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Abstract

In this paper, we investigate the existence of a unique solution on a
semi-infinite interval for a quadratic integral equation of Urysohn type in
Frechet space using a nonlinear alternative of Leray-Schauder type for
contraction maps.

Keywords:- quadratic integral equation, existence and uniqueness, fixed point,
Leray-Schauder, Frechet space.

1. Introduction
In this paper, we establish the existence of the unique solution,
defined on a semi-finite interval J=[0,+0) for a quadratic integral

equation of Urysohn type, namely
x(t) = f(t)+ (Ax)(t) (Eu(t,s, X(s))ds +(})g(t,s,x(s))ds), teJ =[0,+0)

where f:J >R, u:Jx[0,T]xR—R and g:Jx[0,T]xR—R are
given functions and A:c(J,R) —c(J,R) is an appropriate operator,
here c¢(J,R) denotes the space of continuous functions x:J — R.

Integral equations occur naturally in many fields of mechanics and
mathematical physics. They also arise as representation formulas for the
solutions of differential equations. Indeed, a differential equation can be
replaced by an integral equation which incorporates its boundary
conditions. As such, each solution of the integral equation automatically
satisfies these boundary conditions.
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The theory of Volterra —Fredholm integral equations play an
Important role for abstract formulation of many initial, boundary value
problems of perturbed differential equations, partial differential equations
and partial integro differential equations which arise in various
applications like chemical reaction kinetics, population dynamics, heat
flow in material with memory, viscoelastic and reaction diffusion
problems. Instance, we refer to [1,3,6,7,8].

Quadratic integral equations are often applicable in the theory of
radiative transfer, Kinetic theory of gases, in the theory of neutron
transport and in the traffic theory, the quadratic integral equation can be
very often encountered in many applications see [4,5].

Recently, the existence of a unique solution for the nonlinear
quadratic integral equation of Urysohn type

x(t) = f(t)+ (Ax)(t)zu(t, s,x(s))ds , te[0+w)

was studied in [2] by using a nonlinear alternative of Leray-Schauder

type.

Here we are concerning with the nonlinear quadratic integral
equation of Fredholm — Volterra integral equation

X(t) = f(t)+(Ax)(t)(Tju(t,s,x(s))ds+}g(t,s,x(s))ds) , te[0,+x) (1.1)
0 0

By using the same assumptions assumed in [2].

2. preliminaries
We introduce some notations, definitions and theorems which are
used throughout this paper.
Let X be Frechet space with a family of semi-norms {[] | . Let

neN

Y < X, we say that Y is bounded if for everyn e N, these exists
M, >0 such that

HYHH <M, forall yeY.

Definition 2.1 [2]: A function f : X — X s said to be a contraction
mapping if for each N e N there exists k, € (0,1) such that:
[F)—-f(y), <k, x-y|, forall xyeX.

Theorem 2.2 [2] : Let €2 be a closed subset of a Frechet space X such
that 0eQ and F:Q — Xis a contraction such that F () is

bounded. Then either

1) F hasa unique fixed point or

2) there

exists 1€ (01),neN and uedQ" such that |u—AF(u)| =0 .

Where 6Q" is boundary of Q"
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3. Main theorem

In this section, we assume that the following assumptions are
satisfied:
i) f:J— R isacontinuous function.

i) For each neN 3 L,>0 st [(AX)(t)— (AX)(t)| < L,|x(t)—x(t)| for
each x,Xx ec(J,R) and te[0,n].

1ii) There exists nonnegative constants a, b such that:
(AX)(t)| < a+Db|x(t)| for each xec(J,R) and teJ.

iv) u:JxJxR—R is continuous function and for each ne N there
exist a constant L, >0 such that:

u(t,s,x)-u(t,s,x) < L,/x—x| forall (t,;s)e[0,T]and x,xeR and
g:JxJxR—R is continuous function and for each ne N there
exist a constant H, >0 such that:
g(t,s,x)—g(t,s,X)| <H,[x—x| forall (t,s)e[0,T]and x,X eR.
v) There exist a continuous non decreasing function y :J — (0,00) and
pec(J,R,) suchthat ju(t,s, x)|< p(s)y(x|) for each (t,s)eJIx[0,T], xeR
and ¢:J — (0,00) with:
gec(J,R,) suchthat |g(t,s,x)| <q(s)e(x]) for each (t,s)eJ x[0,T], xeR
and moreover there exists a constants M, ,ne N such that:
Mo 51 (3.1)
[£], +@+bM )T (r(M,)p" +o(M,)q)
Where p” =sup{p(s):s<[0,T]}and q" =sup{q(s):s<[0,T]}

Theorem 3.1
Suppose that hypotheses (i-v) are satisfied. If

(@+bM,)T(L, +H) +TL,(w(M,)p" +(M,)q") <1 (3.2)
Then equation (1.1) has a unique solution.
Proof : For every n € N, we define in ¢(J,R) the semi-norms by

|yl =sup{ly(t)|:t [0,n]} then c(J,R) is a Frechet space with the family
of semi-norms {|[}.., [2].

Transform the problem (1.1) into a fixed point problem. Consider
the operator
F:c(J,R) —>c(J,R) defined by

(Fy)(®) = () + (Ay) (1) (Eu(t,s, Y(S))d3+(})9(t,8, y(s))ds),teJ

Let y be a possible solution of the problem (1.1). Given ne N and
t <n, then with the view of (i),(iii) and (v) we have:
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@ [<] @) [+] (AY)®) [(J] ults, y(s)) d3+j g(t.s, y(s)) |ds),
0 0

<|f(®)|+(a+b] Y(t))(} p(s)y (ly(s))ds + i q(s)e(|y(s)))ds)

Ivl, < £[l, + @+b(y|)T @ (y],)p" +e(y]|)a")
Then

o, B
[T, + @+bly| )T (Y|P +edy],)a)
From (3.1) it follows that foreach ne N, [[y| =M,

Now, set
Q={yec(J,R):|y| <M, forall neN}
Clearly, € is a closed subset of c(J,R), we shall show that F:Q— c(J,R)

Is a contraction operator, consider y,yeQ for each te[0,n] and ne N
from (i1)-(iv) we have:

(Fy)(®) - (FY)(t)| < \(AY)(t)(}\ u(t,s, y(s))ds +} g(t,s, y(s))ds) -

- (AV)(t)(TgU(t, s,y (s))ds +:I) g(t,s, y(s))ds) |
= \(Ay)(t)(l\ u(t,s, y(s))ds +i g(t,s, y(s))ds) -
- (AY)(t)(iU(t, 5, Y(s))ds +i g(t,s, y(s))ds) |+
+| (AY)(t)(EU(L 5,y (s))ds +i g(t,s, y(s))ds) -
- (AV)(t)(EU(t, s, Y(s))ds +i g(t,s, y(s))ds) |
< \(AY)(t)(E\ u(t,s, y(s)) -u(t,s, y(s))|ds +i 9(t,s, y(s)) -
—g(t,s, y(s))[ds) +[(Ay)(t) — (Ay)(t) \(E\ u(t,s, y(s)) |ds+

] gt.s. y(s)) |ds)
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< (a+b(y®)(L, g\(y(S) —y(s)ds +H ;i\(Y(S) — y(s)ds) +

+ Lo [(y(1) - V(t)\(} p(s)w ((y(s)/ds +EQ(S)¢(\(V(S)\ds)

<[y =¥[,[@+bM)T (L, + H) +TL, (w (M) p" +¢(M,)a")]
Therefore

|Fy —Fy| <[y = y],[T @+bM )(L; + H) +TL, (w (M) p" +o(M,,)q']
By (3.2) F is a contraction for all n € N. From the choice of €2 is no
y € 0Q such that y = AF(y) for some A <(0,1). Then the statement (2)

in the theorem (2.2 ) does not hold. The nonlinear alternative of Leray-
Schauder type [2] shows that (1) holds, and hence we deduced that the
operator F has a unique fixed point y in € which is a solution of

equation (1.1).

References

1) M.M.Arjunan and S.Selvi, "Existence results for impulsive mixed
Volterra-Fredholm integro differential inclusions with nonlocal
conditions", Int. J. of math., vol.(1), no.(1), 2011.

2) M.Benchohra and M.A.Darwish, "On quadratic integral equations of
urysohn type in Frechet spaces”, Acta. math. univ. comenianae,
vol.(LXXIX), no.(1), P.(105-110), 2010.

3) P.j.Collins, "Differential and integral equations”, Oxford, 2005.

4) A.M.A.El-sayed and H.H.G.Hashim, "Integrable and continuous
solutions of a nonlinear quadratic integral equations”, E.J.Qualitative
theory of diff.equ., no.(25), p.(1-10), 2008.

50 A.M.AEl-sayed and H.H.G.Hashim, "Solvability of nonlinear
Hammerstein quadratic integral equations”, nonlinear Sc.J.Appl.,
no.(3), p.(152-160), 2009.

6) R.W.lbrahim and S.Momani, "Upper and lower bounds of solutions
for fractional integral equations", Surveys. J.math., vol.(2), p.(145-
156), 2007.

7) B.G.Pachpatte, "On a nonlinear Volterra-Fredholm integral
equations”, Surveys. J.math., vol.(4), no.(16), p.(61-71), 2008.

8) B.G.Pachpatte, "Explicit estimates for some mixed integral
inequalities”, E.J.of diff.equ., vol.(2010), no.(10) p.(1-13), 2010.

G



