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ABSTRACT 

 In this paper, we deal with non-linear  functional fractional differential  equation  

with initial condition in 1L  space. We will study the existence, uniqueness and stability 

of the solution of  fractional differential equation. 
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         Stability. 
 لبعض مشكلات القيمة الأولية الجزئية الوظيفية يةوالاستقرار  وحدانيةنظريات الوجود وال

 ادشيماء مر  جوزيف عبد الاحد
 دهوكجامعة التربية،  كلية

  11/04/2010تاريخ قبول البحث:                                    21/10/2009تاريخ استلام البحث: 
 الملخص

شاري  اتتاايياة  فاي  في هذا البحث تطرقنا إلى المعاادت  التاالالية تا  الرتال اليةاراة يالالار المطياة ما        
 .يالوحاانية ياتستقراراة لحل المعادت  التااللية اليةراة، يقا تمت دراسة الوجود 1Lالاضاء 

 .، اتستقراية Riemann Liouvilleمشتقة كةراة؛ تا  رتل المعادلة التااللية الكلمات المفتاحية: 

1. Introduction 

 The fractional differential equation with initial conditions  

( ) ( ) ( , ( )) 1 , 2,y x f x y x n n n R  = −      

( ) (0) , 1,2,..., , 0i

i i ny c c R i n c− =  = =  

where f  is assumed to be continuous on R×R, has been studied by  many authors(see  

[1,8]). El-Salam [6] discussed a nonlinear  weighted Cauchy  type  problem of a 

fractional differ-integral equation  of  fractional order which has the form 

( ) ( , ( ( ))) 0 1D u t f t u t  =                                                           (1) 

1

0
( )

t
t u t b−

=
=                                                                                           (2) 

and  proved  some  local  and  global  existence ,  uniqueness  and  stability theorems for 

problem (1) and (2).El-Sayed[7]studied the existence theorem   of  Lp-solution  of  

weighted Cauchy type problem of fractional differ-integral function equation and 

proved uniqueness and stability of the solution for equation(1)and (2). 

 The purpose of this work is to generalize  the work of [7] to study the existence, 

uniqueness and stability of the solution of the initial value problem which has the form 

( ) ( ) ( , ( ( ))) , 1 , 2,y x f x y x n n n R   = −                                (3) 

with initial condition  

( 1) (0) , 1,2,..., , 0i i ny c c R i n c− =  = =                                        (4) 
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2. Preliminaries 

 Let   (I)L1 be the class of  Lebesgue integrable functions on the interval I=[a,b] , 

where 0 ,a b     and  let (.)  be  the gamma function. Recall that the operator T is 

compact if it is continuous and maps bounded sets into relatively  compact  ones .The 

set of all compact operators from the subspace U X into the Banach space X is 

denoted by C(U,X). 

Moreover, we  set 
1{ ( ) : , 0}rB u L I u r r=      and  

1

1

0

( )Ntu e u t dt= 
.  

Definition 1: [2] 

 Let f  be a function which is defined almost everywhere (a.e) on [a,b]. for 0 , 

we define 

1 1( ) ( )
( )

b b
I f b t f t dt
a a

 



−= −


 

Provided  that  this integral  exists, where   is gamma function. 

Definition 2: [9] 

 For a function f defined on the interval [a,b], the  th Riemann-liouville 

fractional order derivative of  f is defined by  

dssysfst
dt

d

n
tfD

t

a

n

n

a ))(,()(
)(

1
))(( 1


−−

+ −








−
= 


 

where n= ][ +1 and ][ denotes the integer part of   . 

Lemma 1: [1] 

           Let α, M > 0. If  f  is continuous and Mf   for all x ∈(a, b], then 

0lim =−

→
fDx

a
ax

 . 

Remark 1: [1]  

  Let  the assumptions of the Lemma(1),be satisfied ,then we define 0
a

a
I f =   

Definition 3: [2] 

 If  R  and f(x)  is  defined  a.e  on  bxa   we define ( )
( )

x
f x I f

a

 −=
 for all  

x[a,b],  provided that   x
I f
a

−   exists. 

Lemma 2: [2] 

 Let thenaxIf.1,R, −   

( )
int( ) ( 1)

( 1)
0 int

x ax
negative egert a

I
a

negative eger

 
  

  


 

+ −
 + −   + += 

 + 
+ =

 



 Existence, Uniqueness and Stability Theorems for ... 
 

 

 61 

Lemma 3: [2] 

 If 0 ; n is the smallest integer greater than  , f (x) is in L(a, b) and fDx

a

1−   

exists and is absolutely continuous on [a, b],  then   i

ia

a kfD =−+    exists  for  i = 1, 2, ..., 

n; fDx

a

  exists a.e on [a, b], is in L(a,b) and 

    
=

−
− 

+−

−
−=

n

i

i

it

a

x

a bxaonea
i

axk
xffDD

1

...,
)1(

)(
)(




  

furthermore, the equality holds  everywhere on (a, b], if, in addition, f (x)  is continuous 

on (a, b]. 

Lemma 4: [3] 

The relation       
x t x
I I f I f
a a a

   +
=     holds if 

      (i) ],[)(,0)Re(,0)Re( )0( baoninCisxfand  .  

      (ii) Re( ) 0,Re( ) 0 Re( ) 0, ,or m such that m     +  − ]b,a[oninCis)x(fand )m(  

      (iii) ( )
Re( ) 0,Re( ) 0 ,Re( ) 0, ( ) [ , ]

n
n and f x is in C on a b   +   . 

         (iv) ],[)(,,0)Re(,0)Re( )( baoninCisxfandm nm+−  .  

         thenivandiiinmwhen ),()(−=   

1 ( ) ( )
( )

( 1)0

m px t x m x a pm mI I f I f f a
p ma a a p


 



− +− −− −= − 
 + − +=

 

Theorem 1: (Roth Fixed Point Theorem) [5] 

      Let U  be  an open and  bounded  subset  of  a  Banach  space  E, let 

( , )T C U E .Then T has a fixed point if the  following  condition  holds ( )T U U  . 
 

Theorem 2: (Nonlinear Alternative of Laray-Schauder Type) [5] 

     Let U be an open subset of  convex set D in a Banach space E, assume 0 U  and  

( , )T C U E .Then either  

(A1) T has a fixed point inU ,or 

(A2) There exists (0,1)  and x U such that x Tx= . 
 

Theorem 3: (Kolmogorov Compactness Criterion) [6] 

     Let (0,1) , 1pL p   .If 

(i)  is bounded in (0,1)pL and  

(ii) hx x→  as 0h →  uniformly with respect to x  , then   is relatively compact 

in (0,1)pL ,where  

    
1

( ) ( )

t h

h

t

x t x s ds
h

+

=  . 
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3. Existence of Solution 

      We begin this section by proving the equivalence of the initial value problems 

(3) and (4) with the corresponding integral equation, for proof  see[1] 

  
1

1

1 0

1
( ) ( ) ( , ( ))

( 1) ( )

xin
i

i

c x
y x x s f s y s ds

i




 

−−
−

=

= + −
 − + 

                                               (5) 

First, we prove that y(x) satisfies the differential equation(3) almost  every  where, by  

definition (1) equation (5)  can  be  written  as  

1

0
1

( )
( 1)

i xn
i

i

c x
y x I f

i






−−

=

= +
 − +

                                                                                       (6) 

Operating both sides of equation (6) by 
0

x

I − , we get 

1

0 0 0 0
1

( )
( 1)

ix x x xn
i

i

c x
I y x I I I f

i


   



−−
− − −

=

= +
 − +

                                                                 (7) 

From lemma (2), we have  

1

0
1

0
( 1)

ixn
i

i

c x
I

i






−−
−

=

=
 − +

  

and by lemma(4)(iii), we have 

0 0
( , ( ))

x x

I I f f x y x − =  a.e  for each x I   

Here equation (6) ,becomes  

0
( , ( ))

x

I y f x y x =   a.e 

Finally using definition (3), we obtain  

( ) ( ) ( , ( ))y x f x y x =  

Next, we prove that y(x) satisfies the initial condition (4) operating by 
0

x
iI −

on both 

sides of equation (5) ,we have 

 

 

 

By lemma (2), we have 

1
1

0 1
1

1

1,2,3..., 1
( 1)

( 1)

( 1)

ii
p

ixn
pi i

n pn
i p

p

c x
i n

i pc x
I

i c x
i n

n p








−

−−
=−

−−
=

=


= −

 − +
= 

 − + 
=  − +






                              (8) 

Now using (8), remark(1) and definition (3), we have 

1

0 0 0 0
1

( )
( 1)

ix x x xn
i i ii

i

c x
I y x I I I f

i


   



−−
− − −

=

= +
 − +


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( )
1,2,3..., 1

(0)
0

ii
c i n

y
i n

−
 = −

= 
=

 

Thus y(x) satisfies the initial condition (4). Now  define the operator T as  

1
1

1 0

1
( ) ( ) ( , ( ( ))) (0,1)

( 1) ( )

xin
i

i

c x
Tg x x t f t g t dt t

i


 

 

−−
−

=

= + − 
 − + 

                     (9) 

It is necessary to find a fixed point of the operator T and here we present the main 

results to prove some local and global existence theorem for equations (3)-(4) in the 

space 1(0,1)L . 

Let us state the following assumptions: 
 

(i) : (0,1)f R R → be a function with the following properties  

     a- for each (0,1), ( ,.)x f x  is continuous . 

     b- for each (0,1), (., )y f y is measurable. 

     c-There exists two function b(x) such that ( , ) ( )f x y b x y for  

     each (0,1)x  , y R  ,where  ( )b x is measurable and bounded. 
 

(ii) : (0,1) (0,1) → is non-decreasing and there is a constant 0M  such    

      that M    a.e on (0,1). 

Theorem 4: 

   Let assumption (i) and (ii)  are  satisfied. If sup ( ) (1 )b x M   + . Then the 

initial value problems (3)-(4) has a solution ry B  where 

1

1 ( 1)

sup ( )
1

(1 )

n
i

i

c

i
r

b x

M





−

=  − +

 
− 

 + 


. 

Proof. Let y be an arbitrary element in r B , 
1{ ( ) : , 0}rB u L I u r r=    . Then  from 

the assumption (i) − (ii), we have 

 

1

0

( )Ty Ty x dx=     

from equation (9) we obtain 

1 1
1

10 0

1
( ) ( , ( ( )))

( 1) ( )

xin
i

i

c x
x t f t y t dt dx

i


 

 

−−
−

=

= + −
 − + 

   

1 11
1

10 0 0

1
( ) ( , ( ( )))

( 1) ( )

xin
i

i

c x
dx x t f t y t dt dx

i


 

 

−−
−

=

 + −
 − + 

    

11
1

1 0 0

1
( ) ( , ( ( )))

( 2) ( )

xn
i

i

c
x t f t y t dtdx

i

 
 

−
−

=

= + −
 − + 

   
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1 11
1

1 0

1
( ) ( , ( ( )))

( 2) ( )

n
i

i t

c
x t dx f t y t dt

i

 
 

−
−

=

= + −
 − + 

   

11

1 0

1 (1 )
( , ( ( )))

( 2) ( )

n
i

i

c t
f t y t dt

i




  

−

=

−
= +

 − + 
   

For   (0,1)t  ,then (1 ) 1t −   ,we obtain  

11

1 0

1
( , ( ( )))

( 2) ( 1)

n
i

i

c
f t y t dt

i


 

−

=

 +
 − +  +

   

by using condition i(c), we obtain  

11

1 0

1
( ) ( ( ))

( 2) ( 1)

n
i

i

c
b t y t dt

i


 

−

=

 +
 − +  +

   

11

1 0

1
sup ( ) ( ( ))

( 2) ( 1)

n
i

i

c
b x y t dt

i


 

−

=

 +
 − +  +

   

11

1 0

( ( ))1
sup ( )

( 2) ( 1)

n
i

i

y tc
b x dt

i M




 

−

=

 +
 − +  +

                                       (10) 

Let ( ), ( )x t dx t dt = =      and then (10) becomes  

(1)1

1 (0)

sup ( )
( )

( 2) ( 1)

n
i

i

b xc
Ty y x dx

i M




 

−

=

 +
 − +  +

                                           (11) 

The estimate (10)  shows  that  the operator T  maps  the  space 1(0,1)L  into  it self. Let 

ry B , that is y r= , The inequality (11) gives 

 
1

1

sup ( )

( 2) ( 1)

n
i

i

b xc
Ty r r

i M 

−

=

 + 
 − +  +

                                                    (12) 

Which implies that  

1

1

sup ( )

( 2) ( 1)

n
i

i

b xc
r r

i M 

−

=

+ 
 − +  +

                                                            (13) 

Therefore 

1

1 ( 1)

sup ( )
1

(1 )

n
i

i

c

i
r

b x

M





−

=  − +

 
− 

 + 


. 

By the hypothesis that sup ( ) ( 1)b x M   +  we conclude that 0r  . Furthermore 

1

0

( , ( ( ))f f t y t dt=   
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1

0

( ) ( ( ))b t y t dt   

sup ( )b t
y

M
                                                                                       (14) 

The inequality (14) insures that 1(0,1)f L . 

 Further, since f is continuous function in y by the assumption i(a), and  

0

x

I 
maps 1(0,1)L continuously into itself, 

0
( , ( ( )))

x

I f t y t  is continuous in y, since y is 

an arbitrary element in rB , then T maps rB continuously into 1(0,1)L .  

 Now we claim that T is compact . Let   be a bounded subset of  rB , then 

( )T   is bounded in 1(0,1)L . Next, it remains to show that ( )hTy Ty→ in 

1(0,1)L as 0h → , uniformly with respect to ( )Ty T  , consider 

1

0

( ) ( ) ( ) ( )( )h hTy Ty Ty x Ty x dx− = −  

1

0

1
( )( ) ( )( )

x h

x

Ty s ds Ty x dx
h

+

= −   

1

0

1
( )( ) ( )( )

x h

x

Ty s Ty x ds dx
h

+ 
 − 

 
   

1 11 1

1 10 0

1 1
( , ( ( ))) ( , ( ( )))

( 1) ( 1)

x h x hi in n
i i

i ix x

c s c x
dsdx I f s y s I f x y x dsdx

h i i h

 
  

 

+ +− −− −

= =

 − + −
 − +  − +

            (15) 

Since 1(0,1)f L ,then 
1(.) (0,1)I f L  . Also  

1

1

1

(0,1)
( 1)

in
i

i

c x
L

i





−−

=


 − +

   then from 

theorem (3) we  have 

1

1

1
( ) 0

( 1)

x h n
i ii

ix

c
s x ds

h i

 



+ −
− −

=

− →
 − +

  as 0h →  ,and  

1

0

1
( , ( ( ))) ( , ( ( ))) 0

x h

x

I f s y s I f x y x dx
h

  
+

− →   as 0h →  almost every where for  (0,1)x  , 

from theorem (3), ( )T  is relatively compact and hence T is a compact operator. Let 

rU B=  and 1(0,1)E L= , and from theorem (1), T has a fixed point. This complete the 

proof. 

Theorem 5: 

  Let the condition (i) and (ii) of theorem (4) be satisfied. 

(iii) assume that  every  solution 1( ) (0,1)y x L  to the equation 

1

0
1

( )
( 1)

i xn
i

i

c x
y x I f

i






−−

=

= +
 − +

  a.e on (0,1), 1 , , 2n n R n −      
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Satisfies y r (r is arbitrary but fixed). Then  the  fractional  initial value problem (3) 

and (4) has at least one solution 1( ) (0,1)y x L . 

 

Proof. Let y(x) be an arbitrary element in the open set { : , 0}rB y y r r=   . Then 

from (11), we have 

1

1

sup ( )

( 2) ( 1)

n
i

i

b xc
Ty y

i M 

−

=

 +
 − +  +

                                                      (16) 

The  inequality (16) implies  that  the operator  T  maps rB  continuously  into 1(0,1)L ; 

Furthermore ,form i(c),we have  

sup ( )b x
f y

M
                                                                                  (17) 

Using theorem (4) ,T maps rB continuously into 1(0,1)L  and  T  is compact operators. 

Now set rU B= and 1(0,1)D E L= = , then by using the assumption  (iii), the  condition 

(A2)  of  theorem (2) does  not  hold. Therefore  from theorem (2)  T  has a  fixed  point 

.This complete the proof. 

Theorem 6: (Uniqueness of The Solution) 

    Let the assumption (ii) of  theorem (4) be satisfied .Let the right hand  side  f(x, y) of  

the fractional differential equation satisfies the Lipschitz condition that is 

1 2 1 2( , ) ( , )f x y f x y L y y−  − . Then the initial value problem (3)and (4)has a unique 

solution. 

 

Proof. Let (x)y1 and (x)y2  be any two solution of the integral equation(5), then 

consider 

1 1

2 1 2 1
0 0

1 1

( ) ( ) ( , ( ( ))) ( , ( ( )))
( 1) ( 1)

i ix xn n
i i

i i

c x c x
y x y x I f s y x I f s y x

i i

 
  

 

− −− −

= =

− = + − −
 − +  − +

   

or 2 1 2 1
0 0

( ) ( ) ( , ( ( ))) ( , ( ( )))
x x

y x y x I f s y x I f s y x  − = −  

 1

2 1 2 1

0

1
( ) ( ) ( ) ( , ( ( ))) ( , ( ( )))

( )

x

y x y x x t f s y t f s y t dt  


−− = − −
   

1

2 1 2 1

0

1
( ) ( ) ( ) ( , ( ( ))) ( , ( ( )))

( )

x

y x y x x t f s y t f s y t dt  


−−  − −
                     (18) 

 Now  by using the Lipschitz condition, we have 

1

2 1 2 1

0

( ) ( ) ( ) ( ( )) ( ( ))
( )

x
L

y x y x x t y t y t dt  


−−  − −
                                    (19) 

integrating both sides from 0 to 1 with respect to x ,we get 
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1 1

1

2 1 2 1

0 0 0

( ) ( ) ( ) ( ( )) ( ( ))
( )

x
L

y x y x dx x t y t y t dtdx  


−−  − −
    

or  

1

1

2 1 2 1

0 0

( ) ( ) ( ) ( ( )) ( ( ))
( )

x
L

y x y x x t y t y t dtdx  


−−  − −
    

1 1

1

2 1

0

( ) ( ( )) ( ( ))
( )

t

L
x t dx y t y t dt  



−= − −
    

1

2 1

0

(1 )
( ( )) ( ( ))

( )

L t
y t y t dt



 
 

−
= −
   

For  (0,1)t  , then (1 ) 1t −  , we obtain 

1

2 1

0

( ( )) ( ( ))
( 1)

L
y t y t dt 


 −
 +   

1

2 1

0

( ( )) ( ( ))
( 1)

L
y t y t dt

M
  


 −

 +   

(1)

2 1

(0)

( ) ( )
( 1)

L
y x y x dx

M






 −
 +   

2 1 2 1( ) ( )
( 1)

L
y y y x y x

M 
−  −

 +
 

Choose  M such that  ( 1)M L +   equation (19) gives  

2 1 2 1y y y y−  −  

Contradiction, therefore 2 1y y= . This complete the proof. 

Theorem 7: (Stability of The Solution) 

     Suppose that the assumption of theorem (4)be satisfied, then the solution of the  

initial value problems (3) and (4) is uniformly stable. 
 

Proof. Any solution of the fractional initial value problems (3) and (4) is given by 

1
1

1 0

1
( ) ( ) ( , ( ( )))

( 1) ( )

xin
i

i

c x
y x x t f t y t dt

i


 

 

−−
−

=

= + −
 − + 

   

Let ( )y x  be any other solution of (3)and(4),that 

1
1

1 0

1
( ) ( ) ( , ( ( )))

( 1) ( )

xin
i

i

c x
y x x t f t y t dt

i


 

 

−−
−

=

= + −
 − + 

   

Now  
1

1

1 0

( ) 1
( ) ( ) ( ) ( , ( ( ))) ( , ( ( )))

( 1) ( )

xin
i i

i

c c x
y x y x x t f t y t f t y t dt

i


  

 

−−
−

=

−
− = + − −

 − + 
   
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1
1

1 0

1
( ) ( ) ( ) ( , ( ( ))) ( , ( ( )))

( 1) ( )

i xn
i i

i

c c x
y x y x x t f t y t f t y t dt

i



  
 

−−
−

=

−
−  + − −

 − + 
   

Using  the Lipschitz condition with Lipschitz constant  L, we have 

1
1

1 0

( ) ( ) ( ) ( ( )) ( ( ))
( 1) ( )

i xn
i i

i

c c x L
y x y x x t y t y t dt

i



  
 

−−
−

=

−
−  + − −

 − + 
   

following the technique of [6] ,we have 

1
1

1 0

( ) ( ) ( ) ( ( )) ( ( ))
( 1) ( )

Nx i xNxn
i iNx

i

e c c x e L
e y x y x x t y t y t dt

i



  
 

− − −−
− −

=

−
−  + − −

 − + 
   

Now 

1 1 11
1

10 0 0 0

( ) ( ) ( ) ( ( )) ( ( ))
( 1) ( )

Nx i xn
i iNx Nx

i

e c c x L
e y x y x ds e x t y t y t dtdx

i



  
 

− −−
− − −

=

−
−  + − −

 − + 
          (20) 

Let s Nx ds Ndx= → = , the inequality (20) thus gives 

11
1

1
1 0 0 0

( ) ( ) ( ) ( ( )) ( ( ))
( 1) ( )

N xs in
i i Nx

i
i

c c e s L
y x y x ds e x t y t y t dtdx

i N N





 

 

− −−
− −

−
=

−
−  + − −

 − + 
    

11
1

1
1 0 0 0

( ) ( ( )) ( ( ))
( 1) ( )

xn
i i s i Nx

i
i

c c L
e s ds e x t y t y t dtdx

N i

 


 

 

−
− − − −

− +
=

−
 + − −

 − + 
    

from definition of the gamma function, we have 

11
1

11
1 0 0

( ) ( ( )) ( ( ))
( )

xn
i i Nx

i
i

c c L
y y e x t y t y t dtdx

N




 



−
− −

− +
=

−
−  + − −


    

1 11
1

1
1 0

( ) ( ( )) ( ( ))
( )

n
i i Nx

i
i t

c c L
e x t dx y t y t dt

N




 



−
− −

− +
=

−
= + − −


   

1 11
( ) 1

1
1 0

( ) ( ( )) ( ( ))
( )

n
i i N x t Nt

i
i t

c c L
e x t dxe y t y t dt

N




 



−
− − − −

− +
=

−
= + − −


                        (21) 

Now Let ( )
dz

z N x t dz Ndx dx
N

= − → = → = . 

Thus equation(21), becomes 

(1 )1 11

1 11
1 0 0

( ( )) ( ( ))
( )

N tn
i i z Nt

i
i

c c L z
y y e dz e y t y t dt

N N N



 
 



− −−
− −

− + −
=

−
−  + −


    

(1 )11
1

1
1 0 0

( ( )) ( ( ))
( )

N tn
i i z Nt

i
i

c c L
e z dz e y t y t dt

N N



 
 



−−
− − −

− +
=

−
= + −


    

11

1
1 0

( ( )) ( ( ))
n

i i Nt

i
i

c c L
e y t y t dt

N N 
 

−
−

− +
=

−
 + −   
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11

1
1 0

( ( )) ( ( ))
n

i i Nt

i
i

c c L
e y t y t dt

N MN 
  

−
−

− +
=

−
 + −   

Let ( ) ( )s t ds t dt = → =  and  1( )t s −= , then we have 

1

(1)1
( )

1
1 (0)

( ) ( )
n

i i N s

i
i

c c L
e y s y s ds

N MN





 



−
−

−

− +
=

−
= + −   

(1)1

1
1 (0)

( ) ( )
n

i i Ns

i
i

c c L
e y s y s ds

N MN



 



−
−

− +
=

−
 + −  ,  s t  

1

1 1
1

n
i i

i
i

c c L
y y

N MN 

−

− +
=

−
 + −  Therefore  

1

11 1
1

n
i i

i
i

c c L
y y y y

N MN 

−

− +
=

−
−  + −  

or   
1

11
1

n
i i

i
i

c cMN
y y

MN L N



 

−

− +
=

− 
−   

− 
  

1

2 1 11
1

n
i i

i i
i

MN c c
y y

MN LN



 

−

− + − +
=

−
− 

−
  

Then, If 
1

1

( )
n

i i

i

c c t
−

=

−  , then y y −   

Therefore the solution of the initial value problem is uniformly stable. 

Conclusion 

 We proved the existence of the solution for certain fractional differential 

equation by using Roth fixed point theorem in 1L  space, then we use the Laray- 

Schauder theorem we proved that the fractional differential equation has at least one 

solution then we prove the uniqueness theorem by using the Lipschitz condition. Also 

we discussed the stability of the solution and we proved that the solution is uniformly 

stable. 
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