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  الملخص

تفاضــلیة لاخطیــة - الحــل لمعادلــة تكاملیــة واســتقرارحدانیــةیتــضمن البحــث دراســة وجــود وو
 الكـــسریة وذلـــك باســـتخدام طریقـــة بیكـــارد للتقریـــب ةمـــن الرتبـــ 8 . ،وطریقـــة بنـــاخ للنقطـــة الثابتــــة

 في  النتائجاستطعنا من خلال هذه الدراسة توسیع 5.  
  

ABSTRACT 
In this paper we study the existence, uniqueness and stability  

solution of fractional  nonlinear integro-differential equation, by using the 
Picard approximation method  8 , and Banach fixed point method. also 
we extend some results obtain in  5 . 
 
1.  Introduction 
 

The calculation of the fractional differentiation and integration 
have been associated with many scientists, the most famous are  Hopital 
L., Leibnitz G. W., Riemann B. and Liouville J.  7 . Who gave basic 
definitions to fractional derivative and after those, the researches 
continued in this area in different directions, the researcher Bassam M. A. 
has expanded the definition Holmgren-M. Riesz and applied the results 
obtained on some existence theories of ordinary differential equations  4 . 

The researches has rolled in fractional differential equations 
 11,10 , these include some examples such as: 

Both the researchers Al-Abedeen A. Z. and Arora H. L.  1  studied 
existence and uniqueness solution for fractional differential equations as 
following: 

10,)(,),()( 00
1    xtxxtftx  

Using Banach's way for fixed point. 
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The researchers Butris, R. N. and Hussen Abdul-Qader, M. A.  5  
studied Some results in theory integro-differential equation of fractional 
order, as following: 

  10,)0(,)(,),(,,)( 0
1 








 


  xxdssxsgstGxtftx
t  

And the researchers Moulay Rchid Sidi Ammi, El Hassan El 
Kinani, Delfim F. M. Torres  9 , studied Existence and uniqueness of 
solution to a functional integro-differential fractional equation, as 
following: 

    0
0

,)(,,..),(,,
)(,

)( ItttxIteadsxskxtg
txtf

tx
dt
d t

st 


















  

 

But our work is to study existence, uniqueness and stability  
solution of fractional  nonlinear integro-differential equation as following: 

   
t

tfdsxsxstFstKtxtAtx
0

)(,,,),()()()(
                 

10,),( 00
1

0   xxtx  
 

In this paper we set some definitions and lemmas to be used in the 
proof of the main theorem. 
 
Definition 1  6 : 

Let  f   be a function which is defined a. e. (almost every where) on 
 ba, . For 0 , we define: 

  



b

a

b

a
dssfsbf )(

)(
1 1


 

Provided that this integral (Lebesgue) exists. 
 
Definition 2  6 : 
If 0 , then Gamma's function is denote by )( and defined by the 

form:   dsse s



0

1)(   

 
Lemma 1  2 : 

If   1nnf   is a sequences of functions is defined on the set RE   

such that nn Mf  , where nM  is a positive number, then 


1n
nf  is 

uniformaly convergent on   E   if   


1n
nM   is convergent. 
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Lemma 2  3 : 

Let     









1

11

)(
;

m

nn

n
xmxmE




  ,  where m=R ,  then: 

1. the series converges for  0x   and  0  . 
2. the series converges everywhere when 0  . 
3. if  0 ,  then  )exp(),(1 mxxmE   . 

 
Lemma 3: 

If  1K   and  2K   be a positive constant, and  f  be a continuous 
function on bta  , such that: 


t

a

dssfKKtf )()( 21  

Then 
 )(exp)( 21 atKKtf   

 
 
From Picard approximation method we can studying the solution of 

fractional nonlinear integro-differential equation, as the form: 

   
t

tfdsxsxstFstKtxtAtx
0

)(,,,),()()()(
                    … … (1.1) 

10,),( 00
1

0   xxtx  
where the function   xtxstF ,,,  is a continuous in t, and satisfies 
Lipschitz. Condition in  x  and defined on the domain: 

    GTTxst  ,0,0),,(                                                           … … (1.2) 
Where  TGx ,0   and  1G  is a closed and bounded domain. 
 

Suppose that the function   xtxstF ,,,  , )(tf  satisfies the 
following inequalities: 

MxstF ),,(     ,     Ntf )(                                                … … (1.3) 

2121 ),,(),,( xxLxstFxstF   ,                                 … … (1.4) 
for all   Tt ,0  ,  Ts ,0  and Gxxx 21 ,, , where NML ,, , are 
positive constants. 

Let   A(t) ,  K(t,s) are positive matrices nn  , defined in (1.2), and 
continuous at  t , s  and satisfies the following inequalities: 

HstK ),(                                                                              … … (1.5) 

Qe

t

dA



0

)( 

                                                                         … … (1.6) 

Where  Tts 0   and  H , Q  are positive constants. 
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We define the non-empty sets as follows: 

  11
MTGG f 






                                                               … … (1.7) 
 

where   NHMTQM 1   ,  QHLT   and  .max.   . 

 
2.  Existence Solution 

 

The study of the existence solution of the problem (1.1) will be 
introduced by the following: 
 
Theorem 1: 

Let the function   xtxstF ,,,  be defined in the domain (1.2), 
continuous in xt,  and satisfy the inequalities (1.3), (1.4), (1.5) and (1.6), 
then the function: 

      dsstsfdxxsFsKetexxtx
st dA

dA t
t

1

0
0

0

)(1
)(

0
0 )()),(,,(),(1),( 0

0






















  





  

                                                                                                     … … (2.1) 
Is solution for the equation (1.1). 
Proof: 
Let 

      dsstsfdxxsFsKetexxtx
s

m

t dA
dA

m

t
t

1

0
0

0

)(1
)(

0
01 )()),(,,(),(1),( 0

0




 

















  







 

                                                                                                     … … (2.2) 
with 

,...2,1,0,),( 0

)(

00
1

0 


 mexxtx

t

dA 
  

be a sequence of functions defined on the domain: 
  fGTxt  ,0),( 0                                                                       … … (2.3) 

we will divided the proof as follows: 
(i)   Gxtxm ),( 0  ,  for all   Tt ,0  , fGx 0 . 
(ii) Gxtxm ),( 0  , is uniformly convergent to the function ),( 0xtx  on 

(2.3), for all   Tt ,0  , fGx 0 . 
(iii)  Gxtx ),( 0  ,  for all   Tt ,0  , fGx 0 . 
 
proof  (i): 

Set  m=0  and use (2.2), we get: 
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       








































1

)(

01

0
00

0

)(1
)(

0
001

0
0

0

)()),(,,(),(1),(
tex

dsstsfdxxsFsKe
tex

xxtx

t
t

t

dA
st dA

dA

                     dsstsfdxxsFsKe
st dA

t

1

0
00

0

)(

)()),(,,(),(1
0 













  




  

    dsstNHMdQ
st

1

00

1 










  


 

     dsstNHMTQ
t

1

0

1 


  


 

    dsstM
t

1

0
1

1 


  


 

  11
Mt








         ,           Tt ,0  

  1001 1
),( MTxxtx








                                                          … … (2.6) 

That is  Gxtx ),( 01  ,  for all   Tt ,0  ,  fGx 0  . 
By induction we have: 

       










































1

)(

01

0
01

0

)(1
)(

0
00

0
0

0

)()),(,,(),(1),(
tex

dsstsfdxxsFsKe
tex

xxtx

t

t

t

dA
s

m

t dA
dA

m

  100 1
),( MTxxtxm 






 

where Gxtxm ),( 0  ,  for all   Tt ,0  , fGx 0 . 
 
proof  (ii): 

We prove now that the sequence (2.2) is uniformly convergent in 
(2.3). From (2.2), when  m=1 we get: 

      

















 



 dsstsfdxxsFsKe
tex

xtxxtx
st dA

dA t
t

1

0
01

0

)(1
)(

0
0102 )()),(,,(),(1),(),( 0

0






  

      dsstsfdxxsFsKe
tex st dA

dA t
t

1

0
00

0

)(1
)(

0 )()),(,,(),(1
0

0






















  





  
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    dsstdxxxxHLQ
st

1
0001

00

),(),(1 










  

  

      dsstdTMHLQ
st

11

00 1
1 










   

  

      dsstHLTQTM t
1

0

1

1
1 


  

  

      dsstTM t

 






0

11 1
1



  

  









 1

2

1
MT





 

therefore 

      









 1

2

0102 1
,, MTxtxxtx





 

 
Now when  m=2  in (2.2) we get the following: 

      

















 



 dsstsfdxxsFsKe
tex

xtxxtx
st dA
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t

1
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0
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0
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0








                                dsstsfdxxsFsKe
tex st dA

dA t
t

1

0
01

0

)(1
)(

0 )()),(,,(),(1
0
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












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




  



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  

      dsstdMTHLQ
st

1
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2

00 1
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
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
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2
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therefore 

     
2

1

3

0203 1
,, 










 MTxtxxtx




 

 
By induction we have: 

     
m

m

mm MTxtxxtx 












 1

1

001 1
,,





                               … … (2.7) 
for m=0,1,2,… . 
Now from (2.7), and for 1P , we get: 

     






 










1

0

1

100 1
,,

p

i

i
i

mpm
TMxtxxtx




                               … … (2.8) 

where 
 ),(),( 00 xtxxtx mpm   ),(),( 010 xtxxtx pmpm  

  ..............),(),( 0201 xtxxtx pmpm  
),(),( 001 xtxxtx mm    

    















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




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2

001

1
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1
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1
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


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
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where 
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

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
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

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 ....
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                                                                                                     … … (2.9) 
We note that the right hand from (2.9) is bounded with convergent 

geometric series it’s summation is 
1

1
 we get: 
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                                                           … … (2.11) 

So that the rights hand from (2.10) equal zero when m . 
Suppose that o , we get a positive integer n such that mn  , and 
satisfied the next estimation for all m: 
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proof  (iii): 
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Since the sequence  00 ),( mm xtx  is uniformly convergent on  T,0  from 
the function ),( 0xtx on the same interval. 
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3.  Uniqueness solution 

 
The study of the uniqueness solution of the problem (1.1), will be 

introduced by the following: 
 
Theorem 2: 

Let all assumptions and conditions of theorem 1 be given then the 
problem (1.1), has a unique solution ),( 0xtxx   on the domain (2.3). 
Proof: 

We have to show to that ),( 0xtx  is a unique solution of problem 
(1.1). On the contrary, we suppose that there is two different solutions 
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                                                                                                     … … (3.1) 
 

Now we will prove that ),(),(ˆ 00 xtxxtx   for fGx 0 , by prove 
the following inequality: 
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where   NHRTQM *
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and when  m=1  in  (2.2) and from  (3.1)  we find: 
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we find that the inequality (3.2) is satisfying when m=0,1,2. 
 

Suppose that the inequality (3.2) is satisfying when m=p as the 
following inequality: 
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Next we will proof the following inequality: 
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Thus we find that the inequality (3.2) is satisfying when m=0,1,2,… . 
Then by a condition (2.12) we get: 

),(),(),(ˆ 000 xtxxtxLimxtx mm
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
 

and this prove that the two solutions are congruent in the domain (2.3). 

 
4.  Stability solution 
 

The study of the stability solution of the problem (1.1), will be 
introduced by the following theorem: 
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Theorem 3: 
If the inequalities (1.3), (1.4), (1.5) and (1.6), were satisfied, and 
),( 0xtz , which was defined bellow as different solutions for the equation 

(1.1), then the solution was stabile if satisfy the inequality: 
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then the solution was stabile in the given domain. 

 
 

5. Banach method 
 
The investigation of Banach method of the problem (1.1), will be 

introduced by the following theorem: 
 
Theorem 4: 
Let  .,s , define a mapping  T* on  G   as: 
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Since the equation (5.1) defined in the domain (1.2), continuous in 

xt,  and satisfy the inequalities: 
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),( 0xtx  is a unique solution of (1.1). 
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Remark: 
In this paper Banach method is Local solution and Picard method is 

global solution for the equation (1.1). 
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