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ABSTRACT

In this paper, we deal with non-linear functional fractional differential equation

with initial condition in L, space. We will study the existence, uniqueness and stability

of the solution of fractional differential equation.
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Stability.
Lol gl A-uid\ LIV Al CdlCaa and ARy Ailanglly dgal il
A slasd WYl e s
Hga0 deols cduyill LS
2010/04/11 &) Jsd g s 2009/10/21 :&aal) i) f)ld
gadlall

b Lol Jag s ae Agladll yually Lpell ()l ol Alialial)l N alaall ) Lk Gl e b
oy Alealinl) e alad) Jad &y Aglasslly cagasll Ly caa a8y L, sliadll
Ahawy) (Riemann Liouville dada ¢4 yuS o) el lalall Aaleal) tdalidal) clalsl)
1. Introduction -
The fractional differential equation with initial conditions

y@x)=f (x,y(x)) n-l<a<n,n>2,acR

y(ozfi)(o):Ci ’Ci eR | :1,2,...,” ,Cn :O

where f is assumed to be continuous on RxR, has been studied by many authors(see
[1,8]). El-Salam [6] discussed a nonlinear weighted Cauchy type problem of a
fractional differ-integral equation of fractional order which has the form

Du@)=f (t,u(pt)) O<a<l 1)
tey (t)\t=0 =b )

and proved some local and global existence, uniqueness and stability theorems for
problem (1) and (2).El-Sayed[7]studied the existence theorem of Lp-solution of
weighted Cauchy type problem of fractional differ-integral function equation and
proved uniqueness and stability of the solution for equation(1)and (2).

The purpose of this work is to generalize the work of [7] to study the existence,
uniqueness and stability of the solution of the initial value problem which has the form

y @O x)=f (x,y (#(x))) N-l<a<n ,n>2,aeR 3)
with initial condition

y“?P@0)=c, ,c;eR i=12.,n ,c, =0 (4)
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2. Preliminaries

Let L,(l) be the class of Lebesgue integrable functions on the interval I=[a,b] ,
where 0<a<b,<o and let T'(.) be the gamma function. Recall that the operator T is

compact if it is continuous and maps bounded sets into relatively compact ones .The
set of all compact operators from the subspace U — X into the Banach space X is
denoted by C(U,X).

Moreover, we set B, ={u eL,(I):|u|<r,r >0} and IIUI|1=jeN‘ lu (t)pt
0

Definition 1: [2]

Let f be a function which is defined almost everywhere (a.e) on [a,b]. for & >0,
we define
b 1 b g
;af =@£(b—t)a L @yt
Provided that this integral exists, where T" is gamma function.
Definition 2: [9]

For a function f defined on the interval [a,b], the «ath Riemann-liouville
fractional order derivative of fis defined by

O: 00 =t 5] €9 16 yvEes

I'h-a)
where n=[a] +1 and [«] denotes the integer part of « .

Lemma 1: [1]

Let &, M > 0. If f is continuous and [f[<M for all x €(a, b], then
lim*D“f =0.

X—a

Remark 1: [1]
Let the assumptions of the Lemma(1),be satisfied ,then we define f f =0
Definition 3: [2]

If aeR andf(x) is defined a.e on a<x<b we define f(a)(x)zf o, forall
a

xe[a,b], provided that } o, exists.
a

Lemma 2: [2]

Let ,feR,f>-1. If x>a then

_a)2th
|Xa ta)f % a+f=negative integer
a I'(B+D) o
0 a+f=negative integer
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Lemma 3: [2]

If a >0; nis the smallest integer greater than «, f () is in L(a, b) and ‘D“*f
exists and is absolutely continuous on [a, b], then *D*'f =k exists for i= 1,2, ...,
n, D“f existsa.e on [a, b], isin L(a,b) and

DD = f(x) - Y )

- , ae.onas<x<bh.
S T(a—-i+])

furthermore, the equality holds everywhere on (a, b], if, in addition, f (x) is continuous
on (a, b].

Lemma 4: [3]

The relation fa } B s :fa+ﬂ ¢ holds if
a a a
(i) Re(a) >0,Re(B)>0,and f(x) is inC® on [a,b].
(i) Re(a)>0,Re(B)<0 or Re(S+m)>0,such that f=—m, and f(x) is inC'™ on [a,b]
(iiii) Re(a)<0,Re(a+n)>0 ,Re(8)>0.and f (x) is in C (M on [ap].
(iv) Re(a) <0,Re(B)<0 ,B#-m,and f(x) is inC™" on [a,b].
when £ =-m in(ii)and(iv), then

Xt X m-1(y_,)@—M+p
pey My _jparmyg et Oean () )
a a a p=0 I'(@+p-m+])

Theorem 1: (Roth Fixed Point Theorem) [5]

Let U be an open and bounded subset of a Banach space E, let
T eC(U,E).Then T has a fixed point if the following condition holds T (60U ) cU .

Theorem 2: (Nonlinear Alternative of Laray-Schauder Type) [5]
Let U be an open subset of convex set D in a Banach space E, assume 0<U and
T €C (U ,E).Then either

(A1) T has a fixed point inU ,or
(A2) There exists ¥ €(0,1) and x € dU such that x = yTx .

Theorem 3: (Kolmogorov Compactness Criterion) [6]
Let QcL”(0,1) , 1<p <o.If
(i) Qis bounded inL"(0,1) and
(i) x, &> x as h —0 uniformly with respect to x €Q, then Q is relatively compact
in L?(0,1) ,where

t+h

xh(t)=%jx(s)ds.
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3. Existence of Solution

We begin this section by proving the equivalence of the initial value problems
(3) and (4) with the corresponding integral equation, for proof see[1]

n-1 Cxa—i et
YOO =2 mo i T )j(x —=5)**f (s,y ())ds (5)

First, we prove that y(x) satisfies the differential equation(3) almost every where, by
definition (1) equation (5) can be written as

n-1 X

« 6
y(x)= .:1F( _|+1) +1°f (6)

Operating both sides of equation (6) by | (’)“ , We get

X -1 x C al
I “y(x A “I“f 7
Yy (x) Zl ) Sy @)
From lemma (2), we have
“ilia c,x "
= o0 (a—|+l)

and by lemma(4)(iii), we have
IX;" IZ“f =f (x,y(x)) a.e foreach x €l

Here equation (6) ,becomes

X

y =f(x,y(x)) ae

Finally using definition (3), we obtain

y @)=t (x,y (x))

Next, we prove that y(x) satisfies the initial condition (4) operating by I‘O‘“ on both
sides of equation (5) ,we have
n-1 x C. X a—i X X
I | —-a X I | —-a |—+ I I—a I af
y ()= ,Z:‘ 0 I'a—i+1) ©o o0
By lemma (2), we have

i Cpxi—a

. —_—— i=12,3...,n-1
$H e ex ;r(l - p+1) (8)
= ° T'(ax—i+]) nli ¢ x"P
__ =n
p:lr(n_p_'_l)

Now using (8), remark(1) and definition (3), we have
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_ c, i =1,2,3..,n—
y ()=
o .

I =n

Thus y(x) satisfies the initial condition (4). Now define the operator T as

n-1 CXa—i
a-1 c 9
Tg(x)= ZF( T F( )I(X )Tt tg@®))Ndt  te(01) (9)

i=1

It is necessary to find a fixed point of the operator T and here we present the main
results to prove some local and global existence theorem for equations (3)-(4) in the
space L,(0,1).

Let us state the following assumptions:

(i) f :(0,)xR — R be a function with the following properties
a- for each x €(0,2),f (x,.) is continuous .
b- for each y €(0,1),f (.,y)is measurable.
c-There exists two function b(x) such that |f (x,y)|<b(x)|y|for
each x €(0,1), y eR ,where b(x) is measurable and bounded.

(i) ¢:(0,1) > (0,2)is non-decreasing and there is a constantM >0such
that¢'’>M a.e on (0,1).

Theorem 4:
Let assumption (i) and (ii) are satisfied. If sup|b(x)|<MI'(1+c). Then the
initial value problems (3)-(4) has a solutiony € B, where

n-1 Ci
2 C(a—i +1)

r>_= .
1 sup b (x))|
MT(1l+ )

Proof. Let y be an arbitrary element in B, B, ={u eL,(l):|u||<r,r >0}. Then from

the assumption (i) — (ii), we have

[Tyl = [Ty ()l

from equation (9) we obtain

Lln-1 C, x @ .
=112 F(a—|+1) * e )j( O (¢, (¢(0)))dt X
1lna Cixa i 1|x .
<] ,+1)| H(H) .y (At
n-1 c. 1 1

“ZT(a-i+2) T(@) { ! (x =) [f ¢,y (#(0))]dtax

Il
LN
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n-1 1
T & T(a- |+2) "T@)

[Joc=t=ax If ¢,y pe)ot

S 1 Ha-t)”
izl"(a—|+2) I« ).[ o If .y (4(t)))|dt

For t e(0,1),then (1-t)“ <1 ,we obtain
n-1

,:11“ |+2) F(

j f &,y (@)t

by using condition |(c) we obtain

<zr(a 2 F( j|b(t)||y(¢(t))|dt

n-1

= =} F(a i +2) r( sup|p (X)|j|y (¢(t))|dt
> ) Y 6O) .
S.:lr(a 2 T IO|'0(><)|£ oty (10)

Let x =¢(t),dx =¢'(t)dt  and then (10) becomes

n— . S b #(1)
i< Eli e MUIF:|(a()i)1|) J Jy € (11

The estimate (10) shows that the operator T maps the space L,(0,1) into it self. Let
y €0B,, thatis |y|=r, The inequality (11) gives

n- . .\ supo (x)| ‘<

“Ty ” : ,Zl“l“(a I| +2) MTI(a+]) (12)
Which implies that
n-1 sup|b (x)| (13)

ZF(O{—I +2) MF(a+1)

Therefore

n-—1 Ci

;F(a—i +1) .

1 sup b (x)|
MT(Q+a)

By the hypothesis that sup|b (x )| <M I'(«+1) we conclude that r > 0. Furthermore

r=

I 1= [If @&y (#@))]dt
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< [b®ly (#e))]dt
. supfo ()| vl (14)

The inequality (14) insures that f €L,(0,1).
Further, since f is continuous function in y by the assumption i(a), and

X X

|0“ maps L, (0,1) continuously into itself, IO“f (t,y (¢(t)))is continuous iny, since y is

an arbitrary element in B, , then T maps B, continuously into L,(0,1).

Now we claim that T is compact . Let Q be a bounded subset of B,, then
T(©) is bounded in L,(0,1). Next, it remains to show that (Ty), —Ty in
L,(0,1) ash — 0, uniformly with respectto Ty €T (£2), consider

Iy ), =Ty = [y ), ()~ Ty Y06 b
-Ifi
1 1 X+
I3

j (Ty )(s)ds — (ryxx)F

h

Ty )(s)— Ty )(x)|ds jdx

+h

1£+ n-1 Csal n-1 | 11 . . 15
<[5 Bram .Zm |y T 6y GOty (s (15)
since f eL,(0,1) then 1°f ()eL,(0,1). Also “F( ] SeLOy  then from

i=1 a— I

theorem (3) we have

1x+h n-1 C. ) )
> —1t—(s“'-x*")ds >0 as h—0 ,and

S (o —i +1)

h

X

+h

j‘% J' 19F (s, Y (6(5))) = 1 “F (X, Y (#(x )))hx —0 as h — 0 almost every where for x €(0,1),

from theorem (3), T () is relatively compact and hence T is a compact operator. Let
U =B, and E =L,(0,1), and from theorem (1), T has a fixed point. This complete the
proof.

Theorem 5:

Let the condition (i) and (ii) of theorem (4) be satisfied.
(iii) assume that every solution y (x) € L,(0,1) to the equation

n-1 CXOH X
———+1% aeon(0,1), n-1<a<n, R,n>2
y(x)= .Z—l:r( BT 0,1) a ae
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Satisfies ||y || =r (r is arbitrary but fixed). Then the fractional initial value problem (3)
and (4) has at least one solutiony (x) € L,(0,1) .

Proof. Let y(x) be an arbitrary element in the open set B, ={y :|ly|<r,r >0}. Then
from (11), we have

c, sup b(x)
”Ty ” : ,Z;F(a i +2) M F|(a +1|) ” ” (16)

The inequality (16) implies that the operator T maps B, continuously into L,(0,1);
Furthermore ,form i(c),we have

supfo (x)|

Pl=—y— 17
[f <=1 (7)
Using theorem (4) ,T maps B, continuously intoL,(0,1) and T is compact operators.
Now set U =B, andD =E =L,(0,1), then by using the assumption (iii), the condition

(A2) of theorem (2) does not hold. Therefore from theorem (2) T has a fixed point
.This complete the proof.

Theorem 6: (Uniqueness of The Solution)

Let the assumption (ii) of theorem (4) be satisfied .Let the right hand side f(x, y) of
the fractional differential equation satisfies the Lipschitz condition that is
If (x,y,)—f (x,y,)|<L|y,—Y,|. Then the initial value problem (3)and (4)has a unique

solution.

Proof. Let y,(x)and y,(x) be any two solution of the integral equation(5), then
consider

yz(x)—yl(x>=gh+|“f (5.Y2($0)) - Zh 1 6.3,

0 Y, 00) =y, () = 1T (5,Y, (60 ) ~1“F (5,y,(¢(x))

y.(x)-y,(x) = Fa )J(X —O) 5,y (@M ~f (5, ()]t

|y, (x) -y, (x)[ < —O T (5,y (@) 1 (5, y,(4)))dt (18)

Now by using the Lipschitz condition, we have

|y, (x) -y, (x)|< —t)“Hy () -y, (¢(t))|dt (19)

L X
I'(a) 5

integrating both sides from 0 to 1 with respect to x ,we get
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1 L 1x -
£|y2(x)—y1(x)hx S%H(X —1)* |y, (1)) - ¥, (¢(t))|dtcx

| LX .
or ||yz(X)—y1(X)||Sm££(X —1)7y, () - v, (¢(t))|dtdx

:% [ [ o=ty x|y, (4(t) -y, (4(0))dt
_L) [y o) - va ot

For t €(0,1), then (1-t)” <1, we obtain

eI OGRS ACOL

L 1 ,
S MTGTD j V() -y, ()] |#]dt

L ¢Q)
<— X) =y, (x)|dx
MF(a+1)¢(IO)|y2( )=¥:()

ly,—y.|< IIyZ( )=y, ()|

M F(
Choose M suchthat M T'(a+1)>L equation (19) gives

ly2=vil<ly.-vi
Contradiction, therefore y, =y, . This complete the proof.

Theorem 7: (Stability of The Solution)

Suppose that the assumption of theorem (4)be satisfied, then the solution of the
initial value problems (3) and (4) is uniformly stable.

Proof. Any solution of the fractional initial value problems (3) and (4) is given by

n-1 Cxa—i ot
V)= T e )j(x —)“ (¢, ($0))dt

Lety (x) be any other solution of (3)and(4),that

n-1

)=2r(a_l+1) e )j(x —O) (¢, 7 ()t

C)Xal
Ma—i+) (@)

Nowy (x) -y (x)= Z J(X —O Tty (@O)) - ¢,y ((t))]dt
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00—y LT L L Ferr gy N -t € GO

=~ Ta-i+]) T[@);

Using the Lipschitz condition with Lipschitz constant L, we have

. n,1|ci _Ei|xa—i L X e -
D 7l (UM 1O COT

following the technique of [6] ,we have
nle |C| _C_i|XU‘I 7NXL

ey 0=y le Fa-i+) T

[0ty (60) -y (de)t

Now

n-1

Je o0y 3 [ "; fli e VRO {CO LD

Let s =Nx —ds =Ndx , the inequality (20) thus gives

T S |Ci _6|| e s L [ _pye-l T
ly )=yl <X | eI N=N T !e [ =)y (4)) - ¥ (4(0))]ltcx

i=l o 0

| |C C| A~—Sea-i Ll —NxX _$\a-l T
N e st ] O (R TCO RO

from definition of the gamma function, we have

Iy -1, < Z'NM @) e oty (00 - 7 @t

SE ALt e o0y o) -ye0
e af, L
zl -+l F(O(

4
) ﬁe'N “Hx —t)dxe ™ [y (4()) - T ((0))]dt (21)

Now Let z =N (x —t) —dz = Ndx —>dx :dN_Z

Thus equation(21), becomes
c. —¢ | 1N (1-t) a-1

Iy - ¥l < Z'NM ral | et otz e |y () -y (et

n—1|C —C_| 1N (1-t) s » )
=Ly r(a)Na{ [ ez e |y () - Y ()]t
<|ﬁ| _| Ie "y (@) - 7 (#))]ct
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e ¢ I
= ! 'l . d
i:1N0H+1 MN"‘A))e |Y(S) y(s)| S

wil -6 L Y,
S | _l e S S —_S ds’ S<t

T AN

n—iI.Ci _C_i _
Si_lktzﬁ MN“”y y|, Therefore |y -] <2Na.+1| MNally—y||1

_ MN “ c, —C
or ||y_y||1<(MNa_ \]Z|Na|+l|

ly gl < S MV G
y y 1~ :1MN 20—i +1 LN a—i+1

n-1
Then, If >'[c, —¢;|<8(t) . then |y -V <¢
i=1

Therefore the solution of the initial value problem is uniformly stable.
Conclusion

We proved the existence of the solution for certain fractional differential
equation by using Roth fixed point theorem in L, space, then we use the Laray-

Schauder theorem we proved that the fractional differential equation has at least one
solution then we prove the unigueness theorem by using the Lipschitz condition. Also
we discussed the stability of the solution and we proved that the solution is uniformly
stable.
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