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  الملخص

ب الحلول الدوريـة لـبعض أنظمـة المعـادلات          ييتضمن البحث دراسة وجود وتقر    

التفاضلية اللاخطية من المرتبة الثانية غير القابلة للحل بالنسبة للمشتق الأعلى وذلك            -التكاملية

   العددية لدراسة الحلول الدورية للمعادلات التفاضـلية الاعتياديـة        -باستخدام الطريقة التحليلية  

   . وكذلك تؤدي هذه الدراسة الى تحسين وتوسيع الطريقة أعلاه.A. M. Samoilenkoلـ 
 

ABSTRACT 
In this paper we study the existence and approximation of the 

periodic solutions for certain systems of second-order of integro-
differential equations unsolvable for the highest derivative by using the 
numerical analytic method for ordinary differential equations of A. M. 
Samoilenko which given. Also these investigation lead us to the 
improving the extending the above method.  

 
 

Introduction 
Consider the following system of second-order integro-differential 

equation, which has the form: 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫

−

t

Tt

dssxsxsxsgxxxtf
dt

xd )(),(),(,,,,,2

2
&&&&&&                                  … … (1) 

where nRDx ⊆∈ ,  D  is a closed and bounded domain.  
The vector functions ( )wxxxtf ,,,, &&&  and ( )xxxtg &&&,,,  are defined on the 
domain: 
( ) 321

1,,,, DDDDRwxxxt ××××∈&&&  
                    321),( DDDD ××××∞−∞=                                      … … (2) 
which are continuous in ( )wxxxt ,,,, &&&  and periodic in t of period T , where 

21 , DD  and 3D  are bounded domains subset of Euclidean spaces nR  
and mR  respectively.  



  

  

Periodic solutions of second-order….

79 

 Suppose that the vector functions ( )wxxxtf ,,,, &&&  and ( )xxxtg &&&,,,  are 
satisfy the following inequalities: 
( ) Mwxxxtf ≤,,,, &&&       ,        ( ) Mxxxtg ≤&&&,,,   ,                          … … (3) 
( ) ( ) +−+−≤− 21221122221111 ,,,,,,,, xxKxxKwxxxtfwxxxtf &&&&&&&&  

                                                           214213 wwKxxK −+−+ &&&&  ,  … … (4) 
( ) ( ) 213212211222111 ,,,,,, xxLxxLxxLxxxtgxxxtg &&&&&&&&&&&& −+−+−≤−  , 

                                                                                                       … … (5) 
for all  1Rt∈   and  Dxxx ∈21,,  , 121,, Dxxx ∈&&&   ,  221,, Dxxx ∈&&&&&&  and  

321,, Dwww ∈  ,  where  4321 ,,,, KKKKM  and  321 ,, LLL  are a positive 
constants ,  .max.

0 Tt≤≤
=  .  

We define the non-empty sets as follows: 

⎥
⎥
⎥
⎥
⎥

⎦

⎤

−=

−=

−=
−=

333

222

111

3

2

1

,

,
,

NDD

NDD

NDD
NDD

N

N

N

N

                                                                      … … (6)  

where  
6

2MTN =    ,    
6

5
1

MTN =    ,    MN 22 =    ,   

MTTMLLTMLMTN +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++= 321

2

3 2
6

5
6

 . 

Furthermore, we suppose that the largest eigen-value maxq  of the 
following matrix:  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+++

+++

+++

=

TLKKTLKKTLKK

TLKKTTLKKTTLKKT

TLKKTTLKKTTLKKT

Q

343342341

243242241

143

2

142

2

141

2

0

222
6

5
6

5
6

5
666

 

                                                                                                       … … (7) 
is less than one, i.e. 

( ) ( ) ( ) 12
6

5
6 343242141

2

<⎥
⎦

⎤
⎢
⎣

⎡
+++++ TLKKTLKKTTLKKT       … … (8) 
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Lemma 1 :  
Let )(tf  be a continuous vector function in the interval [ ]T,0 ,  then: 

Mtdsdssf
T

tf
t T

)()(1)(
0 0

α≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∫ ∫  ,  

where  
[ ]

)(max
,0

tfM
Tt∈

=     and     ⎟
⎠
⎞

⎜
⎝
⎛ −=

T
ttt 12)(α . 

For the proof see [2].    
 

We define an operator L as follows: 

( ) ∫ ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−==

t T

dsdssf
T

tftLftLf
0 0

)(1)()()(  

we obtain 

( ) ∫ ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−==

t T

dsdssLf
T

tLftfLtLfL
0 0

2 )(1)()()( . 

It is obvious that if )(tf  is continuous on the interval [ ]T,0 , then )(tLf  
and  )(2 tfL  are also continuous on the same interval. 

By lemma 1, we get: 

[ ]
)(max)()(

,0
tfttLf

Tt∈
≤ α    

and 

MTMtTtLfttfL
6

)(
3

)()()(
2

2 ≤≤≤ αα  

for all [ ]Tt ,0∈   and  
2

)( Tt ≤α  . 

 
Approximation Solution of (1)  

 
The investigation of approximation solution of the system (1) will 

be introduced by the following theorem. 
 
Theorem 1: 

If the system of second-order integro-differential equations (1) 
satisfy the inequalities (3), (4) with assumptions (5), (6) and the condition 
(8) has a periodic solution ),( 0xtxx = , passing through the point ),0( 0x , 

fDx ∈0 , then the sequence of functions: 
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( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= ∫

−
+

t

Tt
mmmmmmm dsxsxxsxxsxsgxtxxtxxtxtfLxxtx ),(),,(),,(,),,(),,(),,(,),( 000000

2
001 &&&&&&

                                                                                                       … … (9) 
with  

000 ),( xxtx =   ,  ),(
),(

0
0 xtx

dt
xtdx

m
m &=  , ),(

),(
02

0
2

xtx
dt

xtxd
m

m &&=  ,  

m=0,1,2,…    ,                                                                                 
is periodic in t of period T, and is uniformly convergent as ∞→m  in the 
domain: 

ff DDRxt ×∞−∞=×∈ ),(),( 1
0    ,                                              … … (10) 

to the function  ),( 0xtx∞  defined in the domain (10), which is periodic in 
t  of period  T  and satisfying the system of integral equations: 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= ∫

−

t

Tt

dsxsxxsxxsxsgxtxxtxxtxtfLxxtx ),(),,(),,(,),,(),,(),,(,),( 000000
2

00 &&&&&&

                                                                                                     … … (11) 
which is a unique solution of the system (1) provided that: 

( ) 0
1

0 vQEQ

xx

xx

xx
m

m

m

m
−

∞

∞

∞

−≤
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

&&&&

&&                                                 … … (12) 

where  
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

3

2

1

0

N
N
N

v   and  E  is identity matrix.  

Proof: 
Setting  m=0 and using (9), we get 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=− ∫

−

t

Tt

dsxsgxtfLxxtx 0,0,,,0,0,,),( 00
2

001   

                        ( ) +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −≤ ∫ ∫

−

dsdxgxsLf
T
t t s

Ts0
00 0,0,,,0,0,,1 ττ  

                                      ( )
6

0,0,,,0,0,,
2

00
TMdsdxgxsLf

T
t T

t

s

Ts

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ ∫ ∫

−

ττ  

Hence 

6
),(

2

001
TMxxtx ≤−                                                                 … … (13)  
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So that Dxtx ∈),( 01  for all 1Rt∈  and NDx ∈0 . Moreover on 
differentiating ),( 01 xtx , we find  

( ) ( ) dtdsxsgxtLf
T

dsxsgxtLfxtx
T t

Tt

t

Tt
∫ ∫∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−− 0
000001 0,0,,,0,0,,10,0,,,0,0,,),(&

 and hence 

( ) ( ) dtdsxsgxtLf
T

dsxsgxtLfxtx
T t

Tt

t

Tt
∫ ∫∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≤

−− 0
000001 0,0,,,0,0,,10,0,,,0,0,,),(&

                ∫+≤
T

Mdtt
T

Mt
0

)(1)( αα  

                MTt ⎟
⎠
⎞

⎜
⎝
⎛ +≤

3
)(α MT

6
5

≤                                               … … (14)  

From (4)  and  (5),  we get  101 ),( Dxtx ∈&   for  NDx ∈0   and  
1Rt∈ , also on differentiating  ),( 01 xtx&  we find 

( ) ( ) dtdsxsgxtf
T

dsxsgxtfxtx
T t

Tt

t

Tt
∫ ∫∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

−− 0
000001 0,0,,,0,0,,10,0,,,0,0,,),(&&

Therefore  

( ) ( ) dtdsxsgxtf
T

dsxsgxtfxtx
T t

Tt

t

Tt
∫ ∫∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≤

−− 0
000001 0,0,,,0,0,,10,0,,,0,0,,),(&&

               M2≤                                                                             … … (15) 
From (6) and (15),  we have  201 ),( Dxtx ∈&&   for all  NDx ∈0   and  1Rt∈ . 

Using the inequalities (4), (13), (14) and (15), we find  

( ) ( ) ( )( ) ≤+−∫
−

dsxsgxsgxsxxsxxsxsg
t

Tt

0,0,,0,0,,),(),,(),,(, 00010101 &&&  

                 ( ) ( ) MTdsxsgxsxxsxxsxsg
t

Tt

+−≤ ∫
−

0,0,,),(),,(),,(, 0010101 &&&  

                 ( ) MTdsxsxLxsxLxxsxL
T

Tt

+++−≤ ∫
−

),(),(),( 0130120011 &&&   

                 3321

2

2
6

5
6

NMTTMLLTMLMT
=+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++≤              … … (16)  

From (6) and (16),  we get  31 )( Dtw ∈   for all  1Rt∈  and  
NDx ∈0 . 
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Thus by induction we can prove that Dxtxm ∈),( 0 ,  10 ),( Dxtxm ∈& , 
20 ),( Dxtxm ∈&&   and  3)( Dtwm ∈ ,  for  NDx ∈0  ,  m=1,2,3,… . 

We claim that the sequence of functions  ),( 0xtxm   is uniformly 
convergent on the domain (10). 

By using (9) and (13) the following inequalities are holds: 

( )[ +−+≤− −+ ),(),(
3

)(),(),( 010141001 xtxxtxTLKKTtxtxxtx mmmm α    

                                                 ( ) +−++ − ),(),( 010242 xtxxtxTLKK mm &&  
                                                      ( ) ]),(),( 010343 xtxxtxTLKK mm −−++ &&&& , 
                                                                                                     … … (17) 

( )[ +−+⎟
⎠
⎞

⎜
⎝
⎛ +≤− −+ ),(),(

3
)(),(),( 010141001 xtxxtxTLKKTtxtxxtx mmmm α&&  

                                                     ( ) +−++ − ),(),( 010242 xtxxtxTLKK mm &&  
                                                      ( ) ]),(),( 010343 xtxxtxTLKK mm −−++ &&&& , 
                                                                                                     … … (18) 
and 

( )[ +−+≤− −+ ),(),(2),(),( 010141001 xtxxtxTLKKxtxxtx mmmm &&&&    
                                                     ( ) +−++ − ),(),( 010242 xtxxtxTLKK mm &&  
                                                      ( ) ]),(),( 010343 xtxxtxTLKK mm −−++ &&&& . 
                                                                                                     … … (19) 
Rewrite the inequalities  (17), (18)  and  (19)  in vector form as: 

)()()(1 tvtQtv mm ≤+  ,                                                                    … … (20) 
where 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

=

+

+

+

+

),(),(

),(),(

),(),(

)(

001

001

001

1

xtxxtx

xtxxtx

xtxxtx

tv

mm

mm

mm

m

&&&&

&&    , 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

,

222
3

)(
3

)(
3

)(

3
)(

3
)(

3
)(

)(

343342341

243242241

143142141

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+++

+⎟
⎠
⎞

⎜
⎝
⎛ ++⎟

⎠
⎞

⎜
⎝
⎛ ++⎟

⎠
⎞

⎜
⎝
⎛ +

+++

=

TLKKTLKKTLKK

TLKKTtTLKKTtTLKKTt

TLKKTtTLKKTtTLKKTt

tQ ααα

ααα

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

=

−

−

−

),(),(

),(),(

),(),(

)(

010

010

010

xtxxtx

xtxxtx

xtxxtx

tv

mm

mm

mm

m

&&&&

&& . 
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It follows form the inequality  (19)  that  
mm vQv 01 ≤+  ,                                                                           … … (21) 

where  
[ ]

)(max
,00 tQQ
Tt∈

=  . 

By iterating the inequality  (21)  gives 

001 vQv m
m ≤+  ,                                                                             … … (22)  

which leads to the estimate 

∑∑
=

−

=

≤
m

i

i
m

i
i vQv

1
0

1
0

1
.                                                                     … … (23)  

Since the matrix 0Q  has eigen-values 01 =q  , 02 =q  and  

( ) ( ) ( ) 12
6

5
6 343242141

2

3 <⎥
⎦

⎤
⎢
⎣

⎡
+++++= TLKKTLKKTTLKKTq   ,  then 

the series (23) is uniformly convergent, i.e. 

( ) 0
1

0
1

0
1

0
1

0
1

0 vQEvQvQLim
i

i
m

i

i

m

−
∞

=

−

=

−

∞→
−== ∑∑  .                           … … (24)  

The limiting relation  (24)  signifies a uniform convergent of the 
sequence { }),(),,(),,( 000 xtxxtxxtx mmm &&&  . 

Let  

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

=

=

=

∞
∞→

∞
∞→

∞
∞→

,),(),(

,),(),(

,),(),(

00

00

00

xtxxtxLim
and

xtxxtxLim

xtxxtxLim

mm

mm

mm

&&

&&
                             … … (25)  

By the inequality (21), the estimate (12) true for m=1,2,… . 
Thus ),( 0xtx∞  is the solution of the integral equation (11). 

Finally, we have to show that  ),( 0xtx  is unique solution of the 
system (1). On the contrary, we suppose that there is at least two different 
solutions ),( 0xtx  and  ),( 0xty  of  (1).    

From (11) the following identities are holds: 

( )[ +−+≤− ),(),(
3

)(),(),( 0014100 xtyxtxTLKKTtxtyxtx α    

                                                         ( ) +−++ ),(),( 00242 xtyxtxTLKK &&  
                                                        ( ) ]),(),( 00343 xtyxtxTLKK &&&& −++ , 

( )[ +−+⎟
⎠
⎞

⎜
⎝
⎛ +≤− ),(),(

3
)(),(),( 0014100 xtyxtxTLKKTtxtyxtx α&&  

                                                      ( ) +−++ ),(),( 00242 xtyxtxTLKK &&  
                                                     ( ) ]),(),( 00343 xtyxtxTLKK &&&& −++ , 
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and so 
( )[ +−+≤− ),(),(2),(),( 0014100 xtyxtxTLKKxtyxtx &&&&    

                                                    ( ) +−++ ),(),( 00242 xtyxtxTLKK &&  
                                                    ( ) ]),(),( 010343 xtxxtxTLKK mm −−++ &&&& . 
thus 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

≤
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

),(),(

),(),(

),(),(

),(),(

),(),(

),(),(

00

00

00

0

00

00

00

xtyxtx

xtyxtx

xtyxtx

Q

xtyxtx

xtyxtx

xtyxtx

&&&&

&&

&&&&

&& . 

 
By iterating whish we should find that 

 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

≤
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

−

),(),(

),(),(

),(),(

),(),(

),(),(

),(),(

00

00

00

0

00

00

00

xtyxtx

xtyxtx

xtyxtx

Q

xtyxtx

xtyxtx

xtyxtx
m

&&&&

&&

&&&&

&&  

But  00 →mQ  as ∞→m , hence, proceeding in the last inequality 
to the limit we obtain that ),(),( 00 xtyxtx = , ),(),( 00 xtyxtx && =  and 

),(),( 00 xtyxtx &&&& =  which proves the solution is unique, and this completes 
the proof of theorem 1. 
 
Existence of Solution of (1) 

The problem of existence solution of the system (1) is uniquely 
connected with the existence of zeros of the function )( 0x∆ , which has 
the form:- 

( ) dtdsxsxxsxxsxsgxtxxtxxtxtLf
T

x
T t

Tt
∫ ∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=∆

−
∞∞∞∞∞∞

0
0000000 ),(),,(),,(,),,(),,(),,(,1)( &&&&&&

                                                                                                     … … (26) 
since this function is approximately determined from the sequence of 
functions: 

( ) dtdsxsxxsxxsxsgxtxxtxxtxtLf
T

x
T t

Tt
mmmmmmm ∫ ∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=∆

−0
0000000 ),(),,(),,(,),,(),,(),,(,1)( &&&&&&

                                                                                                     … … (27) 
m=0,1,2,… .  
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Theorem 2: 
Let all assumptions and conditions of theorem 1 were given, then 

the following inequality: 

( ) m
m

m VQEQ

TE

TE

TE

xx δ=−

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

≤∆−∆ −
0

1
0

3

2

1

00 ,

3

3

3

)()(   

is holds for all 1≥m  and NDx ∈0 . 
Proof: 
According to (26) and (27) we have  

( )∫ ∫ −⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤∆−∆

−
∞∞∞∞∞∞

T t

Tt
m dsxsxxsxxsxsgxtxxtxxtxtft

T
xx

0
00000000 ),(),,(),,(,),,(),,(),,(,)(1)()( &&&&&&α

                       ( ) dtdsxsxxsxxsxsgxtxxtxxtxtf
t

Tt
mmmmmm ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− ∫

−

),(),,(),,(,),,(),,(),,(, 000000 &&&&&&  

                       [ +−+−≤ ∞∞ ),(),(),(),(
3 002001 xtxxtxKxtxxtxKT

mm &&  

                           +−+−+ ∞∞ ),(),(),(),( 0014003 xtxxtxLKxtxxtxK mm&&&&  
                           ]),(),(),(),( 00340024 xtxxtxLKxtxxtxLK mm &&&&&& −+−+ ∞∞  

                      ( )[ +−+= ∞ ),(),(
3 00141 xtxxtxLKKT

m                                                        

                                         ( ) +−++ ∞ ),(),( 00242 xtxxtxLKK m&&                                          
                                                        ( ) ]),(),( 00343 xtxxtxLKK m&&&& −++ ∞  

                      ( ) m
m VQEQ

TE

TE

TE

δ=−

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

≤ −
0

1
0

3

2

1

,

3

3

3

 ,                  … … (28) 

where ,  denotes the scalar product in the space 2R  and  
( )1411 LKKE += ,  ( )2422 LKKE += ,  ( )3433 LKKE += , mδ  are a 

positive constants. 
By using the inequality (28) we can prove the following theorem in 

a similar way to that of theorem 7.2 [ 1 ].  
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Theorem 3: 
If the system of equations (1) satisfies the following conditions: 

(a1) the sequence of functions (26) has an isolated singular point ∞= xx0 , 
0)( =∆ ∞xm .  

(a2) the index of this point is nonzero. 
(a3) there exist a closed convex domain 4D  belonging to the domain ND  

and possessing a unique singular point ∞x  such that on it’s boundary 

4DΓ  the following inequality holds 
       mmx

x
D

δ≥∆
Γ∈

)(min 0
40

                                                              … … (29) 

for all 1≥m . Then system (1) has a periodic solution )(txx =  for 
which 4)0( Dx ∈ . 

 
Remark 1: [2] 

When 1RRn = , i.e. when x is a scalar theorem 4 can be strengthens 
by giving up the requirement that the singular point should be isolated, 
thus we have.  
 
Theorem 4: 

Let the system of equations (1) be defined on the domain (2). 
Suppose that for 0≥m , the function )( 0xm∆  defined according to 
formula (27) satisfies the inequalities: 

⎥
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≥∆
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,)(max

,)(min
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0

mm

mm

x
and

x

δ

δ
                                                           … … (30) 

where [ ]NbNax −+∈ ,0 . Then the system (1) has a periodic solution of 
period T, )(txx =  for which [ ]NbNax −+∈ ,)0( .  
Proof: 
Let 1x  and 2x  be any two points of the interval [ ]NbNa −+ ,  such that: 

⎥
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⎤
∆=∆
∆=∆

,)(max)(
,)(min)(

2

1

xx
xx

mm

mm                                                            … … (31) 

where [ ]NbNax −+∈ , . Taking into account the inequalities (28) and 
(30), we have: 
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                          … … (32) 

It follows from (32) in virtue of the continuity of the −∆ constant, that 
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there exists a point ∞x , [ ]21, xxx ∈∞ , such that 0)( =∆ ∞x . The last 
equality proves the theorem. 
 
Remark 2: [3] 

If the set fD dose not degenerate to a point, then the −∆ constant 
of the system (37) may be considered as the function ),0( 0x∆=∆  given 
on the set fDR ×1 . The properties are defined by: 
 
Theorem 5: 

Let  
,: n

N RD →∆  

( ) dtdsxsxxsxxsxsgxtxxtxxtxtLf
T

x
T t

Tt
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0
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                                                                                                     … … (33) 
where ),( 0xtx∞  is the limit of a sequence of periodic functions (9), then 
the following inequalities are holds: 

3
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and  
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for all NDxxx ∈2

0
1
00 ,,   and  ( )1411 LKKE += , ( )2422 LKKE += , 

( )3433 LKKE +=   and 
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Proof: 
From the properties to the function ),( 0xtx∞  established by 

theorem 1, it follows that the function )( 0x∆  is continuous and bounded 
in the domain NDR ×1  . By using (33), we have: 
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                             ),(),( 2
0

1
03 xtxxtxE ∞∞ −+ &&&&                               … … (36) 

where ),( 1
0

xtx∞  and ),( 2
0

xtx∞  are the solutions of the integral equation: 
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                                                                                                     … … (37) 
where  k=1,2.  

From (37), we find that  
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On differentiating ),( 1

0
xtx∞  and ),( 2

0
xtx∞ , we get: 
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1
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Using the inequalities (37), (38) and (39) in (36) we have the 
inequality (35), and this proves the theorem. 
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