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ABSTRACT
Chae et. al. (1995) have studied the concept of a-strongly ©-
continuous functions and (o, 6)-closed graph. The aim of this paper is to
investigate several new characterizations and properties of o-strongly 6-
continuous functions and (o, 6)-closed graph. Also, we define a new type
of functions called a6-open functions, which is stronger than quasi a.-open
and hence strongly o-open, and we obtain some characterizations and
properties for it. It is shown that the graph of f, G (f) is (o, 6)-closed graph
if and only if for each filter base W in X 0-converging to some p in X such
that f (W) o-converges to some qinY holds, f(p)=q.
Keywords: a-strongly ©-continuity, a6-open function and (a,0)-closed
graph.
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1. Introduction

Njastad (1965) introduced and investigated the concept of a-open
sets. Chae et.al. (1995) have studied the concept of a-strongly 6-continuous
functions. It is shown in Chae et. al. (1995) that the type of a-strongly ©-
continuous function is stronger than a strongly 6-continuous function [25]
and a strongly a-continuous function [12].

The purpose of the present paper is to investigate
i) Further characterizations and properties of a-strongly 6-continuous
functions [7] and (o, 6)-closed graph [7].
i) We define a new type of functions called a6-open functions, which is
stronger than quasi a-open and hence strongly o-open, and we obtain some
characterizations and properties for it.

2. Preliminaries
Throughout the present paper, spaces always mean topological
spaces on which no separation axiom is assumed unless explicitly stated.
Let E be a subset of a space X. The closure and the interior of E are denoted
by CI(E) and Int(E), respectively. A subset E is said to be regular open
(resp. a-open [22] and semi-open [16]) if E = Int(CI(E)) (resp. E c
Int(CI(Int(E))) and E < CI(Int(E))). A subset E is said to be 6-open
[34](resp. ©-semi-open [26]) if for each xeE, there exists an open (resp.
semi-open) set U in X such that x € U < CI(U) < E. The complement of
each regular open (resp. a.-open, semi-open, 6-open and 0-semi-open) set is
called regular closed (resp. a-closed, semi-closed, 6-closed, 6-semi-closed).
The set aCI(E) = { peX: E n H = ¢ for each a-open set H containing p}. A
filter base W is said to be 6-convergent [34](resp. a-convergent
[32]) to a point x € X if for each open (resp. a-open) set G containing X,
there exists an F ¥ such that F < CI(G) (resp. F < G).
In [9], E is a feebly open set in X if there exists an open set U such
that U c E < sCI(U), where sClI is the semi-closure operator. It is shown in
[13] that a set is a-open if and only if it is feebly open. It is well-known that
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for a space (X, 1), X can be retopologized by the family t* of all a-open
sets of X [19] and also the family t° of all 6-open set of X [34], that is, 1°
(called 6-topology) and t* (called an a- topology) are topologies on X, and
it is obvious that t® <t < 1% The family of all a-open (resp. 6-open and
feebly-open) set of X is denoted by aO(X) (resp. 60(X) and FO(X)).
o f: XY is called strongly 0-continuous [27] if for each xeX and each
open set H of Y containing f (x), there exists an open set G of X containing
x such that f (CI(G)) c H.
e f: XY iscalled strongly 6-continuous [27] if for each open set H of Y,
f 1(H) is 8-open in X if and only if each closed set F of Y, f 1(F) is 6-closed
in X.
o f: X>Y is called a-continuous [20] (resp. faintly continuous [18],
completely a-irresolute [21] and strongly a-irresolute [12]) if for each open
(resp. ©-open, a-open and a-open) set H of Y, f 1 (H) is a-open (resp.
open, regular open and open) in X.
o f: XY is called semi-open [23] ( resp. a-open [20], quasi a.-open [33],
0s-open[1], weakly 6s-open[1] and s**-open[2]) function if the image of
each open (resp. open, a-open, open, 6-open and semi-open) set G of X, f
(G) is semi-open (resp. a-open, open, 6-semi-open, 6-semi-open and open)
inYy.
e f: XY is called pre-feebly-open[8]( resp. strongly a-open [33] and
a**-open[2]) function if the image of each a-open set G of X, f (G) is a-
openinY.

It is clear that pre-feebly-open, strongly a-open and a**-open
functions are equivalent.
e A subset N of a space X is said to be a 6-neighborhood[5] of a point x in
X if there exists an open set G such that x € G < CI(G) < N.
e f: XY is called 6-open function [5] if for each x € X and each
0-neighborhood N of x, f (N) is 6-neighborhood of f (x).
e A space X is said to be almost regular[31] if for each regularly closed set
R of X and each point x ¢ R, there exist disjoint open sets U and V such
that R c U and xeV.
e A space X is said to be a-Hausdorff [12] if for any X,y € X, x #Y, there
exist a-open sets G and H such that x e G,y e Hand G n H = ¢. It is clear
that o-Hausdorff and Hausdorff are equivalent.
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e A space X is said to be 6-compact [30] (resp. a-compact [14]) if and only
if every cover of X by 6-open (resp. a-open ) sets has a finite subcover.

e Asubset S of a space X is said to be quasi H-closed [28] relative to X if
each cover {Ei : iel} of S by open sets of X, there exists a finite subset lo of
| such that S = U {CI(Ei) : iclo}.

e A space X is said to be quasi H-closed [28] if X is quasi H-closed
relative to X.

e A function f: X—Y is said to have 0-closed[24](resp. s*-closed[17],
semi-closed[11], ©s-closed[1], almost strongly ©s-closed[1] and strongly
0s-closed[1]) graph if and only if for each xeX and each yeY such that
y= f(X), there exists an open (resp. semi-open, semi-open, semi-open, semi-
open and semi-open) U containing x in X and an open (resp. open, semi-
open, open, open and open) set V containing f (x) in Y such that:
CIU)xCIV) NG( f)=d{resp. UxV)NG(f)=¢, (UxV)nG(T)
=¢, (CIU) x V)N G( f ) =20, (CI(U) x Int (CI(V))) nG( f )=¢and
(CIU) x CIV)) nG( ) = ¢}

3. a-strongly 6-continuity

Definition 3.1. A function f: X—Y is said to be a-strongly 6-continuous
[7] if for each x € X and each a-open set H of Y containing f (x), there
exists an open set U of X containing x such that f(CI(U)) c H.

The proof of the following theorem is not hard and therefore, it is
omitted.

Theorem 3.1. For a function f : (X, t )—>(Y, y), the following are
equivalent:

i) f is a-strongly 6-continuous;

i) f:(X, 1%)—(Y,y) is strongly a-irresolute;

iii) For each point x € X and each filterbase ¥ in X 6-converging to x, the
filterbase f (¥ ) convergesto f(x)in (Y, aO(Y));

iv) For each point x € X and each net {X.}rev in X 6-converging to X,
the net {f{x»)}.ev converges to f(x) in (Y, aO(Y));

V) For each point x eX and each filterable ¥ in X ©-converging to x, the
fiterbase f (W) a-convergesto f(x) in (Y, y);

vi) For each point x € X and each net {Xxa}»cv in X 6-converging to X, the
net {f{x»)}rev a-converges to f(x) in (Y, v).
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Lemma 3.1. (Andrijevic [4]). Let E be a subset of a space (X, t). Then
the following hold.

1) oCI(E) = E U CI(Int(CI(E)));

2) alInt(E) = E n Int(CI(Int(E))).

Theorem 3.2. For f: X—Y, the following are equivalent:

a) f is a-strongly 6-continuous;

b) f(Cle(E)) < f (E) n CI(Int(ClI ( f (E)))), for each subset E of X;

c) Clo(ft(W))c f (W u CI(Int(CI(W))), for each subset W of Y;

d) f1(W A Int(Cl(Int(W))) < Inte ( f1(W)), for each subset W of Y.
Proof. This follows from Lemma 3.1 and Theorem 2 of [7].

Theorem 3.3. If f: XY is a-strongly 6-continuous and if E is an open
subset of X, then f|E : E-Y is a-strongly 6-continuous.

Proof. Let H be any a-open subset of Y. Since f is a-strongly 6-
continuous. By [7, Theorem 2], f 1 (H) € 60(X), so by Lemma 1.2.9
of [1], (f| E)*(H) =f 1 (H) n E €0O(E). This implies that f|E : E5Y is
a-strongly 6-continuous.

The proof of the following result directly is true.

Theorem 3.4. For any two functions, f :X—>Y and g: Y- Z, the
following are true:

i) if f is a-strongly 6-continuous and g is a-continuous, then g o f is
strongly ©-continuous.

i) if f is faintly continuous and g is a-strongly 6-continuous, theng o f is
strongly a-irresolute.

Theorem 3.5. Let f : X—>Y be a function. If ¢g: Y— Z is an a-open
bijection and g o f: X—Z is a-strongly 0-continuous, then f is strongly 6-
continuous.

Proof. Suppose g is a-open function. Let H be an open subset of Y, since
g isone toone and onto, then the set g (H) is an a-open subset of Z, since
gof isa-strongly ©-continuous, it follows that ( gof )*(g (H)) = f (g
g (H)) = fL(H) is B-openin X. Thus, f is strongly 8-continuous.
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Theorem 3.6. If X is almost regular and f : X—Y is completely o-
irresolute function, then f is a-strongly 6-continuous.

Proof. Let H be an a-open subset of Y. Since f is completely a-
irresolute, f ~*(H) is regular open in X and from the fact that a space X is
almost regular if and only if for each x e X and each regular open set
f ~1(H) containing X, there exists a regular open set O such that

x €0 c CI(O) = f~Y(H) [31, Theorem 2.2]. Therefore, f1(H) is 6-open in
X and by [7, Theorem 2], f is a-strongly 6-continuous.

Lemma 3.2 [10]. Let { X E A € A} be a family of spaces and U 5 be a
n

subset of X i for each i=1,2,....,n. Then U= J] Uaxx [] Xa IS a-
]

A#A1
open in /1]_[ X ifand only if Ui € aO(X i) for each i=1,2,...,n.
eA

Theorem 3.7. Let gi: Xa—Ya be a function for each A € A and
g: [l Xa—>II Ya afunction defined by g ({x l}): {g (x A)}

for each { x A} e [1 Xa.If gis a-strongly 6-continuous, then g , IS

A

a-strongly 6-continuous for each A € A.
Proof. Let B € A and Vp € aO(Yg). Then, by Lemma 3.2, V = Vp x

[T Y iso-openin [T Yrand gi(V)=gtp(Ve)x [I X is
ip A Azp 7

0-open in [T Xu.From Lemma 3.2, g p}(Vp) € 60(X). Therefore, g is
a-strongly 6-continuous.

Remark 3.1. It was known in [6, Example 2.2] that V € aO(XxY) may not,
generally, be a union of sets of the form A x B in the product space X x Y,
where A € aO(X) and B € aO(Y). Therefore, the converse of Theorem
3.8 may not be true, generally.

Theorem 3.8. Let g: X —>Y1 x Y2 be a-strongly 6-continuous function and
fi : X =Y be coordinate functions, i.e. forx € X, g (X) = (X1, X2), fi (x) =
Xi, i=1,2. Then fi: XY iis a-strongly 6-continuous for i=1, 2.

Proof. Let x be any point in X and Hz be any o-open set in Y1 containing
f1(x) = xu, then by Lemma 3.2, H1 x Y2is a-open in Y1 x Yz, which
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contain (X1, X2). Since g is a-strongly 6-continuous, there exists an open set
U containing x such that g (CI(U)) < H1 x Y2. Then f 1(CI(U)) x 2 (CI(U))
< Hi x Y2. Therefore, f 1(CI(U)) < Hi. Hence f 1 is a-strongly ©-
continuous.

n
Lemma 3.3. Let Xi, Xz, ..., Xn be n topological spaces and X = []X; .
i=1
n n
Let Eie 60(Xi), for i=1,2,...,n. Then [] Eie 00( [TX; ).
i=1 i=1

n
Proof. Let (X1, X2, ..., xn) € [I Ei thenx; € Ej for i=1,2, ..., n. Since
i=1
Ei € 60(Xj), for i=1, 2, ..., n. Then, there exist open sets Uj, for i =1, 2,
...,n such that x; € Ui c CI(U))c Ej, for i=1, 2, ..., n. Therefore, (x1, X2,
cees Xn) S U]_ X U2 X ...XUn C CI(U]_)X CI(UZ)X XCI(Un) = CI X1 x X2 x ... xXn

n n n
(U1 x Uz x ..xUn) = I Ei and [T Uiet (I Xi. Hence

n _ o
[T Ei is6-opensetin [] Xi.
Theorem 3.9. Let Xi, Xz, ..., Xnand Z be topological spaces and

f:ﬁ xi 7z - |If given any point p of 15'[ Xi, and given any a-open set
U in Z containing f (p), there exist 6-open sets Ejin X; fori=1,2,...,n

n n

suchthat pe [] Ei and f ([] Ei) < U. Then f is a-strongly O-
i=1 i=1

continuous.

n
Proof. Let p e [ X and U be any a-open set in Z containing f (p). By

i=1
hypothesis, there exist 6-open sets Ei in X; fori=1,2,...,nsuchthatp e
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n n
IT Ei and f (]I Ei) < U. Since Ei € 60(Xj), fori =1, 2, ..., n.
i=1 i=1

n n
Therefore, by Lemma 3.3, [] Ei € 60( [T Xi), fori=1,2,...,n. Thus, f
i=1 i=1
is a-strongly ©-continuous.
4. a@-open Functions.
In this section we define a new type of functions called a6-open
function and we find some characterization and properties for it.

Definition 4.1. A function f: X—>Y is called oa6-open if and only if for
each a-openset Gin X, f(G) € 60(Y).

It follows immediately that every o®-open functions is quasi o-
open and hence strongly o-open, the converse is not true as seen from the
following example.

Example 4.1. Let X ={a, b, c, d} and ©={ X, ¢, {a}, {c}, {a, b}, {a, c},
{a, b, c}, {a, c, d}}. The identity function i : (X, t) =>(X, 1) is strongly a-
open, but it is not aB-open function since {a}e aO(X, 1), but f ({a}) = {a}
200(X, 1).

We find some characterizations and properties of  a0-open
functions.

Theorem 4.1. For any bijection function f : X—Y, the following are
equivalent:

i) The inverse function f 1: Y—X is a-strongly 8-continuous;

i) f:X->Y is ab-open function.

Proof. Follows from their definitions.

Theorem 4.2. For a function f: X—Y, the following are equivalent:

a) f is ab-open function;

b) f (aInt (E)) < Inte (f (E)), for each subset E of X;

¢) alnt(f 1 (W)) < 1 (Inte (W)), for each subset W of Y;

d) f1(Clo (W)) = aCI(f1(W)), for each subset W of Y.

Proof. (a)=(b). Suppose f is aB-open function and E < X. Since alnt(E)
E, f(aInt(E)) € 60 (Y) and f (aInt (E)) — f (E) and hence f (alnt (E)) —
Inte( f (E)).
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(b)=(c). Let W c Y. Then f 1(W) < X. Therefore, we apply (b), we obtain
f(alnt( fT(W)) clInte( f(f1(W))). Then, alnt( f*(W)) < f*(Into
(W)).

(c)=(d). Let W c Y, then apply (c) to Y \ W, we get alnt( f (Y \W)) c f
L (Inte (Y \ W)). Then, alnt (X \ f 1 (W)) c f1(Y\ Clo(W)), which
implies that X \ aCI( f 1 (W)) = X\ f1(Cle (W)). Hence f*(Clo (W)) c
aCl( f1(W)).

(d)=(a). Let G be any a-open setin X. Then Y \f (G) c Y, apply (d), we
obtain fL(Clo(Y \f (G))) < aCI( f1(Y\f(G)). Then f1(Y \Into( f
(G))) < oCl (X \ G). Which implies that X \ f 7 (Inte( f (G))) =« X\ Int G
=X \ G. Therefore, G < f 1 (Inte( f (G))). Then, f (G) c Inte( f
(G)).Therefore, f (G) €60 (Y). which completes the proof.

Remark 4.1. Let f: X—Y be a bijective function. Then, f is a6-open
function if and only if f (F) € 6C (YY), for each a-closed set F in X.

Theorem 4.3. If Y is a regular space, then each s**-open function is a.0-
open.

Proof. Let G be any a-open subset of X, then it is semi-open. Since f is
s**-open function. Therefore, f (G) is open in Y. But Y is a regular space,
then by [1, Lemma 1.2.8] f(G) is 6-openin Y.

Theorem 4.4. If a function f: X —Y is ab-open and E — X is an open
set in X, then the restriction f |E: E—Y is aB-open function.

Proof. Let H be any a-open set in the open subspace E. Then, by [15,
Theorem 3.7], H is a-open in X. Since f is a6-open function. Therefore, f
(H) is 6-openinY. Hence f |Eis a0-open function.

Theorem 4.5. Let f: X—Y be a function and {E «. eV} be an open cover
of X. If the restriction f|Eq«: Eq =Y is a0-open function for each aeV,
then f is a6-open function.

Proof. Let H be any a-open set in X. Therefore, by [15, Theorem 3.4], H N
Ea is o-open in the subspace Eo for each aeV. Since f |Eo is o6-open
function ( f |Ea) (H N Eca)is 6-openin Y and hence f(H) =u{( f | Ea)
(HN Ea) : aeV}s 0-openin Y. This shows that f is a6-open function.
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Theorem 4.6. A function f : X—Y is a6-open if and only if for each
subset S of Y and any a-closed set F in X containing f ~1(S), there exists a -
closed set M in Y containing S such that f (M) cF.
Proof. Suppose that f is a6-open function. Let Sc Y and F be an a-
closed set in X containing f %(S). Put M =Y \ f( X \F), then M is 6-
closed inY and since f(S)cF,wehave S c M. Since f isaB-open
function and F is a-closed in X, M is 8-closed in Y. Obviously f 1 (M)
cF.

Conversely, let G be any a-open subset of X and put S=Y \ f(G).
Then, X \ G is a-closed set containing f (S) . By hypothesis, there exists a
0-closed set M in Y containing S such that f (M) < X\ G. Thus, we have
f (G) <Y \ M. On the other hand, we have f(G) =Y \S oY \ M and hence
f (G) =Y \ M. Consequently, f (G) is ©-openin Y and f is ab-open
function.

5. Functions with (a, 0)-closed graph

In this section we investigate several new properties of (o, 6)-closed
graph [7].
Definition 5.1[7]. Let G(f) = {(x, f (x)): X € X} be the graph of f: X->Y
then G (f)is said to be (a, 0)-closed with respect to X x Y, if for each
point (x, y) ¢ G ( ), there exists an open set U and an a-open set H
containing x and y, respectively such that f (CI(U)) " H = ¢.

The following diagram is an enlargement of the diagram 4.1.1 of
[1]. Note that none of the implications is reversible
almost strongly 0s-closed graph

/

0s-closed graph  strongly 8s-closed graph®==@-closed graph®==(q, 8)-closed graph

s*-closed graph semi-closed graph

Diagram 5.1
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Example 5.1. Let X = {a, b, c } and 1 ={¢, X, {a}, {a, b}.{a, c}}, then the
function f : (X, 1)— (X, 1) is defined as:

f (x) = a, for each x € X, has 6-closed graph, which has not (o, 0)-closed
graph.

Theorem 5.1. If f: X—Z is a function with (a, 6)-closed graph, and g:Y
— Z is a-strongly ©-continuous functions, then the set {(x,y) : f(X) =g
(y)} is 6-closed in XxY.

Proof. Let E={(X,y): T(X)=g )} If (X,y) e XxY\E, then f(X)#(g
(y). Hence (X, g (y)) € (X x Z2)\ G (). Since f has (a, 6)-closed graph.
Therefore, there exists open set U — X and a-open set H — Z containing x
and g (y), respectively, such that f (CI(U)) n H = ¢. The a-strongly 6-
continuity of g implies that there is an open set V of Y such that g (CI(V))
< H. Therefore, we have f (CI(U)) n g (CI(V)) = ¢. This establishes that
(CI(U) x CI(V)) n E = ¢, which implies that (x, y) ¢ Cle (E). So, E is 6-
closed in X x Y,

Corollary 5.1. If Y is an Hausdorff space and f, g: X—>Y are a-strongly
0-continuous function, then the set {(x, y) : f(x) =g (y)} is 6-closed in X x
X.

Proof. Follows from Theorem 5.1 and Theorem 16 of [7].

Theorem 5.2. If f : XY is any function with 6-closed point inverses such
that the image of closure of each open set is a-closed, then f has (a, 6)-
closed graph.

Proof. Let (x,y) € X xY)\G (f). Then x ¢ f~!(y) and since f-'(y)is
0-closed, there exists an open set U containing x such that CI(U) ~ f-!
(y) = ¢. By assumption f (CI(U)) is a-closed. Since y ¢ f (CI(U)), there is
an a-open set H in Y containing y such that f (CI(U)) " H = ¢. Thus f
has (a, 0)-closed graph.

Theorem 5.3. Let f : X—>Y be a function with (a, 6)-closed graph, then for
each x eX, {f (X)} = » {aCI( f (CI(U))): U is an open set containing x}
Proof. Let the graph of the function be (a, 0)-closed.
If {f(X)}=n{aCI(f(CI(U))): U is an open set containing X}.
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Lety = f (X) such that y € » {aCI( f (CI(U))): U is an open set containing
x}. This implies that y € oCI( f (CI(U))) for each open set containing X; it
means that , for each a-open set V containingy in Y, V. n f (CI(U)) # ¢.
That contradicts Definition 5.1. Thusy = f ().

Theorem 5.4. Let f : X— Y be a function with (a, 0)-closed graph. If E is
quasi H-closed in X, then f (E) is a-closed inY.

Proof. Let E be a quasi H-closed in X. Suppose that f (E) is not a-closed
inY. Let yg f (E). Therefore,y #f (x) for each x € E. Since G(f) has
(o, ©)-closed, for each x e E, there exists open set Ux and a-open set Hy
containing x and y, respectively such that f (Cl(Ux)) N Hx = ¢, for each x e
E. The family Q = {Ux: X € E} is an open cover of E. Since E is quasi H-
closed, there exists a finite subfamily { Ux,..., Uxm} of Q such that

n
Ec U CI(U xq). Put
i=1

N n n
Hzﬂ Hx(i). Then, f(E) NHc U (f ( C|(Ux(i)))) NHc U (f (C|(U x(i))) M Hx(i)) = (I)
|:l |:1 |:l
Since H is an a-open set containing y, y ¢ aCI( f(E)). Therefore,
aCI( f(E))c f (E), which implies that f (E) is a-closed.

Corollary 5.2. The image of any quasi H-closed space in any space is a-
closed under functions with (o, 6)-closed graphs.

Theorem 5.5. Let f : X— Y be given. Then G (f) is (o, 6)-closed graph if
and only if for each filter base ¥ in X 6-converging to some p in X such
that f (¥) a-converges to some gin Y holds, f(p)=q.

Proof. Suppose that G () is (o, 6)-closed graphandlet W ={Es:d € V}
be a filter base in X such that ¥ 6-converges to p and f (V) a.-converges to
q.If f(p)=aq,then (p,q) ¢ G(f). Thus, there exists an open set U c X
and a-open set V < Y containing p and g, respectively, such that (CI(U) x
V) N G(f) = ¢. Since ¥ 06-converges to p and f (V) a-converges to g,
there exists an Es € W such that Es < CI(U) and f (Es) — V. Consequently,
(CI(V) x V) n G(f) = ¢, which is a contradiction.
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Conversely, assume that G( f) is not (o, 6)-closed graph. Then, there exists
a point (p, q) ¢ G (f) such that for each open set U — X and each a-open
set V c Y containing p and q, respectively, holds (CI(U) x V) n G () # ¢.
Let { Us: 6 € Vi}be the set of all open sets of X containing p. Define

Y1 = {Cl(Us): & eV1},

¥, = {V3p: Vs is an a-open set containing g and B eV}

Y3 ={E (5, B): E (8, B) = (CI(Us) x V) n G (f), (8, B) € VixV2} and

Y = {¥* (5, B): (5, B) eV1xV2}, where

Y* (5, B) = {x €Ux: (X, T (X)) € E (5, B)}. Then W is a filter base in X with
property that ¥ 6-converges to p, f (V) a-convergesto q,and f(p)=q.
This completes the proof.

Corollary 5.3. A function f: X— Y has (a, 6)-closed graph if and only if
for each net {x,} in X such that x, —¢ p € Xand f(X;) >«q € Y holds,

f(p)=a.
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