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  الملخص

) نحاول إنشاء صيغة جديدة لتقوس معمـم للمنحنـي المـستوي          . في هذا البحث   )tγ 

مـستخدمين  وذلك للحصول على تقوس معمم للمنحنيات جبريـة          التحلل معتمدين على نظرية  

 .Nelson, E  ووضـعه .Robinson, Aأوجـده  بعض مفاهيم التحليل غير القياسـي الـذي  

   .قيمنطبأسلوب 
 

ABSTRACT 
The aim of this paper is to establish a new formula of generalized 

curvature discussed with the help of decomposition theorem which is 
used to obtain generalized curvature for algebraic curves by using some 
concepts of nonstandard analysis given by Robinson A. and axiomatized 
by Nelson E.  
     
1-Introduction: - 

Among the difference expressions of the generalized curvature, there 
is one which can be expressed by using only one point infinitely close to 
a singular point of a standard curve and this will be our consideration in 
this paper. This is derived from generalized curvature form [10], with the 
help of decomposition theorem. 
 

The following definitions of nonstandard analysis will be needed 
throughout this paper. [4], [5], [9], [11], [12], [15], [16], [17]       
  

A real number x  is called unlimited if and only if rx > for all 
positive standard real numbers, otherwise it is called limited. 

The set of all unlimited real numbers denoted byR , and the set of all 
limited real numbers denoted by R  

A real number x is called infinitesimal if and only if rx < for all 
positive standard real numbers r . 
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Two real numbers x and y  are said to be infinitely close if and only 
if yx −  is infinitesimal and denoted by yx ≅ . 

If x is a limited number in R , then it is infinitely close to a unique 
standard real number, this unique number is called the standard part of x  
or shadow of x denoted by )(xst or x0 . 

 
Every set or element defined in a classical mathematics is called 

standard.  
Any set or formula which does not involve new predicates “standard, 

infinitesimals, limited,…etc” is called internal, otherwise is called 
external. 

Let  α : I → R3  , I  =(a,b) , be a curve parametrized by an arc 
length s, and its tangent vector be  α  ' which has a unit length, then the 
measure of the ratio of change of the angle with neighboring tangents 
made with the tangent at s is known as a curvature of the curve α   at s 
,and it is given by ( )′′ sg and denoted by  ( )sκ   

 
Theorem 1.1  [10] 

 Let A ( )= tγ be a standard point on the planar curve γ , and let B and 
C be two points infinitely close to the point A, then 
 

  33
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Theorem 1.2  [10] 
Let A be a standard point on the curve γ , and let B and C be two 

points infinitely close to the point A, then the generalized curvature Gκ of 

the curve γ at the point A is given by: 
3

ˆtan
G

A AC AB

BC BC
κ

×
≅ ≅

uuuur uuur

uuur uuur  . 

 
2- Decomposition Technique for Calculating the Generalized Curvature 

According to the applications of decomposition theorem to algebraic 
equations, we give an expression of the generalized curvature, which does 
not involve the parametric but a point which infinitely close to the 
considered standard part.  
  
Theorem 2.1(Decomposition Technique Theorem) 

If M  is a limited point of 2R whose shadow is o
o MM = , then for 

oMM =/ there exist two standard vectors 1V and 2V  linearly independent 
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and two real infinitesimal numbers 1ε and 2ε such that 

22111 VVMM o εεε ++≅ . 
Proof:  

Since o
o MM = then there exist an infinitesimalη such that 

              = +
uur uur ur

oM M η        (2.1.1)L  
where   2R∈η,, oMM . 

Put oMM −=1ε  and     1
1

oM MP
ε
−

=

uur uur
uur

       (2.1.2)L  

then 1P is a unit direction vector.  

Also put 11 PV
o

=  then there exist an infinitesimal  ζ
ur

  such that 
         
        11P V ζ= +

uur ur ur
         (2.1.3)L  

Put 112 VP −=ε  ,  11
2

2

P VP
ε
−

=

uur ur
uur

, and      22 PV
o

=  , 

 then there exist an infinitesimal ξ such that   22P V ξ= +
uur ur ur

   (2.1.4)L  
 
Combine equations (2.1.2) (2.1.4)− and substitute them in equation 

)1.1.2(   we get that  1 1 1 2 2 1 2oM M V Vε ε ε ε ε ξ= + + +
uur uur uur uur ur

 
  Thus    22111 VVMM o εεε ++≅ . 
 
Corollary 2.2 

 If M  is limited point of 2R whose shadow is o
o MM = , then 

for o
o MM =  there exist two real infinitesimal numbers 1ε and 2ε  such 

that 22111 VVMM o εεε ++≅  where { }21 ,VV  is a standard basis of 2R .  
 
Proof: 

Since o
oM M=

uuur uur
then there exist an infinitesimalη such that 

η+= oMM  
 and 2R∈η,, oMM . 
Since { }21 ,VV is a standard basis of 2R , then there exist two standard real 
numbers a and b, and two real infinitesimals α  and β  not both zero, such 
that 
 

1 2 1 2M aV bV V Vα β= + + +
uur uur uur uur uur

.  
 
Now 
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 if 0α ≠ , then 22111 VVMM o εεε ++= , where 1ε α=  and 2
βε
α

=   

if 0β ≠ , then 1 2 1 2 2oM M V Vε ε ε= + +
uur uur uuuur uur

 ,    where 1
αε
β

=  and 2ε β= . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Theorem 2.3(General Decomposition Technique Theorem) 

If M  is limited point of nR whose shadow is o
o MM = , then for 

oMM =/  there exist n standard vectors nVVV ,,, 21 L which are linearly 
independent, and n real infinitesimal numbers nεεε ,,, 21 L  such that 

nno VVVMM εεεεεε LL 2122111 ++++≅ . 
 
Theorem 2.4(Decomposition Version of Generalized Curvature) 

Let oM  be a standard point of a standard curveγ in ∞C , and let 

22111 VVMM o εεε ++≅ , then the general curvature at oM is independent 

of the choice of M and it given by       
1

1

2

−
=

p
qG

o

ε

ε
κ  

Proof:  
Let p and q be the respective orders of the first non zero vector 

derivative )( pγ and of the first vector derivative not collinear with )(qγ . 
By using the Taylor development up to the order q, and the 

decomposition theorem, the point M  can be written in two different 
ways: 

Remark: 
1- The choice of a and b to be standard andα , β to be infinitesimals 
is necessary, since oM   is standard and η is infinitesimal. 
2-  If { }21 ,VV  is a standard usual basis of 2R , then 

 ),(),( 21122111 εεεεεε ++=++== ooo yxVVMyxM . 

3- If )()( oo yyoxxo −=− , then ),(),( εε ++== oo yxyxM , where 
o is denoted to the small oh 
4-  For any basis { }21 ,VVB = , the matrix form of the decomposition 

theorem in 2R  is given by: ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β
α

b
a

vv
vv

y
x

2221

1211 , that is CΒ=Χ  

where ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

21

11
1

v
v

V , ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

22

12
2

v
v

V  andC  is the constant matrix ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
+
β
α

b
a

, and 

Β  is the constant matrix 11 12

21 22

v v
v v
⎛ ⎞
⎜ ⎟
⎝ ⎠

. 
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   22111 VVMM o εεε ++≅ , 
and  

   q
o

q
o

o
q

p
o

o
p

o tttt
q

t
tt

p
t

tM )()(
!

)(
)(

!
)(

)(
)()(

−+−++−++≅ η
γγ

γ LL ,        

where 0≅η    Putting 0, ≅=− δδott we get 
           

)1.4.2(
!

)(
!

)( )()(

22111 LL qqo
q

po
p

q
t

p
t

VV ηδδ
γ

δ
γ

εεε +++=+  

 
Dividing equation )1.4.3( by 1ε we get 

  

  )2.4.2(
!

)(
!

)(

11

)(

1

)(

221 LL
ε
δη

ε
δγ

ε
δγ

ε
qq

o
qp

o
p

q
t

p
t

VV +++=+  

 

Since 
1ε

δ p

is limited and pq
q

>∀≅ 0
1ε

δ , then from the decomposition 

theorem, we have                 oMM −=1ε  
 
Therefore     

    0,

!

1

!!
1

≅
+

=
+++

= β
βγηδδγδγ

δ
ε
δ

pqp

p
qq

q
p

p

pp

L

 

 Thus 
p

p p
γε

δ !

1

≅ , which is limited. Taking the shadow of the equation 

)2.4.2( we get 
p

p

V
γ
γ

=1  which is a unit vector in 2R . The scalar product 

of equation )1.4.2(  by   1V  implies  

                 0,
!! )(

)()()(

1 ≅+++=
• ξξδ
γ
γγδ

γ
ε q

p

pq
p

p

qp
L . 

 
Then   

     

)3.4.2(
!

)(

1 Lp
p

p
δ

γ
ε ≅  
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Again, the norm of the cross product of equation )1.4.2( by 1V  is implies 

      
( ) ( )

1 2 ( )!

q p
q

pq

γ γ
ε ε δ

γ

×
≅            

(2.4.4)L  
 
Now raising equation )4.4.2( to the power q and equation  )3.4.2(  to the 
power p and then dividing the obtained two equations we get  

( ) ( )
( )

1
1

2

1)(

)()(

!

!
−+

≅=
×

p
qG

o

p
q

p

pq
p
q

q

p

ε

ε
κ

γ

γγ  

Corollary 2.5 
The curvature )(tK of a standard curve at a standard biregular point 

is given by 

1

22)(
ε
ε

o

tK = . 

 
Corollary 2.6 

Let oM  be a standard point of a standard curveγ  in ∞C , and let 

22111 VVMM o εεε ++≅ , where { }),(),,( 222111 baVbaVB === is any 
standard basis of 2R , then we have the following cases: 

(1)  If ,0,0,0 211 ≠=≠ bba then
p
q

p
q

a

b
G

o

1
1

1

22

−
=
ε

ε
κ . 

(2)  If 1V and 2V are basic unit direction vectors, then 1=ia , 
whenever 0=ib , and conversely. 

(3)  For cases other than (1) and (2),  Gκ  is unlimited or 
undefined 

 
Proof: 
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T

  

  

 M

 

 

y
y

γ

(1) Form the following table of all possible values of ),( 11 ba and 
),( 22 ba for the basis B we can deduce the result 

01 ≠a  01 ≠b  02 ≠a  02 ≠b  G
oκ  

Yes Yes Yes Yes 
Yes Yes Yes No 
Yes Yes No Yes 

2
1

][ 2
1

2
1

1
1

11

ba

ab

p
q

+−ε

  

Yes No Yes Yes 
Yes No No Yes p

q
p
q

a

b

1
1

1

22

−ε

ε  

No Yes Yes Yes 
No Yes Yes No 221

1
aεε

 

 
(2) Obviously 
  
(3)  In this case, the general curvature is the same as that given by   

Theorem 2.4,  but here we give a simple proof  as follows: 
Since 1V and 2V are basic unit direction vectors, then we have  

),()1,0()0,1(),(),( 211`211` εεεεεε ++=++== oooo yxyxyxM   
Therefore such as shown in the figure (2.1) we get 

( ) 1
2
1

2
21 1 εεε ≅+=− oMM  and  

1

21)tan()tan(
ε
εε

θ ==
oM

T                        

                              oM ● 

Thus 
1

1

2)(
−

=
p
q

oMG
o

ε

ε
γκ  

3-Spherical Curvature 
 
Nonstandard studies of curves are now available widely for 

geometrical and non geometrical applications, [6], [7], [13].  
 
In this section the problem of curvature on spherical Euclidean space is 
studied. For planar curves [3], [8], we have only two related order 
derivatives corresponding to a standard curve, while for spherical curves, 
three related order of derivatives effect the behavior of the curve, as it is 
shown in Theorem 3.5. 

Other studies on spherical curvatures can be found in [1], [2], [14] and 
[18].  The characterization of this study begins with the fundamental 
definition of curvature, which is applicable to any curve in all spaces.  

This is either 
unlimited or 

undefined 

Figure (2.1) 
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Theorem 3.1 
Let γ be a standard curve of type ∞C in 3R which admits at each 

point two vector derivatives not coplanar denoted by )( pγ and )(qγ , where p 
and q are the smallest integers such that 0)()( ≠× qp γγ . Then the 
generalized curvature of γ is given by 

( )
1)(

)()(

!

!
)(

+

×
=

p
q

p

qpp
q

G
o

q

p
t

γ

γγ
κ  .  

Proof:  
Let  )( αγ += tB  and )( αεγ += tC  where 0, ≅εα  be two tinfinitely 
close to the point )(tA γ= . By Theorem 1.2 , we have  
 

3

ˆtan

BC

ABAC

BC

A
G

×
≅≅κ   

 
We consider the following cases concerning the point  )(tA γ=  
 

 Case I\ A is a Biregular point: 
 
We have  ( )2

1
222)( zyxBC ′+′+′−≅ αβ  

Therefore ( ) )1.1.3()( 2
3

22233
LzyxBC ′+′+′−≅ αβ  

Note that we can obtain two different forms according to the given form 
of the quantity 3)( αβ −  as follows: 
 

⎩
⎨
⎧

−≅−−+−
−≅−+−

=−
)(2))(()(2

)(3)()(3
)(

22

33
3

βααββααβαβαβ
βααββαβααβ

αβ  

 
In general, we have )()( 3 βααβαβ −⋅=− c , where c is an arbitrary 
standard constant. 
For our purpose we take )()( 3 βααβαβ −=− , so 

  ( ) )2.1.3()()()( 2
3

222
3

LtzyxBC γβααββααβ ′−=′+′+′−≅  
And 

  ( ) ( ) ( )
( ) ( ) ( )2

12
2

12
2

12

2
22

2
22

2
22

321

222

222

αδααδααδα
βδββδββδβ

ααα

βββ

+′′+′+′′+′+′′+′
+′′+′+′′+′+′′+′=×

zzyyxx
zzyyxx
eee

ABAC  
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( ) ( ) )3.1.3()()()(
2 321 Lexyyxezxxzeyzzy ′′′−′′′+′′′−′′′+′′′−′′′
−

≅
βααβ   

From equation )2.1.3( and )3.1.3( we get the result   
 

 Case II\ A is an Only Regular point: 
Since )( otA γ= is an only regular point, then we have 0≠′γ and 

0)1( =′==′′′′=′′′ −pγγγγγγ L .Therefore expanding the   curve γ  using 
Taylor development up to the order q at points )( α+γ= otB  
and )( β+γ= otC , we get 
 

           ( ) ( 1
1

0

11111

)1( +
+

=

−++++
+

′−=′−= ∑ q
q

i

iiqiq
i

qqq

BC γαβγαβ  

   
( ) ( ) )4.1.3()1(1 111 L

+−− ′−++≅ qqqqq γαβαβ

  
or  
          ( ) ( ) ( ) )5.1.3(111121

L
+−+−+

′−≅′−−= qqqqq
BC γαβαβγαβαβ  

And  

       

∑∑∑

∑∑∑

===

===

+++

+++=×
q

k

q
kkq

k

q
kkq

k

q
kk

q

k

q
kkq

k

q
kkq

k

q
kk

k
z

k
y

k
x

k
z

k
y

k
x

eee

ABAC

1
1

1
1

1
1

1
2

1
2

1
2

321

!!!

!!!

αδααδααδα

βδββδββδβ
 

 
( ) ( ) )6.1.3()()()(

! 3
)()(

2
)()(

1
)()(

11

Lexyyxezxxzeyzzy
q

qqqqqq
qq

′−′+′−′+′−′−
≅

−− βααβ

 
   From equation )5.1.3( and )6.1.3( we get  
 

 
1

1

)(
1

)(!1

)()(1

)(
+

−

−

′−

×′−⎟
⎠
⎞

⎜
⎝
⎛

≅
q

q

q
q

G

tq

tt

t
γ

α
β

γγ
α
β

κ   

Since αεβ = , which implies  0≅
α
β , then  
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1

)(

)(!

)()(
)( +′

×′
≅ q

q

G
tq

tt
t

γ

γγ
κ  

Proof:  
Using equations )4.1.3( and )6.1.3( we get 

 

111

)(
11

)())1()(1(

)()(
!

)(

)( +−−

−−

′−++

×′−

≅ qqqq

q
qq

G
tq

tt
q

t
γαβαβ

γγβααβ

κ  

  

Since q is an odd number, therefore 
( ) 1

)(

)(!1

)()(
)( +′+

×′
≅ q

q

G
tq

tt
t

γ

γγ
κ . 

 
 

 Case III\ A is a Singular  point: 
 

Let )( otA γ= be a singular point of order p-1 and q the order of the 
first derivative not coplanar with )( pγ , then using equation )5.1.3( we get 

2
1

222

.
!

0.
!

0.
!

0
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−
+++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−
+++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−
++= siz

p
siy

p
six

p
BC p

pp
p

pp
p

pp αβαβαβ
LLL

 

        )(
!!

)(2)(2)(2)( 2
1

t
p

zyx
p

p
pp

ppp
pp

γ
αβαβ −

=⎟
⎠
⎞

⎜
⎝
⎛ ++

−
=  

Thus 

( )( )
( )

)7.1.3(,)(
!

1)(

1

1121
L

+

+

−
−+ −

≅= p
q

p
q

p
q

p
q

p
q

t
p

BCBCBC p
pppp

γ
αββα

 
( ) ( )3

)()()()(
2

)()()()(
1

)()()()( )()()(
!!

exyyxezxxzeyzzy
qp

ABAC qpqpqpqpqpqp
pqpqpp

−+−+−
−

≅×
−− βαβα  , 

therefore  

       ( )
)8.1.3()()(

!!
)()( Ltt

qp
ABAC qp

pqpqpp
γγβαβα

×
−

≅×
−−

 

From equations (3.1.7) and (3.1.8) we have; 
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( )

( )( )
( )

1)(

1

1

)()(

1

)(
!

)()(
!!

)(
+

+

−

−−

+
−

×
−

=
×

≅
p
q

p
q

p
q

p
q

t
p

tt
qp

BC

ABAC
t

p
pppp

qp
pqpqpp

G

γαββα

γγβαβα

κ  

 Since αεβ =  which implies 0≅
α
β

therefore 

( )
1)(

)()(

)(!

)()(!
)(

+

×
≅

p
q

p
q

tq

ttp
t

p

qp

G

γ

γγ
κ     

 
Corollary 3.2   

If )( otA γ= is the biregular point of γ , then for any value of 
α and β , the general case of the generalized curvature of   γ  is given by 

         3)(

)()(

tc

tt
G

γ

γγ
κ

′⋅

′′×′
≅  

 
Corollary 3.3  

If )( otA γ= is the only regular point of γ  and q is the order of the 
first derivative which is not collinear with γ′ , and )( αγ += tB , 

)( βγ += tC are  two points infinitely close to the point )( otA γ= , then for 
any value of α and β , the generalize curvature of   γ  is given by: 

( ) 1

)(

)(!1

)()(
)( +′+

×′
≅ q

q

G
tq

tt
t

γ

γγ
κ ,  provided that q is an odd number. 

 
 
Corollary3.4    

Let )( otA γ= be a singular point of order p-1 and q the order of the 
first derivative not coplanar with )( pγ , and )( αγ += tB , )( βγ += tC be 
two points infinitely close to the point )( otA γ= . Then for any value of 
α and β ,the general curvature of   γ  is given by 

( )
1)(

)()(

)(!1

)()(!
)(

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

×
≅

p
q

p
q

tq
p
q

ttp
t

p

qp

G

γ

γγ
κ , provided that 

p
q  is an odd number.  

 
Proof:  

Since we have 
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1)(

1
1

)(
!

+
+

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
= p

qp
q

p
q

t
p

BC p
pp

γαβ
            

 

                          
( )

[ ][ ]
1)(

1

0

11

1
)()()1(

!

1 +
+

=

−++

+ ∑ −= p
qp

q

p
q

p
q

p
q

p

i

ipipi
iC

p
γαβ  , 

thus  
    

( )
( )

1 1( )
1

11 ( 1) , (3.1.9)
!

q q q
p p p

q
p

p p q p q p pqBC
p p

α β β α γ
+ +− −

+

⎛ ⎞
≅ + + − ⋅⎜ ⎟
⎝ ⎠

uuur
L

 therefore, using equations )8.1.3( and )9.1.3( we get 
( )

1)(

)()(

)(!1

)()(!
)(

+
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Theorem 3.5 

Let γ be a standard curve of type ∞C in 3R that admits at each point 
three vector derivatives not coplanar, denoted by )( pγ ,  )(qγ and )( sγ , 
where p, q and  s are the smallest integers such that 0)()( ≠× qp γγ , 

0)()( ≠× sp γγ and  0)()( ≠× qp γγ . Then the generalized curvature of γ is 
given by 
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Proof:  

Let  )( αγ += tB  and )( αεγ += tC  where 0, ≅εα  be two 
points infinitely close to the point )(tA γ= . Then expand the curve γ  
using Taylor development up to the order s at each of the points 

)( α+γ= otB  and )( β+γ= otC , we get: 
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Since α and β are arbitrary chosen so we may assume that 
α
β is 

infinitesimal, thus we get 
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Theorem 3.6 
Let γ be a standard curve of type ∞C in 3R which admits at each 

point two vector derivatives not coplanar denoted by )( pγ and )(qγ , where p 
and q are the smallest integers such that 0)()( ≠× qp γγ . Then the 

generalized curvature of γ is equal to the shadow 
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Proof:  
Form the Decomposition Theorem we have   
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The cross product of 1V by equation  )1.3.3(  implies  
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Since each of 1V and 2V are orthonormal unit vectors then equation (3.3.3) 
becomes 

q
p

qp

q
δ

γ

γγ
εε

)(

)()(

21
!

×
≅ ,        that is  q

p

qp

q
δ

γ

γγ
εε

)(

)()(

21
!

×
≅  

 
Moreover from equation (2.4.3) of the proof of Decomposition Version of 

Generalized Curvature Theorem, we have    p
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Now rising 1ε   to the power q and 21εε to the power p, we have 
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