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ABSTRACT
In this paper we study the existence, uniqueness and stability
solution of fractional nonlinear integro-differential equation, by using the

Picard approximation method [8], and Banach fixed point method. also
we extend some results obtain in [5]

1. Introduction

The calculation of the fractional differentiation and integration
have been associated with many scientists, the most famous are Hopital
L., Leibnitz G. W., Riemann B. and Liouville J.[7]. Who gave basic
definitions to fractional derivative and after those, the researches
continued in this area in different directions, the researcher Bassam M. A.
has expanded the definition Holmgren-M. Riesz and applied the results
obtained on some existence theories of ordinary differential equations [4].

The researches has rolled in fractional differential equations
[10,11], these include some examples such as:

Both the researchers Al-Abedeen A. Z. and Arora H. L. [1] studied
existence and uniqueness solution for fractional differential equations as
following:

X =f(tx) , x'(¢t)=x, , O<a<l
Using Banach's way for fixed point.
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The researchers Butris, R. N. and Hussen Abdul-Qader, M. A. [5]

studied Some results in theory integro-differential equation of fractional
order, as following:

x*(t) = f(t,x, jG(t,s)g(s,x(s))dsj , x'(0)=x, , O<a<l

And the researchers Moulay Rchid Sidi Ammi, El Hassan El
Kinani, Delfim F. M. Torres [9], studied Existence and uniqueness of
solution to a functional integro-differential fractional equation, as
following:

d*| x@)
dr | f(t,x(1))

But our work is to study existence, uniqueness and stability
solution of fractional nonlinear integro-differential equation as following:

x“(t) = A(t)x(t)+ jK(t, S)F(t, s,x(s, x))ds + f(¢)

}zg(t,x,,"‘k(s,xs)dsj ae., tel , x(t)zd)(t) , tel,
0

xMt,x)=x, , O<a<l

In this paper we set some definitions and lemmas to be used in the
proof of the main theorem.

Definition 1 [6]:
Let f be a function which is defined a. e. (almost every where) on
[a,b]. For a >0, we define:

’ 1 f -1
Ia f:Ta)a(b—s) f(s)ds

Provided that this integral (Lebesgue) exists.

Definition 2 [6]:
If a>0, then Gamma's function is denote by (I') and defined by the

form: I'(a)= J.e_ssa_lds
0

Lemma 1 [2]:
If { £ }:o:l 1s a sequences of functions 1s defined on the set £ < R

I

such that <M,, where M,k is a positive number, then Z f, 1S

n=l

uniformaly convergent on E if ZM , 1S convergent.

n=1
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Lemma 2 [3]:
) mn—lxnoc—l
Let E,(m;x)= > ————, wherem=R, then:
m=1 F(na)
1. the series converges for x #0 and a >0 .
2. the series converges everywhere when o >0 .

3. if a=0, then E,(m,x)=exp(mx) .

Lemma 3:
If K, and K, be a positive constant, and f be a continuous
function on a <t < b, such that:

SO<K +K, j £(s)ds

Then
f(t)<K, exp(K,(t - a))

From Picard approximation method we can studying the solution of
fractional nonlinear integro-differential equation, as the form:

X7 (1) = A(0)x(t) + jK(t,s)F(t, soxs,x)ds +f(0) L (1.1)

x Mt x)=x, , O<a<l

where the function F (l‘ ,S,X(Z‘,X)) is a continuous in #, and satisfies
Lipschitz. Condition in x and defined on the domain:
ts,x)elo,r)x[o,7]x¢, (1.2)
Where xe G, [O,T ] and G, is a closed and bounded domain.

Suppose that the function F (t,s,x(t,x)) , f() satisfies the
following inequalities:

|Fa.s.0|<m | Jfe|<N
HF(t,s,x1 )-F(t,s,x, )H < LH)C1 - sz ,

for all ¢te[0,7] , s€[0.T] and x,x.x,€G
positive constants.

Let A(t), K(t,s) are positive matrices nXn , defined in (1.2), and
continuous at ¢, s and satisfies the following inequalities:

k@ |\<eg (1.5)

where L,M,N, are

o’

jA(n)dn

e’ <0 (1.6)

Where 0<s<¢<T and H, Q are positive constants.
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We define the non-empty sets as follows:
Ta
G, =G, ——M
af a F(OC +1) 1 s ees (17)

where M, =Q[HMT + N| | A=QHLT and || = max || .

2. Existence Solution

The study of the existence solution of the problem (1.1) will be
introduced by the following:

Theorem 1:

Let the function F (t,s,x(t,x)) be defined in the domain (1.2),
continuous in f,X and satisfy the inequalities (1.3), (1.4), (1.5) and (1.6),
then the function:

xelA(n)dnta_l 1! j'A(n)dn s ]
x(t,x,)==2 + e’ K(s,0)F(s,7,x(t,x )t + f(s) [t —=s) ds
%)== F(a)! D (5, )F (5,7, (7, %))z + £ ( )}( )
...... 2.1
Is solution for the equation (1.1).
Proof:
Let
xoe'([A(n)dnl‘a_l 1! jA(n)dn s ) 1
t,x,) = + C K(s,7)F(s,7,x, (T, + t—s)d
Fualo) == j e j (5, 0)F(s,7.x,,(t.x)dr+ f(5) [t —s5)" " ds
...... 2.2)
with
jA(n)dn
x¢7(t,x,) = x,€° , m=0,12,...

be a sequence of functions defined on the domain:

(t,x,) € [0,T]x G,, (2.3)
we will divided the proof as follows:

(i) =x,(x)eqG,, forall re0,7], X, €G,,.

(1) x,(x,)eG, , is uniformly convergent to the function x(z,x,) on
(2.3), forall ¢<fo0,7], %, €G,,.

(i) x(t,x,)eG

a

, forall ref0,7], x,€G,,.

proof (i):
Set m=0 and use (2.2), we get:
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t
I A(n)a’nta_1

Ampdn| s, " ] X, &
D K, DR, T%(T%)ﬂﬂf@}t = T

]A(W)d'?
xoé’ t ol 1 J- .[

“xl .x) _xo“ = I( ’ I( 05)

7
| i

QﬁHMdT +N} t—s)ds

0

jA( Y

X,)dr+| f(s)ﬂ}(t s)ds

el

O
SLIQHMHN]t s) " ds

O

t

Pkl

0

t<0,T]

That is xl(t,xo) € Ga , forall e [O,T] , Xy € Gaf
By induction we have:

]«n)dn [Aann

Hx,,,a,%)—%\hwr( . - Tl L SRaf Juasonses mwﬂf(s)}t—s)"‘“‘ds%

me(t,xo)—xouéli
where x,(t,x)€G, , forall te[0,7], x,€G,,.

a

proof (ii):
We prove now that the sequence (2.2) is uniformly convergent in
(2.3). From (2.2), when m=1 we get:

].A(n)dn

ol A(n)dn s
bax)—x@x) = "”eor(a)’ =r(1a) fe {qus DR T %)ﬂﬁf(s)} t~s)"'d

]A(n)dn

X()eol_(a) 1 l_(la)J. _[A(W)dn|:j'l<(s T)F(S Tx()(’[ xO)ﬂT—i_f(S):kt S) 1
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therefore

)<

0 j.Hl“x1 (t,x,) — x, (1, xo)Hdr}(t o) ds

F(oc + l)

O |HL M, T“dr}(t—s)alds

(04

2
T
— | M A
r(a+1)J |

Now when m=2 in (2.2) we get the following:

”xs(taxo) % (taxoj‘ =

X’

]A(n)dn

ta—l

IA

IA

o)

0 0

1 t tA(?])dﬂ s ol
| e j ¢ {j K5, D, T,%,(5,3,) e+ f(s)}z‘—s) ds—

R I j‘A(n)dn s _1
M) Tl I {J K(S’T)HS’f”ﬁ(%mﬂf(s)}z—s)“ d

0

ﬁiQ[;H{HZ—;)TMlAdr](z—S)“1ds
r(g + 3 2 (L)MIA‘:[QHLT(t—s)‘“ ds
Fé :1) leAzﬁI(f_s)a ds

F(gil) MA
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therefore

a

3
T
Hx3 (t, X, ) - X, (t, X, )ﬂ < (WJ MAN
By induction we have:

T m+l .
‘mﬂ(txO) (f»x01‘3(mJ MA (2.7)

for m=0,1,2,... .
Now from (2.7), and for P 21, we get:

b ()5 x01\<Mz(ﬁjM~ ...... -

where
me+p U’ xo) X (t’ Xo )H - Hx"”P (t’ XO) ~ Xp- (t’ Yo )H +
+ meer_l (t,x,)— Xy p2 (t,x, )H o +
ot (2 x0) = x,, (2, x,)|
Ta nrp-1 Ta np—2
< A - Y ~
{r(aﬂ) ) it {T(aﬂ) A) b))
Ta m
Foeenns +(_1_(05+1)A) Hxl(toxo)_xou
where

™ Y " e Y
xm+p(t,x0)—xm(t,xO)H < [F(a——kl)/\] [1+[1“(a—+1)/\]+[1“(a—+1)/\] +ot
Ta P2 Ta p-
TE R LV

...... (2.9)
We note that the right hand from (2.9) is bounded with convergent

geometric series it’s summation is 1 we get:

re Y e [
K (150) = X (6| s[mA] {I—KF@H) Aﬂ . %0) x|
= Y ™ N[ 7
(I'(OHI) Ml‘(r(aﬂ)Aﬂ Mo
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(01

T
— A <1
for (F(a+l) j< , P>1 .

then

e )
Lim| ———A| =
mgfg[r(aﬂ) j o . (2.11)

So that the rights hand from (2.10) equal zero when m—>o0,
Suppose that &€>0, we get a positive integer n such that n <m, and
satisfied the next estimation for all m:

(tﬂxO)_xm(tﬂxO)H<g, for PeN.

Then according to the definition of uniformly convergent, we find

-

that the sequence {xm (t,xo)}::O is uniformly convergent from the

function x(7¢,x,)and this function be continuous on the same interval.
We put:

Limx, (t,x,)=x,(¢,x,)
m—»o0

proof (iii):
to prove x(t,x,)eG

a

, forall ref0,7], x,€G,, we take:

1 ? j.A(n)dTI s ;
—— je‘) D K(s,0)F(s,7,x, (7,%,))dT + [ (s)}(t —s)" " ds—

Fao 0

t j'A(n)dn

_I(L _[e‘) ﬁK(S, 7)F(s,7,x(7,%,) )t + f(S)}(t _ S)a—l y

< (Lj[ x, (5,%,) — x(s, X, )H(l‘ —s)ds

0

o ﬁ K(s,7)F(s,7,x,,(7,%,))dT+ [ (s)}(t —s) " ds—

t j'A(n)dn

_I(L _[e‘) ﬁK(S, 7)F(s,7,x(7,%,) )t + f(S)}(t _ S)a—l y

< hm—J.Hx (8,x,) — x(s, xO)H(t s)*"ds
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Since the sequence { . (2, xo)} _o 1s uniformly convergent on [0,7] from
the function x(t,x,) on the same interval.

1 J A(n)dﬂ s 4
lim I e’ { I K(s,0)F(s,7,x, (,%,))dt + f (s)}(t —s)ds=

m—>% r(a 0

‘ jA(n)dn

— I(la)jeo |:IK(S 7)F(s,7,%(1,X,) )T +f(3)}(t S)a d

So x(t,x))eG, , forall x,€G,,

a

3. Uniqueness solution

The study of the uniqueness solution of the problem (1.1), will be
introduced by the following:

Theorem 2:
Let all assumptions and conditions of theorem 1 be given then the

problem (1.1), has a unique solution x = x_ (¢, x,) on the domain (2.3).
Proof:

We have to show to that x(Z,x,) is a unique solution of problem
(1.1). On the contrary, we suppose that there is two different solutions
x(¢,x,) and X(t, x,) of the problem (1.1), defined in the form:

IA(’?)dU e | jA(n)dn

x(t,x,)= %€ J e’ |:IK(S, T)F(s,7,%(T,%,) T+ f (S):|(l‘ —S)a_l ds

Now we will prove that X(¢,x,) = x(t,x,) for X, €G,,, by prove
the following inequality:
m+1
T £ m
)) Mt (3.2)

%2, x0) = x,, (2, x,)| < (m
where M, =Q|HRT+N]|, R= g%(?f]HF(SJ’fC)H _

Let when m=0 in (2.2) and from (3.1) we find:

]A(n)dn

sl gl €°A(%ﬁ )

L SRR VR S
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< %@!QM HRdr + N}(t —s)"ds
< ﬁjQ[HRﬁN](t—s)““ ds
SﬁIM‘*(’_ Y ds
Sr(;:l)M . tefor]
Jx, (1, 30) —xo < r(ail)Ml ...... (2.6)

and when m=1 in (2.2) and from (3.1) we find:

_t[/(n)dn ‘
ol 4 _[A(n)dn D 1
X(E,%)—X (t,xoj‘ = )q)eor( a)t : 1'(105) _[e" [“K(s, DS, T,X(Tx,) W+ (s)}t—s)w ds—

0

N

J tA(n)dn
9%6‘}(0& : I(L)Ié |:_[I<(S,T)F(S,@)%(%)q))ﬂf+ f(S):kt_S)oH 4

0

F(oc F(oc + l)
2
T .
< M A
o+ 1)J :
therefore
2
R T .
HX(Z‘, XO)— X] (t, XO X‘ < (m) Ml A

we find that the inequality (3.2) is satisfying when m=0,1,2.

Suppose that the inequality (3.2) is satisfying when m=p as the
following inequality:

——={—
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i x,) =, (6% ) S(F(T—)J M (3.3)

a+1

Next we will proof the following inequality:

{r(iﬂ@ﬁl s } g™ (34)

ch(t,xo) -X,
now
_[A(n)dn

fOH

A(n)dn $
), = %eor( J s Ie" DK(S,T)F(S,nﬂ%)ﬂﬁf(s)}fﬂ)“dS—

0

e_;[/(n)dnt%] 1 jA(n)dn s
S gl s o)

<—|0 : Hq‘fc(r, Xo) =%, (1, X, )Hdr}(t —s)""ds

s a ptl
9jml ) M:Apdf}(f—s)“ &
0

a ptl ¢

. 1
M Apﬂ -
Na+1)) " Ha) !

Ta p+2
< ( J M AN

then

a  \P2
HJAC(t, Xo) X (t xoj‘ <(%J Ml* AP

Thus we find that the inequality (3.2) is satisfying when m=0,1,2,... .
Then by a condition (2.12) we get:

x(t,x,)=Limx, (t,x,) = x(t,x,)
mM—>0

and this prove that the two solutions are congruent in the domain (2.3).

4. Stability solution

The study of the stability solution of the problem (1.1), will be
introduced by the following theorem:

— =
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Theorem 3:

If the inequalities (1.3), (1.4), (1.5) and (1.6), were satisfied, and
z(¢,x,), which was defined bellow as different solutions for the equation
(1.1), then the solution was stabile if satisfy the inequality:

% (0,x)—z(0,x)| <S8,  5<0

Where
J; A(mdn - | jA(n)dn_S
x(t,x,) = Al - (a)t + F(a) ! e’ _ 2[ K(s,0)F(s,7,x(t,x,) 7t + f (s)}(t—s)a1 ds
IA(W)dW " . , jA(n)dn_S
2(t,x) =% r(a)t ") j ¢ j K(S,T)F(S,T,Z(T,xo))df+f(8)}(f—s)a]dS
proof:
X‘ xoe_j/!(n)d”tal 1 _[ _[A(n)dn|:j e+ } ) p
X )| = : K(s, D) F(s, 7, x(t, %, )+ () [t —s) " ds—
fd Tl i
e_:[A(n)dntal | A(n)dn :
zZ ¥
0 : K(s,DFs, 7,21, Yr + f(s)} t—s)"d|
e |
jA(n)dn
C

'
A(mpdn||s.

<

il

) F(s 7,2(t, xo)l‘(t —s)*ds

a-1 1 L S a-l
<0 sl Hawmx@)—z(r,xoudr}@—s) z

0

Let HXO —ZOH <0, we get:

Qz _) o+ ( J QHLﬂ‘x(s, X,)—z(s, xo)H(l‘ _ S)a—l s
QE _) ’ r(la At x,) = 2G5, x (e =) ds

a-l1
Let %5 =0, , and by the lemma 3, we get:

>3 M e
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Hx(t, x,) —z(t,x, )H <9, exp{ A }

F(a + 1)
ut F(a + 1) 0,

x(t, x,) - (2, x,)| < 6, ?

Hx(t, x,) — z(t, xO)H <g
then the solution was stabile in the given domain.

5. Banach method

. The investigation of Banach method of the problem (1.1), will be
introduced by the following theorem:

Theorem 4:

Let (s, |. |), define a mapping T on G, as:

[ Apn

T x(t,x,)= xoe"r (a) 2 + - (105) j;elA(n)dn j; K(s,7)F(s,7,x(7,x,)))dt + f () (t —S)O‘_1 ds

...... (5.1)
Since the equation (5.1) defined in the domain (1.2), continuous in
t,x and satisfy the inequalities:

F(t,s,x)\<M | |f®l<N . (5.2)

F(t,8,x)=F(t,s,x,)|<Llx,—x,| , ... (5.3)

K(t,s)\<H (5.4)
jA(n)dn

e’ <0 (5.5)

then 7" €G, , and hence T :G, -G, , Next we claim that T  is
contraction mapping.
Proof:

Let x,z€G, , then

jA(n)dn » = s
[T | 3 WD K(S’T)F(S»T»X(T»xo))d”f(s)}t_s)alds—

0

_t[A(n)dn

Z o t _t[A(n)dn s |
Aea I(OC)t : r(la) ‘[eo |:IK(5‘, T)F(S,T, z(z', X())ﬂ'“‘ f(S):kt_S)w d

0

— =
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[ Aanyan
e ta—]

t N

A )dn

) F(s (s, xO)X(t —5)*ds

! 1 ¢ o
< %‘xo ZO‘ + @ ‘([ Q{ ‘([ HQx(r, x,)—z(t, xo)‘dr}(z‘ —s)"ds
! 1 -
< lQ“ @) ‘xo zo‘ + % ! QHL4x(s, Xo) —z(8, X, )Kz‘ —5)ds
ta—l a
< g(a) ‘xo ZO‘+ - (a A‘x(z‘ x,)— z(t, xo)‘
let
gza_ ‘xo ZO‘ G‘x(l‘ x,)—z(t, xo)‘
we get:

|7 x(t, %) = T 2(t, %) < ot x,) = 2(t, x,)| + Ax(t,x,) = 2(2, x,)|

(a 1)
SO HT x(t,x,)—T Z(t,xo)Hzmtaﬂ x(t,x,)—T z(t,xo)‘

there fore:

mta){{r*x(t,xo)—T*z(t,xo)\Smay Ofa(t, %) ~2(t, %)+ ( )/\‘x(t X)) —2(t, xo)\}

¢
= Hltax o +m/\)‘x<t, xo) —Z(t, xo)‘

a

=lo+———=
Suppose that ¥V ( F(

A 1
a+l) j , where O0<y <1 | then

max‘T*x(t, x,) =T z(t,x, )‘ =y max‘x(t, xo) = 2(t, %, )‘
t t

So HT*x(t, x,) =T z(t,x, )H < l//Hx(l‘, x,) —z(t,x, )H
and hence T  is contraction mapping, and T has a fixed point X € s .
1.e

jA(n)dn

N

T x(t,x,)= xoe"r(a) 2 +F(1a) _([ JA(n)dn { J K(s,7)F(s,7,x(7,x,))dr + f (S):|(t S) d

x(%,x,) is a unique solution of (1.1).

> 2 36 JE
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Remark:

In this paper Banach method is Local solution and Picard method is

global solution for the equation (1.1).
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