the method above to investigate the approximate
periodic solution for nonlinear system of integro-differential equations of
Volterra type which has the form:-
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t
% = AX() + [ K(t, s)F(t,s,x)ds + f (1)
0
Also these investigations lend us to the improving and extending
some work of Ghada [2].
Consider the following system of nonlinear integro-differential

equation:

dx(t) ;
= A(t)x(t)+jK(t,s)F(t,s,x)ds+ f@e)y, . (1.1)
0
with boundary conditions
Bx(0)+Cx(T)=d L. (1.2)
Here xe G < R", G is a closed and bounded domain subset of Euclidean
spaces R".

Let the vectors functions:
O =(L0), 0. f,0)
F(t,s,x) = (F.(t,s,X), F,(t,5,X),..., F, (t,5, %)),
where the functions F(t,s,x) and f(t) are continuous, bounded on the
domain:
(t,s,x) [0, T]x[0,T]xG, ... (1.3)
where B =(B;;), C =(C;; ) are constants positive matrices (nxn).
Suppose that the functions F(t,s,x)and f(t) satisfies the following
inequalities:
[Fetsxf=m  Jfolsv L (1.4)
IFt.s,x)—Fts,x)|<Lx—-x| ... (1.5)

forall te[0,T], s€[0,T] and x,%,x, €G , where M,N and L are
positive constants.

Let A(t), K(t,s) are (nxn) non-negative matrices which
is defined and continuous on (1.3), periodic in t of period T, provided
that:

K¢, s)<H (1.6)
jA(n)dn
e s (1.7)

where —0<0<s<t<T <o and Q,H area positive constants.

We define the non-empty sets as follows:
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G, :G—%Ml+ﬂ ...... (1.8)
where M, =Q[HMT +N] , [ = max|{ and p-qc*a+E),-c'd0”]
Furthermore, we suppose that:
- [(QHLT)H a 19)

By using lemma 3.1[5], we can state and prove the following lemma.

Lemma 1.1
Let f(t) and F(t,s,x) be continuous vector functions on the

interval [0,T] then the following:

[ Amydn

je[’ [.S[K(S T)F(s,7,X(7,%))dz + f (s } 1}6
0 0 T9

(1A+E)xO cldeiA ds—

—%Heiwdﬂ[j K(s,7)F(s,7,X(r,%,))d7 + f (s)]dtds <at)M, + B

0
Satisfying for 0<t<T and a(t)s% where a(t)=2t(1—%) ,

M, =Q[HMT +N] and 2 =%Q[(C1A+ Ejx, -C Q]

proof:

t [Amdn[s t -[ Atn)dn
je [JKST (5,7, X(z, % ))d7 + f (s ]ds lee ((:‘1A+E)><o—c‘1de0 ds—
0 0 0

TiﬁelA dn[jK F(s,7,X(7,%,))d7 + f(s)]dtds =

t
-[ Amdn
0

jA(rz)dn s
=|[e° [J'K(s,r)F(s 7,X(z, %,))dz+ f (s }ds—e0 1A+ E)xO clde -
0

T jA(T]dI] S
[ [jK wxw))dwf(s)]dt <
0 0
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t
[ Ay

t t j.A(n)dr] S t
< (1-Tjj @ | [KF (7 x))dr+ F(5) |ds] + 2 (c A+ E, —cde
0 0

t
-[ A
0

t
[ Atnydn['s
0

[ K(s,0)F (5,7, x(z, X))z + f (5) |ds| <

0

tT
+T£e

< (1—%)t[QHMT ¥ QN]+%(T _H)[QHMT +QN]+ _ll_Q[(c‘lA+ E Jx, —c1dQ!]

a1 et - Sofe as e e o]
=a(t)M,+ S

2. Approximate Solution

The investigation of approximate solution of the problem (1.1) and
(2.2) will be introduced by the following theorem:

Theorem 1
If the system (1.1) with boundary conditions (1.2) defined in the

domain (1.3), continuous in t,x and satisfy the inequalities (1.4), (1.5)
and (1.6), then the sequence of functions:

t

—

tA(fz)dfz s
Jeo [DK(S,T)F(S,T, X, (7,%,))d7 + f(s)}_

0

[ At
Xme1 (6 Xg) = X,€° T

1 —jA(n)dn T|s
= C*A+E, —cde ® +[| [K (s 2)F (5,7, x, () + F(5) it | s
0L0
...... 2.1)
with
jA(n)dn
X, (t, Xo) = X,€° , m=012,...

periodic in t with period T, converges uniformly when M — o0 on the

domain:
tx)eloT]xG6, (2.2)

to the limit function X(t, X,) which is satisfying the integral equation:

)=
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jA(n)dn t jA(n)dn
X(tX)=Xe®  +][e? @K(s 2)F(s,7,X(7, %,))d7 + f(s)}
0
J:A )dn

Tl s
T1(1A+Ex ~cde +j[stf Srer))dr+f()}dt ds
0L0

...... (2.3)
its unique solution to (1.1) and satisfies the inequalities:
T
[X(t, %o) = X%, < M15+ﬂ ...... (2.4)
m T
oo (mies) 5
for te[0,T] , X, €Gs , m=0,1,2, ...
Proof:

Setting m=0 and using lemmal.1 and the sequence of the functions
(2.1) we get:

t t
Amydn  t [A(m)dy

% (t, Xo) = Xo|| = [Xo€° + e mK(s,r)F(s,f,xo(r,xo))dHf(s)—

0

1 'j“”)d" K jA(n)dn
- ArEh-cltet  + [ [KS ARG LK) 1) -xe oS-
0L0

< (1—%)t[QHMT +QN]+%(T —O)[QHMT +QN]+%Q[(C‘1A+ EJx, —cdQ!]

2@ Dol N Lol Al -c o]
=a(t)M, + S
T
Pa(tx) =] ca®My+ A<M+ (2.6)

we get x,(t,x,) €G, forall te[0,T], x,eG; .
By induction we have'

t

(n)dn| s t
[, 6 3) - %] < (1——]] MK F(s,7,%, (%) dr+f()]ds+?e°

Ar)dn

(c‘lA+ E)x0 e

+ Helf\(nwﬁ K(s,7)F(s,7,X,,(7,%,))d7 + f(s)]ds <

— =
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< 2t(1—%)Q[HMT n N]+%Q[(c‘1A+ E x, —cdQ]
=a(t)M, +
T
[Xem (8, %) = Xo| S @ ()M + B < M15+ﬂ ...... (2.7)
where x_ (t,x,) € G, forall te[0,T], x, €G;.

We prove now that the sequence (2.1) is uniformly convergent in
(2.2). From (2.1), when m=1 we get:

[AGdn t [Amdn(Ts
%, (& %0) = X, (t X )] = [X0€° +je° [{[K(S,T)F(S,r, X, (7,%,))d 7 + f(s)}
0

< (1—%)}Q[HLT(ac(t)|v|1 + B)lds +%}Q[HLT ()M, + B)lds
0 t

< %(cigHLT)(oc(t)lvl1 + )
= Ale(t)M, + B)

therefore

%, (t, X6) — X (t, X0 < A(MI% . ﬁ)

Now when m=2 we get the following:

[ (6 %) = %, (t, %] < (- %)ijD HL|X, (7, %) - %, (£, x,)|d T}dS ;

—||.-|-

.[ DHLH)(z (7, %) — X (7, Xo)Hdr}ds

STE(QHLT)A(M11+ ﬂj

— =

N
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[%5(t, Xo) = X, (t, %o )|| < AZ(M1£+ ﬂj.

By mathematical induction we have:

T
[Xeras (8 %) = X, (t,xo)HSAm(Mlyﬂj ...... (2.8)
for m=0,1,2,... .

By using the condition (1.9), we have

LimA™ =0 (2.9)

Moo e e

So that the rights hand from (2.8) equal zero when m— . Suppose
that & >0, we get a positive integer n such that n < m, and satisfied the
next estimation for all m

me+p(t’ Xo) — X (£, XO)H <g, for PeN .

Then according to the definition of uniformly convergent, we find
that the sequence {Xm (t, Xo)}ﬁz0 is uniformly convergent from the
function X(t, X,) and this function be continuous on the same interval.

Putting
Limx.. (t, X,) = X(t, X,)

Since the sequence of functions X(t,X,) is continuous on the

domain (2.2) then the limiting function X(t,X,) is also continues on the

same domain.
Also by using lemmal.l and the relation (2.10), then the
inequalities (2.4) and (2.5) are satisfies for all m.

Finally, we show that X(t,X,) is unique solution of the problem
(1.1) and (1.2). On country we suppose that there is at least one different
solution X(t,X,) of the problem (1.1) and (1.2), then:

t t
[AG)dn  t [A()dn

R(t, X, ) = XoE° + el [ﬁK(s,r)F(s,r, R(z,%,))dz + f(s)}—
0

0

1 jA mdy T
T(1A+E i, —c e +'([

[JS'K F(s,7,%(z, X, )dr+f(s)}dt ds
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Now we prove that X(t, X,) = X(t, ;) for X, € D;, by proving the
following inequality:

T
< A’“(Ml —+,Bj ...... (2.12)
where M, =Q[HRT +N], R=max|F(s,t,%)] .

let m=0 in (2.1) and from (2 11) we find:

j A(mdn j A(n)dn

%(t.%0) = X[ =xp€°  +[e? Hj K(s, 7)F (s, 7, (7, Xp))d 7 + f(s)}
0 0

}A(n)dn

{jK F(s,7,%(7,X, dr+f(s)]dt -X8° |ds|=
0

—jA (n)dn
0

—% ( 1A+E xO ~¢ e

it
£\t EA(n)dn S ) t ! " 9
< [1-Tj£e M K(S,T)F(s,r,x(r,xo))dHf(s)}ds e (cA+Ey-cde

jAn dy[
0

jK(s,r)F(s,r, X(7,%,))d7 + f(s)]ds

IN

+%F
<2t(1——)Q[HRT+N Q[( A+ E ), —cdQ

=a(t)M; +

HBEMI A p
and when m=1 in (2.1) and from (2.11) we find:

[%(t, x5) =%, (t, %,)] < (1—%)je£A(n)dI7 [j K(s,7)(F(s,7,%(z, %))~ F (5,7, %, (z, X,)) Jo r]ds +

T tA Ydn| s
+ %J'eg [jK s,7)(F(s,7,%(z, %)) = F (5,7, % (7, xo)))dr]ds
t 0

< (1—%)]Q[HLT(a(t)M; + Bs +% [QIHLT (at)M; + p)ls
0 t

=2 54 €
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STE(QHLT)(a(t)M )
:A(a(t)l\/l s+ )

\<A( —+,Bj

and when m=2 in (2.1) and from (2.11) we find:

t

Almdn jA(n)dn
(t, %) =[%0€° + el HjK(s,r)F(s,r,X(r,xo))dHf(s)]—

0

A(n)dn

o—_—

% (c*A+E), -cde +WKST §,7,%(7, %, )dr+f()]dt ds -
0L0

t

t
[Amdn  t [AGdn(Ts
- Xge° +je° j

0 0

K(s,7)F(s,7, % (7,%;))d7 + f (S)} +

|

t, ] T t T
< (1—?)£Q{HLTA(M1 E+ﬂﬂds+?Jt‘Q{HLTA(M1 E+,Bﬂds
T £ T
< E(QHLT)A(Ml E+ﬁ)
= A{Mf %+ﬂj

A " T
50 -5l <4 i L )
we find that the inequality (2.12) is satisfying when m=0,1,2.

-jA(n)dn
0

+% (c’1A+E)x0—c’1de + K(s,r)F(s,r,xl(r,xo))dHf(s)]dt ds

o —_—
o —

Suppose that the inequality (2.12) is satisfying when m=p as the
following inequality:

%€t xo) = %, (t, %,)| < AP[M;TE+ﬂj ...... (2.13)

Next we will proof the following inequality:

— =
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e st sa(miTes) .14)

Now

t t

[AGhdn  t [AGdn(Ts
~ X (%) = X0 +je0 ﬂjK(S,r)F(S,r,)?(r,XO))dr+f(s)]—

-j Aln)dn
0

A (c‘1A+ E)x ~c'de +]
T : 0

DK F(s,7,%(z,%, dr+f(s)}dt ds -
0

tA(ﬂ)dn s
e +je£ [{jK(s,f)F(s,f,xp(f,xo))dHf(s)}

(mdn

- T|s
i ( 1A+Ex —clde" +I{[KST $,7,%, ))dr+f(s)}dt ds
0L0

T o[ p* L
<~ (QHLT)A (Ml 2+,8)

then

- p+1(th0)H = Ap+1(M1*£+ﬁj

Thus we find that the inequality (2.15) is satisfying when m=0,1,2,... .

From the conditions (1.9), (2.10) we get:
X(t, %,) = Limx_ (t,X,) = x(t,X,) .

3. Existence of solution

The problem of existence solution of the problem (1.1), (1.2) is
uniquely connected with the existence of zeros of the function A =A(x,)
which has the form:

t t
1 [Andn ~[ A

Alwy) =€ c*A+E), —c'de +].['S[K(S,T)F(S,r,X(r,XO))dHf(s)}dt

=2 56 €
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Since this functions are approximately determined from the
sequence of functions:

jA(n)dn
Am(xo):?e0 ( 1A+E x ~c'de

jA (mdn T
S
0

iK F(s,7,x (r,%))dzr+ F(s) [t

for m=0,1,2,....

Theorem 2
Let all assumptions and conditions of theorem 1 be given, then the
following inequality

m+ 2
poo-salsai(maZs) 33)
satisfies forall m>0 and X, €D;.
Proof:

By (3.1) and (3.2) we get:

A(m)dn

[A06) -4, (%)= %el (c‘1A+ E)x0 ~cde

fj Aln)dn
0

+T[ﬁK S,7)F(S,7,X(z,%,))dz + f(s )}dt -

| oo

17 [Amdn|[s
;I { [IK(s.|IF (5.7, %(z. %)) = F (5,7, %, (7. %,))|d T}dt

Aln)dy

—%e° ( 1A+Ex ~¢de

jA (m)dp
0

T
o
0

O C———y

K(s,7)F(s,7,x, (z,%,))d7 + f(s)]dt

< % | Q[HLS|x(z, X,) — X, (z, %,)| kit
By (2.5) we find

17 T
S?E[QHLT{A (M15+ﬁﬂdt

m-+ 2
=A 1(M1+?,B)
then

e 2
IAG) — A, ()] < A 1(M1+?,3j
for all m=0,1,2,...

— =
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Theorem 3

If the function A(X,) is defined by:
A:D; ->R"
1 jA(n)dn —jA(n)dn Tl s
Alty) = ¢ C'A+EN -cldes  + J| [K(s.2)F (.2 x(z, xp )+ () f
0L0
...... (3.4)
where the function X(t, X;) is limit of function (2.1) then the inequalities:
Aosm+ 2 (3.5)
where M, =Q[HMT +N], g = %Q[(C_lA-i- E)x0 —c‘ldQ‘l].
1 2 -1 2 -1 1 1 2
a0o)-a0)|<| (A+E Zane? bl L (3.6)
for Xy, X5, Xg € Dy .
Proof:

From the continuity of the function A(X,),then

t t

An)d -
LT (S

An)dn

+ ]ﬁ K(s,7)F(s,7,X(z,%))d7 + f (s)]dt

<

Q[(C—1A+ E)XO — C_ldQ‘1]+ %Qﬂii HMdz + N }dt

—|

IA

+— [Q[HMT + N]dt

< e
O ey, —

=

> ™

_|_

B
o)< M, + £

Now from (3.4) we get:

t t

0

1 [Aman -Jamay T[S
HA(xé)—A(xj)H:?eO CA+EN -cde +[| [K(s.2)F (5.2, 5 )de+ £ 5) ot |-
0

Aln)dy
—Tie0 cA+Ep-cde

t
[Amay T
0

+j j K(S’ T)F(Sr T, X(T, Xé))dr +f (S)]dt

)=
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jA(ﬂ)dW
0

t
[Aman['s
0

(c*A+E |- H+% ! e ! uK(s,r)uHF(s,f,x(r,xg))-F(s,r,x(r,xg))“dr]dt

— |~

IA

Q(c—1A+ E}‘xé —Xq H + %T[QE H LHx(r, Xg) - X(z, xj)Hd r}dt
0 0

A

Q(c*1A+ E]‘xé —~ X§H +$QHLTTEHx(t, Xg) — X(t, xj)”

=l | -

Q(c*1A+ E)‘xé —~ xgu +$AHx(t, Xg) — X(t, x§)H
then

JA08)-200)] < = Qle A+ E ) —x¢ [+ 2 Alxe ) - x(t )|

Since the functions X(t, Xé), X(t, X¢) are the solution of integral equation:

t t
[Amdn  t [A@m)dn

X(t, x') = X/ +je° [DK(S 2)E(s, 7, X(r, X ))dr+f(s)}
0

Y

—jA(U)dﬂ
Tl{(clAJr Eji—clde®  +

O ey, —i
O ey

K(s,7)F (5,7, X(r, x))d 7 + f(s)]dt} ds

where =12,

Then by (3.8) and lemma 1.1, we get:

o+ o

Ieo d”[ﬁ K(s,7)F(s,7,X(z,%;))d7 + f (3)} _

0

Hx(t,xé)—x(t,xj)Hz Xce

L0

i{(clm EX ™ +] iK(s, DF (5,7, X(r, )+ f (s)]dtﬂds -

—xgegA(q)dn +je£A(n)dn( jK(s 7)F(s,7,X(z,x}))d7 + f(s)]+

0

.t[A (mdyp T s
i{( CIA+EN ~cde ¢ +jDK F(s,7,X(z, ¥ dr+f(s)]dt ds
000

=2 59 S €
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n)dn
.I_

_He MﬁK F(s,7,%(r,X;) (wx(rx)))d ]ds

Ap
<=-x
Tc

+ %je o dUEK S, r) (s,7,X(z, %)) = F (s, 7, X(z, X ))}J }ds

<A ha-xifora-h QQ{ZHLHX&,X;)_x(f,xg)udf}dﬁ

+HQ:E HLx(z, %5) = x(z,x})|d r}ds
< =[x - xEJQ+ - DHQHLTxE ) - x(t )]+

+%(r —OQHLT)x(t, ) —x(t, 1)

< 2 - Q-+ (QHLT e ) -x(t 49|
then
)X < - At k)5

Ject ) = x| - At ) - x(6 X < |6 - @
(L= At x5) = x(t, 7)< T—’tHxé -x|Q
Ixce.) - x| = - xR e (9)

Substituting (3.9) in (3.7) we get (3.6):
306) - 80| < 2Qle A+ E | — ¢+ 2 Al ) -xtt )]

‘A(xé)—A(xé)HS%Q(c‘1A+EMx})—X§H+$AT—A;HX$—X§HQ

A(xé)—A(xé)H(C‘lA+ E)+$AAC‘1}%HX3—X5HQ

=2 60 L€
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Remark 2.1[4].
The theorem 3 ensures the stability solution of the system (1.1),

when there is a slight change in the point X, accompanied with a
noticeable change in the function A=A(t, X,) .
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