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Abstract

In this paper we investigate the existence and approximation for
nonlinear  system of differential equations with  boundary
conditions by using the numerical-analytic method for investigate of
a periodic solutions which is given by Samoilenko A. M. and also these

investigations lend us to the improving and extending the above method.
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1.Introduction:

The numerical- analytic method has been used to study many
boundary value problems [1, 2, 3].

Samoilenko, A. M. and Ronto, N.I. used the numerical- analytic
method for investigating of nonlinear system differential equation with

boundary conditions:

dx
E_f(t,)() ..(L.1)

AX(0) +Cx(T) =d
Where the function f (t, X) is continuous in t, x on the domain:

(t,X)e[O,T]xD ..(1.2)

D is closed domain subset of Euclidean spaces R"

In this paper we using the numerical-analytic method of nonlinear
system of differential equation with boundary conditions.

Also these investigations lend us to the improving and extending the
above method.

Consider the following problem:

%: ft,x,Y) .03

AX(0) +Cx(T) = d 04|

Yo gt xy) .(L5) e
By(0)+ Dy(T)=¢ ..(.6))

Here Xe DcR", ye D, R", D and D, are closed domain

subset of Euclidean spaces R" and R", respectively. Also

d=(d,,d,,....d )and e=(e,e,,.....£,) are point in R".
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The vector functions

f(t’X1 y)=(fl(t,X, y)v """ , fn(t’X1 y))

g(t, X, ¥) = (9,(t, X, y), oo 1 9,(6%,Y))
are continuous on t, x, y on the domain
(t,x,y) €[0,T]xDxD, L (17)

and A= (4;),C=(C;),E=(E;),D =(Dj) are matrices (n x n).

Let the functions f(t,x,y), g (t,x,y) satisfies the following Lipschitz
condition:

Hf(t,x, y) [£M gt x y)|<N ; ..(1.8)
| X y) = T X, V)| SK X =%+ Ky, =y, | .9
lgt, %, y,) =9t %, V,)| < L% = %[ + L]y, - .| ...(1.10)

and tE[O,T] ,X1X11X2 S D: y’ yl’y2 < Dl
and K,K,,L,L, constants.

We define the non-empty sets as follows:
D, =D—(M%+ B,);
T :
D, =D, _(NE+ B,);
B, =|C™d —(CA+E)x,|
B,=|De—(D*B+E)y,|

Furthermore, we suppose that the largest equivalence ¢of the following
matrix.
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~
o o

is less than one.i.e.

CTI2(Ky L) + T WAK, + L)~ (KoL, - LK)

<1 (111
! ; (L1
LEMMA1
Let f (t) be a continuous vector function in the interval 0<t<T,
then
(&) -] f(5)ds)as| < Mar(t)
where
t
a)=201-2) . M=max|f®)
T te[0,T]
PROOF:

From the following disparate we get
t 1 T t t t T
[(£(s) —?j f (s)ds)ds| < (1—?)“\ f (s)[ds + ?IH f (s)[ds
0 0 t

<Ma(t)

2.Approximate solution
The investigation of approximate solution of the problem (A) will

be introduced by the following theorem.

THEOREM 1
If the system (A) satisfies the inequalities (1.5), (1.6), (1.7) and it

have solutions X = X(t, Xo yo) and Y =Y(t, Xo yo) existence at the
point (t, X, Yo)

then the sequence of the functions defined by:
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X (t, O’yO):XO+j.(f(S’Xm—1(S’ o'yo) y —1(8’ o Y )_

___[ f(S Xon- 1(5’ 01 yo) Yo 1(8’ 01 yo)dS)dS-l-C_ld _(C_1A+ E)Xo
X (tv 0 yo) =X, ...(2.12)
m=1, 2...

Yo (. X, Yo) = yo+j(g(s X1 (5 %01 Vo) Vs (S %60 Vo) =
—%I 9(S X1 (S X1 Yo): Vs (S, X5, ¥ )ds)ds + D'e = (DB + E)y,

Yo(t, X0, Yo) = Yo, ...(2.13)
m=1, 2...

converges uniformly in the domain:
(t,%,Y,) €[0,T]xD,xD, (214

for x,eD,, y,eD

to the functions X, (t, X, Yo) , Yo (t, Xos Yo) which are satisfying the
integral equations

X(E %o, Vo) = X, +J(f(S X(S: %o, Yo), Y(8, %51 Yo) —

——jf(s,x(s, X5, o), Y(S, X,, ¥, )ds)ds + C*d — (C*A+ E)X, ...(2.15)
y(t, %, ¥,) = yo+I(g(s X(S: X1 Yo): Y(S: %51 ¥o) —

—ﬂg(s,X(s, Xp1 o)1 (8, %y, ¥,)ds)ds + D e — (DB + E)Y,...(2.16)

its unique solution (1.3), (1.5) and satisfies the inequalities

I
wa(t,xo,yo)—XOHSME+ B, ..(2.17)
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T
Hyoo(t’XO’yO)_yOHS N§+Bz ..(2.18)

PROOF:

Setting m=1and using lemma land the sequence of the functions (2.12) we
get

e

¢! T
Hxl(t’ Xo1 Yo) = Xo” <@1- ?)Nf (S, %o YO)HdS + IH f (s, %, YO)HdS +
0 t

+[Cd - (CA+E)X,|

T
HXl(t,XOyO)—XOHSMa(t)-i—BlSM§+Bl ...(2.19)

By lemma land the sequence of the functions (2.13) when m=1 we get

)
s, %, yo)lds +
t

t | t
HY1(t: Xo1Yo) = YOH < (1—?).[”9(3, Xo YO)HdS "‘?
0

+HD‘1e—(D‘1B+E)yOH ,
T
Hyl(txo,)’o)_YOHS Na(t)+B, < NE+Bz ...(2.20)
X,(t,%,Y,) €D forall y,eD,,x, €D, ,te[0,T]
and y, (t,x,y,) €D forally,eD,,x, €D,
by induction we have:

¢! T
me (t, X0, Yo) = XOH < (1_?)'[“ f (s, %o, YO)HdS + JH f (s, %o, YO)HdS +
0 t

e

+HC‘1d ~(CA+ E)XOH

1%, (t %, Y,) = X, | < Mex(t) + B, ..(2221)
[lts, %6, yolds +

—| ~

t t
¥ (6%, ¥o) = Yol £ A=) a5, %, oo +
0

+[De-(D'B+E)y,|
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[Va (%, Yo) = ¥, < Nex(t) +B, (222)

X, ([t XY,)eD forall y,eD,,x, €D,

andy, (t,x,y,)eD forall y,eD,,x, €D,
Now we prove the sequence of functions {X (t, %, Y, )}::o,

{ym (t, Xos yO)}mzo converges uniformly in the domain (1.7) ...(2.14)

Xm+1(t’ O’yO) X (t’ Olyo)HSOC(t)[K HX (S, O’yo) X 1(3, O’yO)H_|_

X1 o) = Vs (5%, Vo) ] (2.23)
Yo (6%, ¥o) = Yo (6%, o) < X0 Y0) = Xt (8:%, Yo )| +
LY 50~ Yo (550 -(2.24)
Re write the inequalities (2.24), (2.23) in vector form as
Vi (1) < QEOV, (1) -(2.25)
where

V. (1) = (meﬂ(t’ X0» Yo) = X (L, X, YO)H]

; ...(2.26
[Yivea (& X Yo) — Yot Xo. Yo)| 220
Klg Kzg
Qt) = ..(2.27)
LT Ll
2 2
and
X (t Xg Yo ) — X_q (t, X,
V. (@)= H (% Yo) 1% yO)H ...(2.28)
Hym(t'XO’yO)_ym—l(t'XO’yO)H
it follows from inequality (2.25) that
Vm+1 S QOVm (229)

where
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= max|Q(t)| ...(2.30)

tel0,T

by iterating inequality (2.29) gives

V,u <QV, ..(2.31)

which leads to the estimation
2V QY .(232)
i=1 i=1

since the matrix Q, has eigenvalues (1.11).

Then the series (2.32) is uniformly convergent, i.e.

im >QV, =3V, = (E-Q)™, e
The limiting relation (2.33) signifies a uniformly convergent of the

sequence [X_ (t,%,,¥,), Y. (t, X, ¥,)] in the domain (2.14)

Let:

im X, (t, X, ¥o) = X, (£, X, Yo )

Ilmy (t, O’yo) y. (t, X Ly ) ...(2.34)

by inequality (2.31), the estimation

[HX (t X1 Yo) = X, (6 Xy, Yo)|

<QE-Q)'V, ..(2.35
Iy, (t. %, ¥o) = Yot X o,yo)H] (E-Q) (2.35)

is true for m=1,2,3,...

Thus X_(t, O,YO) y.(t, 0,yo)are solutions of the integral
equations (2.16), (2.15).
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Finally, we have to show that X(t, X 0 yo) y(t, X 0 yo)are unique

solution of (A)on country we suppose that there is at least two different

solutions Y(t, X;, ¥, ), X(t, X, ¥, ) of (A).

From (1.15),(1.16) the following inequalities hold:
HX(J[, 0? yo) X(t, 0! yo)” < a(t)[K HX(S’ 0* yo) X(S’ 0? yo)” +
+ K[y (8, %, Yo) = 95, ¥ )] .(2.36)

[V Xy Yo) = (6%, Yo )| € @[LX(S, Xy, ¥o) = R(5, %, Vo) +
FLY(8 % Vo) = 95, %, Vo)l ..(237)

thus:

(HX(L o'yo) X(t’ o’yo)HJ< {HX('[, o1y0) X(t’ o'yo)H]
= (2.38)
[yt X, Yo) = 9(t, %, o) Iyt X, Yo) — 9(t, %, ¥,)|

by iterating which we should find that

(HX“' %1 Yo) =X(L o’yo)H}Q (Hx(t, X1 Yo) ~ R(, o,yo)HJ
Hy(t, o’yo) y(t’ o’yo)H - HY(J[, o'yo) y(t’ O’yo)H (2.39)

but Q, = 0as M —> oohence proceeding in the last inequality to the

limit we obtain that Y(t, X;, ¥,) = J(t, X5, Yo), X(6, X5, ¥o) = X(t, X5, Y,)
which proves the solution is unique and this completes the proof of
theorem 1

3.Existence of solution

The problem of existence solution of (A) is uniquely connected with

the existence of zeros of the functions, A(0,X,,Y,),A (0, X, Y, ) Which has
the form.

A%, Y,) = ko%+ax—*wh JtX@oth@MJJQM)

O
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and

A (0,%,,Y,) ——[(D B+E)y, - De]+ = jg(tx (6%, Yo)s ¥, (%1 Yo) (3.42)

Since this functions are approximately determined from the
sequence of functions:

T

I a1, 1
8, (0.%,,3) = = [(CA+ Bty = C a0, (66, 90) Yo (0% ¥2) (342

0

and

T

A, (0, o,yo)——[(D*B+E)yO—D1e]+%fg( (6% Vo), Vo (6%, Y5) (3.43)

0

for m=0,1,2,3...

THEOREM 2

Let all assumptions and conditions of theorem 1 were given then the
following inequality
{HA(O Xo Yo) = A0 (0, %, Yo

|4 (0, %, ¥5) = &4'n (0, %,, ¥,)|

Satisfies for m>0,y, e D,,x, €D,.

j —QME-Q)7V,, ...(3.44)

PROOF:
By (3.40), (3.42) we get
1T
HA(Ov Xo» yo) - Am (0’ Xo1 yo)” < ?J. KlHXoo (tv Xo» yo) - X, (t’ Xy yo)” +
0

+ K, [Y, (6%, V) = Vi (t X0, Y| ...(3.45)
and by (3.41), (3.43) we get
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1 N\

* lT
) —A m(O,XO, yo)” < .I_.I L1HXOO (t’ Xo s yo) — X (tvxo’ yo)” +
0

+ LZHyoo(t’XO’yo)_ym(tixoiyo)Hdt (346)
Re write the inequalities (3.45),(3.46)in vector forms as

T T
HA(O’ o’yo) A (O’ o’yo)H g KlE K [HX (t! O’yO) X (t’ 01yo)HJ
&0, %, ¥6) = A (0.%,,¥,)| ) T| T Y. (%00 ¥o) = Y (6%, Y,)|
e
2 m+l(E Q)'V (3.47)
<< )V, e

Now we prove the following theorem taking into account that the
inequality (3.44) will be satisfied for all m>0.

THEOREM 3

Suppose that for m>0 the sequence of functions A_(0,X,,Y,) and
A" (0, x,, Y,)which are defined in (3.42), (3.43) satisfies the inequalities.

min A,(0,%;,Y,)

a+h<xy<b-h

<-o, ...(3.48)
min 4,0, %, Y,)
c+h"<yy<d-h"
and
rhnaz<hAm(0, Xos Yo)
a+N<Xy<b— 2 O'
m ...(3.49
max A, (0,%,,Y,) (349
c+h"<yp<d-h"*
when
M —+B,
am=EQ6n+1(E—Qo)_lV1’V1: T2 h:MI"'Bl'h* :NI"‘BZ
T NE+BZ 2 2
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Then the boundary problem (A) has solutions x = x(t, X,, Y,)
y=Yy(t,X,, Yo)such thata+ h<x,<b—handc+h <y, <b-h".

PROOF:

Let x,, x, be any point in the interval [a+ h,b— h]such that

Am(O’ X yl) = mln Am (O’ Xo 1 yo)

a+h<xy,<b-h

...(3.50)
An(0.%,,Y,) = max A (0. %, Y,)
and let y,, y,be any point in the interval [c +h,d - h*]such that
A'm (01 X yl) = mln ) A*m(O, Xy yo)
* c+h™<xy<d-h * (351)
Aw(0,X,,Y,)= [*naz(h* An(0,X%,,Y,)
by using the inqualities (3.47),(3.48),(3.49) we have:
A, X, V) j _ [Am (0%, Y1) +[A0 %, 1) = A, (0, %4, ¥s)] ]J <5 (3.52)
A (O’ Xy yl) A'm (0' Xy yl) + [A* (0’ Xy yl) —A'n (0’ Xy yl)
A0, X, Y,) ]:(Am(o, X,,Y5) +[A(0,%,,Y,) ~ A, (0,%,,Y,)] 026 (3.53)
A*(O! X2 yz) A*m(o’ X2 yz) + [A*(O! X2 yz) _A*m(O! X2 yz)

From the continuity of (3.40), (3.41) and from (3.52), (3.53) there

exists two point X, =X,, X, € [XL XZJ and Y, =Y,, Y. € lyLsz such

that: A(0,X_,¥.)=0and A'(0,x_,y.)=0

thus X=X(t, Xy, Yp)is a solution for XOE[aJrh,b—h]and

y =Y(t,X,,Y,)is asolution for Y, € [C+ h',d - h*] of (A).
REMARK 1

When R"=R%ie. x,and y,are a scalar, theorem 2 can be

strengthens by giving up the requirement that the singular point should be
isolated. (For this remark see [3])
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THEOREM 3

If the functions A(O, x,, y,) and A(Q, x,, y,) are defined by

A:Dﬂ—>R”

A(O,Xo,yo):%[(CJA+E)XO— ] ij(t X (t’ o’yo) Y. (’ oiyo)(3 54)

and if
AN:D, >R
.

N @13 == (OB + B, - D e+ 2[00 (%, Y. (%, 3) (359

0

Where the functions x_ (t,X,,y,)and y_(t, X, y,)are limit of
functions (2.12), (2.13) then the inequalities

B
|A(0,%,, )| <M T ..(3.56)

A0, ¥8) - A©. 5, y3)| < KL~ E, ~ E;Eg(1-E) )
B[ -]+ EsEsa-E) Hyh - v2l+
+K, (- B, —E,E(1-E,) ) [ESHyg - y§|+ EsE.(1-E,) |6 - X§H]+
+ Bluxé = xéH ...(3.57)

and

Yo)| <N +% .(3.58)
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-1

KO, ¥8) - (0.4,y3)| < L~ E, - EsE4(1- E,) )
[EJ x|+ EsEs £ s - w3

e EE - ) - BB - E) K-
+By|ys — ¥i| -@.59)

1 2 1 2
for y,, v, Y € Dm,xo,xo,x0 e Dﬁ.

PROOF:
From x_(t,x,,y,)and y_(t,X,,Y,)then the functions A(O,X,,Y,)

and A'(0,x,,Y,)are continuous and bounded by M +%and N +%for

Y, € Dy, X, € Dywe get

:
140,48, 9) - A0 )| < < [ 10, (036, Y)Y, (036, 2) -
0

— (%, (6, X2, y2), Y, (X2, yg)Hdt +%H(C‘1A+ E)x} — (C*A + E)xgH...(s.esO)

A0, %5, Y56) = A©, X5, Y5 < Kylx.. (6.5, ¥5) = x.. (6%, ¥5)| +
+ K|y, (66, ¥6) = Vo (65, ¥8)|+ B =G| --3.60)

: : 1
N (05, 5) = & (0,5, y5)| < [ot X, (65, Y8), v, 46, ¥5) -
0

—g(t,xw(t,xé,yé),yw(t,xé,yé)udt+%H<D‘1B+E)yé -(D'B+E)y§|(3.62)

|A7(0, %5, y) = A (0,5, )] < L%, (6 %5, ye) — X, (6.3, yo )| +
+ L[y, €6, ¥s) = v, (t. %5, y3)| + B,|y; — vi| ..(3.63)

Then the functionsx_(t,X:,VY:), %, (t, x>, y¥5),y, (t, X, ¥:), VY, (t, X2, y:)are
solutions of integral equations:
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X X0 Ya) = Xo 4+ [ (F(s,X(5, %5, Vo), V(S X5, ya) —
1 t k k k k -1 -1 k

—?j f(sx(s, x5, yE), y(s, x¥, y©)ds)ds + C'd — (C A+ E)x*...(3.64)
0

and

Y X Ye) = Yo + [ (908, X(8, X0, Ye), Y(s, %, Vi) —

—%j g(S.X(S, X, Vo), Y(S, X;, Yo )ds)ds + D'e — (DB + E)y,...(3.65)
0

By (3.64) and lemma 1 we get

[ (66, ¥5) =X, (63, y5) < @+ BT x5 — x5 +
#2888V + Ky 6 Y8 - v, 0 ¥2)] . 6.66)
Y. (6%, ¥8) = ¥ (6.3, y8)| | < @+ B,T)|y5 — v3 | +

+%L1wa(t,xé,yé)—xw(t,xé,yé)H%LzHywa,xé,yé)— Y. (655, ¥0)]-8.67)

Let
E,=(1+TB,),E, :%Kl, E, :%Kz, then

% (X2, y2) = x, (X2, y2) | < - E,) *[EJx¢ - x|

FEY, (63, = v, (6%, y0)]] ..(3.68)
% (056, ¥5) = X,. (6.3, ¥8)| < (1 Eo) " Ey6 — 3|
...(3.69)
(1= Bp) B (656, ¥5) - V. (636, 95)]
Eo= 7L E = (+TB),E =L,
V.0 (%6, Y0) = V.. (68, ¥3)| < (L= Eo) " Esy5 — Vi
+ (L= E) ™ Egx (6.6, ¥8) = X, (6.5, ¥3)| ..3.70)

from (3.70) in (3.66) we get
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X (X5, ¥8) = X (63 ¥3)| < B = X5 + o X, (6. X5, ¥5) = X (63, ¥3))
+EsEy(L-Ey) Yys - v |+
+ By (- E) " Eg X (66, 5) =% (63, ¥3))
<{l-E, - E,E,(1-E,) )"
B X+ EsEsa- £ ya - 2|67

from (3.69) in (3.67) we get

Y. (656, ¥8) = ¥ (6. X5, ¥ < Es|[v6 — ¥§ | + EeBr - E5) s — x|+
+ EEa(1—Ep) Y. (6.5, ¥5) - Van (65, ¥ )|+

B Y (66, ¥8) = Yo (65, ¥5)|

<{l-E, - E,E;(1-E,) ).

[Esve - 2|+ BB - B i - 2] 672)
Substituting (3.71) and (3.72) in (3.61) and (3.63), respectively. We get
(3.57) and (3.59).

REMARK 2
The theorem 3 ensure the stability solution of the system (A) when
there is a slight change in the points x,, y,accompanied with a noticeable

change in the functions A(0, Xy, Y,)and A'(0,X,,Y,).
(For this remark see [2])
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