Raf. J. of Comp. & Math’s., Vol. 4, No.1, 2007

On Rings Whose Principal Ideals are Generalized Pure Ideals
Husam Q. Mohammad
husam_alsabawi@yahoo.com
College of Computer Sciences and Mathematics
University of Mosul, Iraq
Received on: 23/04/2006 Accepted on: 16/08/2006
ABSTRACT
This paper , introduces the notion of a right PIGP-ring (a ring in which
every principal ideal of R is a GP-ideal ) with some of their basic
properties ; we also give necessary and sufficient conditions for PIGP-rings

to be a division ring and a regular ring .
Keywords: Generalized pure ideal, principal ideal, Divisor rings, Regular
Rings.
para A e g8 Ga) il e IS g 09 A clilal) Jga
dens awld pls o]
diasall deals cbialiplly Slulsd] agle LIS
2006/08/16 :Jsl) g, 2006/04/23 : 5N )l
oadldl
bl e gia JS L 5 A lilall) PIGP g5l (e lilall o sgie canl) 138 asiy
A0\ Ay puial) Jagpill elac) IS L1 dunll) alsill ollacly (GP Laaill (e g8 Cpa
Al dilag daguia dils ()98 ST PIGP dalall
Glalall [ dcgutall calalall ,guu\ﬂ GJL\A\ Gaaradl Ll Gl cdalidall clalsl
Aadzigll

1- INTRODUCTION

Throughout this paper R denotes an associative ring with identity .
Recall that: (1) A right ideal I of a ring R is said to be right (left) pure ideal
if for every ael , there exists bel such that a=ab(a=ba) [4]. (2) A ring R is
said to be a right PIP-ring , if every principal right ideal is pure [1] . (3) A
ring R is called semi-prime ring if R has no non-zero nilpotent ideal. (4) A
ring R is called regular ring if for every a in R, there exists b in R such that
a=abal[2] . (5) A ring R is called uniform if every non-zero ideal of R is
essential .(6) For any aeR, r(a), (I(a)) will denote the right (left) annihilator

63



Husam Q. Mohammad

ofa. (7) Y(R), Z(R), Cent(R), N stand , respectively, for the right singular
ideal, left singular ideal, center of R and nil radical of R .

2-PIGP-RING

Following [4] , an ideal I is said to be a right(left) generalized pure ideal
(briefly GP-ideal) if for every acl , there exists bel and a positive integer n
such that a"=a"b (a"=ba") .

Definition 2.1:

A ring R is said to be a right PIGP-ring , if every principal right ideal
of R is a GP-ideal .
Example:

The ring Z12 of integers modulo 12 is a PIGP-ring .
Lemma 2.2:

Let R be PIGP-ring. Then Z(R) is nilideal .
Proof: Let zeZ(R) ,then there exists a positive integer n and wezR such
that z"=z"w where w=zr for some reR. Therefore z"=z"zr . We claim
Rz"nI(zr)=0 . Let xeRz"nl(zr) , then x=yz" and xzr=0 implies that yz"zr=0
and we get x=yz"=0. So Rz"nl(zr)=0 .Since zeZ(R) ,then I(zr) is an
essential left ideal . Therefore Rz"=0 and we get z"=0 , therefore Z(R) is
nilideal .
Proposition 2.3:

Let R be PIGP-ring with non-zero divisor . Then R is a division
ring .
Proof: Let a be a non-zero element in R. Since R is PIGP-ring , then aR is
GP-ideal and hence there exists beaR and a positive integer n such that
a"=a"b , where b=ar for some reR. Therefore a"=a"ar, whence(1-ar)er(a").
Now since r(a)=0 , then we get r(a")=0, which implies that ar=1 , and hence
a is right invertible . Therefore R is a division ring .
Theorem 2.4:

Let R be a PIGP-ring. Then if vu=1 then uv=1 for all u,veR.
Proof: Let u,veR such that vu=1, and since R is PIGP-ring ,then uR is GP-
ideal and there exists a positive integer n and reR such that u"=u"ur .

Since vu=1 then v'u"= v"*u"1=1 and we get u™t=u"v"*y"*! and
umr= ym iyt so ut=u"tv™y" and implies that u"=u"tv(v"uM=u"v
Now uv=v"u"(uv)=v"(u"v)=v"u"=1
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Clearly every PIP-rings is PIGP-ring, however the converse is not
true. We now consider a necessary and sufficient condition for PIGP-ring to
be PIP-ring.

Theorem 2.5:

Let R be a PIGP-ring and r(a")cr(a) for every acR and a positive

integer n. Then R is a PIP-ring.
Proof: Assume that R is a PIGP-ring . Then for any principal ideal | is GP-
ideal ,and for any xel there exists a positive integer n such that x"=x"y , for
some yel , so x"(1-y)=0 implies that (1-y)er(x") and since r(x")cr(x) so
x=xy .Therefore | is pure consequently R is PIP-ring .

Recall that a ring R is called that zero-commutative [3] if ab=0
implies that ba=0 for all a,beR .

Theorem 2.6:

Let R be a zero-commutative PIGP-ring . Then there exists an
invertible ueR and idempotent element ecR , such that a"=eu=ue and
a"=(1-e)+u for some positive integer n and a"u=u a"

Proof: Let O#a<R and since R is a PIGP-ring, then aR is GP-ideal , so there
exists a positive integer n and reR such that a"= a"ar , and since R is zero-
commutative then (a"*- a'r)er(a)=I(a) implies that a"= a"ra and a"=a"arra
and so we get a"r" a"=a"ba" ,where r"=b .

Now , let e= a"b and e?= a"ba"b= a"b=e . So e is idempotent and a"e=ea"=a".
Let u=1-e+ a" and v=1-e+eb

uv=(1-e+ a")(1-e+eb)=1-e+eb-e’b+ a"eb=1-e+e a"b=e+e?=1

and applying theorem 2.4 we have vu=1. Now eu=e(l-e+ a")=e a"=a".
Therefore a"=eu=ue and (1-e)+u=1-e+ a"+e-1=a" .Thus a"=(1-e)+u .

The following theorem gives a condition for PIGP-ring be a regular

ring.
Theorem 2.7:

Let R be a PIGP-ring and r(a")cr(a) for all acR. Then R is a regular
ring .

Proof: For any aeR, we have to prove that aR+r(a)=R ,if not , then there
exists a maximal right ideal M such that aR+r(a)cM .Since R is a PIGP-
ring, then aR is GP-ideal and there exists a positive integer n and reR such
that a"=a"ar . We get (1-ar)er(a"). Since r(a")cr(a) then (1-ar)er(a) <M

65



Husam Q. Mohammad

implies that 1M which is a contradiction . So aR+r(a)=R , and a= aba for
some beR . Then R is a regular ring .
Corollary 2.8:
Let R be a PIGP-ring , then any reduced ideal is regular .
Lemma 2.9:
If R is a semi-prime ring then r(a")=r(a) for any acCent(R) .
Proof: See [5] .

Corollary 2.10:
Let R be a semi-prime PIGP-ring .Then Cent(R) is a regular ring .

Lemma 2.11:
Let R be a zero-commutative ring , then NcY(R) .
Proof: See [6] .

Our next result characterizes a uniform PIGP-ring in terms of
nilpotent and non-zero divisor

Theorem 2.12:

Let R a be zero-commutative uniform ring . Then R is a PIGP-ring if
and only if :
1- For every element of R is either non-zero divisor or nilpotent
2- Every non-zero divisor of R is an invertible
3-Nisarightideal inR .
Proof: Let R be a zero-commutative uniform PIGP-ring .Let a be a non-
zero element in R . Then aR is a GP-ideal and hence there exists a positive
integer n and reR such that a"= a"ar . We claim that a"Rnr(a)=0, let
xea"RNr(a). Then x=a"s and ax=0 for some seR and ax=a(a"s)=0 implies
that sa"!=0 [since R is a zero-commutative ] and we get sa"*r=0 implies
that sa"=0 and x=a"s=0. So a"Rnr(a)=0. Since R is a uniform ring , then
either r(a) is essential then a"R=0. This implies that a"=0, so a is nilpotent ,
or a"R is essential then r(a)=0. This implies that a is a non-zero divisor and
applying proposition 2.3 then any non-zero divisor is invertible and
applying lemma 2.2 and 2.11 , then N=Y(R), so N is a right ideal in R.
Conversely: For any aeR . If a is a non-zero divisor ,then a is invertible and
aR=R which is a GP-ideal . On the other hand, if a is nilpotent then a™=0 for
some positive integer m and since N is a right ideal then aR is a GP-ideal.
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Theorem 2.13:
Let R be a commutative PIGP-ring .Then Rad(aR)=aR+N . for all

aeR

Proof: Since aRcRad(aR) and NcRad(aR) , then aR+NcRad(aR) . Now let
xeRad(aR) , then there exists a positive integer m such that x™eaR and
since R is a PIGP-ring ,then there exists a positive integer n and beaR such
that x™=x""p and we get x™"(1-b)=0 .

Then [x(1-b)]™=x""(1-b)™=0,

so X(1-b)eN , and because bxeaR , we have

x=bx+x(1-b)eaR+N . Thus Rad(aR)=aR+N.
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