Raf. J. of Comp. & Math’s. , Vol. 8, No. 1, 2011

New Construction and New Error Bounds for (0, 2, 4) Lacunary
Interpolation By Six Degree Spline
Karwan H. Jwamer Ridha G. Karem
College of Education, University of Sulaimani, Iraq
Received on: 30 /8 /2009 Accepted on: 21/2 /2010
ABSTRACT

The object of this paper obtains the existence, uniqueness and upper bounds for errors
of six degree splines interpolating the lacunary data (0, 2, 4). We also show that the changes of
the boundary conditions and the class of spline functions has a main role in minimizing the
upper bounds for error in lacunary interpolation problem. For this reason, in the construction of
our spline function which interpolates the lacunary data (0, 2, 4). We changed the boundary
condition and the class of spline functions which are given by [4] from first derivative to third
derivative and the class of spline function from £-[0,1] to £*[0,1].

Keywords: Lacunary interpolation, modulus of continuity, spline interpolations .
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Introduction:

During the middle of twentieth century of spline has received considerable.
According to Schoenberg [7], the interest in spline functions is due to the fact that spline
functions are a good tool for the numerical approximation of functions on one hand and
that they suggest new, challenging and rewarding problems on the other hand Piecewise
Linear functions, as well as step functions, have long been an important theoretical and
Practical tools for approximation of functions. A notable exception was the work done
by actuarial mathematicians which is called ‘osulatory interpolation’ that began soon
after Hermit’s work on interpolation. To get more information about a spline function,
one can see it in Alberg, Nilson and Walsh’s theory [1]. In the last four decades
Birkhoff [2] has renewed this theory on lacunary interpolation or interpolation by
splines. Lacunary interpolation by spline appears whenever observation gives scattered
or irregular information about a function and it’s derivatives. The data in the problem of
lacunary interpolation has also values of the functions and of it’s derivatives but without

Hermite condition that only consecutive derivatives is used at each nodes.
Mathematically in the problem of interpolating gives us this data a; ; by a polynomial

p,, () of degree at most n satisfying:

p,l,,liii.:',l =a,;,i=12.,m]=012..,m 1)
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We have Hermite interpolation if for each i, the order j of derivatives in (1)
from unbroken Sequence. If some of the sequences are broken, we have lacunary
interpolation

1. Descriptions of the Method: [3, 6]

In this section , we present six degree splines interpolation for one dimensional

and  sufficiently smooth  function  f({x) defined on 1=[0,1], and
A0 =xy<x, <+ < x, =1 denote the uniform partition of | with knots
x.=th, h=— t, = X9 —%h where i =0,2,..,2m and n = 2m + 1. We define

fe s

the class of spline function 5. where 5. denotes the class of all splines of degree six
which belongs to €*[0,1], and n is the number of knots, as follow:
Any element S,(x) € S;. if the following two conditions are satisfied:
(i) §5.,(x) € c*[01]
(i) 5,(x) is apolynomial of degree six in each [x,,%5..,], (@)
1=0,1,.m—1
2. Construction of the Spline Function

If P(x) isa polynomial of degree six on [0,1], then we have [3,6]

P(x) = P(0)A,(x) + P (%]_qi(xj + P(l]_#l:(x}—P"(%}_Ag(x}—P”'(G]A;_[x] + P"(1)As(x)

+ P (DA, (). (3)
where
Aylx) = :—1 (243x% —972x% +1215x% — 495x° — 52x + 61) )

A, (x) = = (—729x% + 2916x5 — 3645x% + 1485x% — 27x)
1 122

A (x) = - (243x°— 972x% + 1215x* — 495x% + 131x)
1

Ag(x) = 7 (—81x® +324x° — 405x* + 22627 — 64x) P (4)
Ay (x) = 7 (—2835x° + 9693x° — 11430x° + 5490x° — 935x% + 17x)

A(x) = ﬁ (405x° + 27x° — 720x*+ 395x% — 107x)

A x) = E_E;SD (—3645x° + 11286x° —9990x~ + 3155x~ — 306x) ).

In the subsequent section we need the following values:
For f £ €*[0,1] we have the following expansions [3,6]

F(Xp052) = f(x3) + 2R F () + 2 R°f"c3) + < B f (x5) += A ¥ (x) +
2 = 3

E'-f~(—01-) Xa 01: Xaian

f(x3-2) = flx2) — 2k f (:‘IAI]_Z;:J" ) -=Hf (x5) + = h* ¥ (xy) —
I AR LE .
e Drai ) X2 <Daz3 < X
18 / ( __) 2im2 23 3

F(ts) = fx2) + 2 hf (x3) + 2 R f"teyp+ = I F (x2) + == h* f¥(x,,) +

- - : i 4 ) c4 -t -

— hS £A5 \
3645 1+ (03.:) Xo; < D3 <t
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f(taoz) = flx;) ‘%" f (x3) —E h* f"(xyy)- _ i f (x5 .—v. 9 (xy) —
}:g: h® f¥(0,0:) taioa < 0,: o
£t = £ () + 3R (03 + 303 Ty S P () + R4 9 (05,
s OS:. <t,
f(t)=f (x; )-?U‘ (x5:) -il":f/‘ (X )= £ (9¢.2:)
Xy < Qg <1
f'(tx-2)=f (x2) =z hf (x; ]°§ R (- 1 F5(0)
a2 < 05 < Xy
f (-":-—:)=f (x2) + 2hf @ (x5) +2R%F 5 (05, Xy < Dgny < Xgs2
f (x32)=f (‘:)—""’f’ X)) T2 f :'(O;-} X3im2 < Og X2
Fl (f: ) = ¥ (x5) ";jf’f (9402 ) Xy < Qg0 < Ty 5)
o 4 4
F ¥ty ) = £ () — E”f [';3]-11 2 } taimn < 0qq0; < Xy
Flty)=F (x5 _E-hf:éj[x::'j T ;h:fl:a@ﬂ.::-’” Xgy < Dyzp < Ly

3. Existence and Uniqueness:

In this section we prove the following theorem about the existence and
uniqueness of the spline function 5.

Theorem 1:

Given arbitrary numbers f[x::.]Jf':-"?'[r::.],i =01,. m—1;r=0,2,4 and
f (xg),f (xa,,) there exists a unique spline 5, (x) € 5%, such that
Sy (2) :f[1'~ ) . i=0,1,.

S = F) i =01, m—1L;r=0,2,4 (6)
gﬂElﬂj - f (:"E-:Iign (lﬂmj - f "(1.3.1.".)
Proof:

The proof depends on the following representation of 5, (x) for 2ih = x = (2i + 2)h,
i=10,1,..,m— 1. We have
$a(0) = fle2) 40 () + £ (8204, (5

8}1,35”(1':;-)_;4.;_[ — j—s;ﬁgn (2, )4 (5

)+ Flraea) A (50) 4R (104 (50 +

; j—lenffﬁ?(r:;.)_qﬁ[ ). ()

On using eq.(7) and the conditions
S0 =F (0),5,(1)=7F (1. (8)

We see that 5, (x) as given by (7) satisfies (2) and is sextic in [x,.,x,..,], i=0,
I, ..., m-1. We also need to show that whether it is possible to determine
5.,i=12,..,m—1 uniquely. For this purpose we wuse the fact that
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SE!;-:I(I::-_j = S_,E_*-"[:L-::._j i=1,2,..,m— 1: where 5‘_,'5_;"-'[1'3:-_) =lim__, + 5‘;'[1) and

557 (epn) = lim, - 5% (), with the help of (7) and (8) reduced to )
2 F ) - 2 F () +
fuud—ih‘fw)—%f‘&ud—:mf‘w) 9)

i=1,2,.,m—1 Equation (9) is a strictly tri-diagonal dominant system
which has a unique solution (see [5] ). Thus 5, (x,.),i = 1,2, ...,/ — 1 can be obtained
uniquely by the system (9) which established Theorem 1.

376 1a

_zhaj E:}Lﬂ H:I_
J&45

s, [1,.)——“"5 [1,. ) =

4. Error bounds:

In this section, the upper bounds for errors studied first helping results of the
following:

Lemma 1:
Let uswrite B, = |5, (xs) — f (x|, thenfor f € €[0,1], we have

maxB,, H%.ﬂ w (f ] fori=12,...m—1 (10)

where w [-’FIE%J = max {|f':.5." (1) _ ( )| | — ,'l l}

™

Proof:
From (8) we have
_ 376

—21% (S, (02im2) = F (w2in) ) + 1 (5 (aq ) - f u« )+

(S, (auen) = (2002)) = o F2) = T £ (82) + 5 F (i) = 2o BF (22
3 () —%h*f':*-'(r«) 2 (aged) 2 () —;—fw”fc«-ﬁ_:)
=—r1f a_}——r‘f @1«}——r‘f ':'5*1} 4h® (8 ['3311.::'3I

148 . . 487 o 1

—.ﬂ s Fls) (D ) + 4hsf (05.2:) —ah“f‘h' (@) = S70 EW [fh JE): ey =1

The result (10) follows on using the property of diagonal dominant [5].
Lemma 2:
Let f € CE[G 1] then

S (e = O )| 2 22 hw (£9:2), (11)
5# () — £ (x:;-:l\ < B (72,2), (12)
|5, (620 = F (82| = = htw (£, 2), (13)
|57 (t2) = (62| £ oz k2w (F9), (14)
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and
58 ()| = Zlntw (£, (15)

Proof:

From (7) we have

}‘1_5;_( __) _ 3% f[ , :I :U:Eahf(tﬂ :l 3645 f(ln _,..) _i1 [fq ) 254 35( . ) _

ks, (1«_)—:::ﬂf‘(f«)
Hence
(5 () = F9 (1)) = ok F O (82) + ok F(012) — 2157 P (022) -
O (Byg) — = h [@S_ }—%:«_3 (50020 = F (20 = 2= Ho (S ezes) -
flagen)) =ﬁh5a:w (f'if-"_:%]—§h3 (5.0e2) - f"‘(x:;.)]—;—ﬁn (S, Ceaen) —

flrge)), lagl=1

By using (10) , we get (11). The proofs of (12)-(15) are similar, and we only
mention that

R (S5 (ay, ) = —2h%S ) (xcy_,) + 2135 ) (x0,) — 3R F ¥ (£,,_,),

R 540 310 270
RS, (t) = = f(x: )—ﬁftrg—aﬂ o) =G S () = S ) -
Sn(aan) — o h*F (1),
128 585 134 , . 424 .
hS () = = ——F(wa) + 5 F (k2 )—mff 3_;. el Rf (0) + 5o B9 (02) +
RS, () + oo hRS, (),

and

e i) 10935 32805 10935 645

hes > (ty) = 244 flaeg) — 488 fle) + 41-8"8 x4, :'_ 122 h* f(fﬂ:'_
_j:;;ﬁg;(l-:ij T :‘_;_;}4_35?! (25:20) — == _f - (t2:)

Theorem 2:

Let f € C5[0,1] and S,(x) € S;. be a unique spline satisfying the conditions
of Theorem 1, then
S = £ () H < NS S (P +2m 9], 1=0, 1, 2,3, 4

where |f':E-" =’max{|f [1]| 0=x < l}

Proof:
For 0 = v =< 1, we obtain

Ap(y) + A v + A (y) = 1, (16)
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Let x,, < x < x,.... Onusing (16) and (7), we obtain
S =) = (5P 00) - 9 )4, (52) + (5P (80 - 90 ) 4, (52) +
[Svl-_ (x5 - (1)] 4 ( ] T 4h SIE (t2:)A (A;ih] =E+E+E+E (17)

From (3) it follows that:

A, =1, 4y (x) =1, |4, (x)| =1 and [Az(x)[=1on 0= x=1
Since f¥(x)=Ff "(Lj—(a—aﬂjf NOy30:) %y £ 0yg0 S
Ey= (5.7 () = FY @) 4 (57) =
40 (57 (557 ()~ ¥ () — (x = 10, ) (B33, )
Onusing (2) and |x — x,;| = 2k, we obtain
Bl < 2 hw (£:2) + 20 £ (18)
Similarly,
Bl = 20 hw (£ 2) + 2] £, (19)

and
E, = (5.7 (60 - f¥(x)) 4, (tf”) _4, (1‘ —2ih

fl:;".'(i‘t'::) —(x— i:;‘)fl:s'.' [:@13-35}:" @
From (5) we obtain
Fe) = F ¥ ) =

Substitute this result and (12) in (20), we obtain

'(:'3'1&.::}! and 55_;"-'[1“3;-:' - ¥ =0.

r.-:|||.'|

B2l < 2hw (f:~) (21)
E, = ‘1'}‘-:5:56}[?:5)-’4-3 (A;ih]: (22)

From (15) in lemma 2, we obtain
B === hw(F®0) (23)
Putting (18)-(23) in (17) we obtain

S0 =0 )] < b (93 2) + 19 @
This proves Theorem 2 for r=4. To prove Theorem 2 for r=3, since

5@~ FP ) = [ (570~ FU A+ S, (t) — f (82).

On using (14) and (24) we obtain

570~ FO | S BRI (£957) + el =
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Which proves Theorem 2 for r = 3. To prove Theorem 2 for r = 2, since
51« (x) _f"Ex:' = J?Eilng (£) = fl:g'.' (£))dt+ 5“ (tz:) — f"(r:: )
Since S, (t,.)— f (t,,) = 0, and using (25) we obtain
£
Which proves Theorem 2 for r = 2. To prove Theorem 2 for r = 1, since
51« () —f (x) = ff(gl«:(f:' _fl::'.'(r))ﬂrf _5?.! (t2:) _f.(r:::'-

Since S, (t,.)— f (t,.) = 0, and using (13) and (26), we obtain

Wi w [f'if-"_:l] + 16k3

m.s

CRORTEGIEE—=

=

——

5.6 = £ (0 < Z 5 wéw (£95) + 320 7|

74115 \ m./ e

This proves Theorem 2 for r = 1. To prove Theorem 2 for r = 0, since
S0 —flx)= f(i« (1) — f.(f:':'dr T 5, (t) — F(t),

5, (t,,)— f(t5;) = 0,and using (27) we obtain

15,(0) — F)l = == hiw (£ =) + 64n®| £
145451 ‘llI-Eu’

15, (x) — f(x)l = mew (f'“l“] + E’m_E| f':E-"|

2371880 o

This completes the proof of theorem 2.
5. Numerical Results:

(26)

(27)

This Section present numerical result to evaluate the maximum error bounds of
the spline and it’s derivatives which constructed in eq. (3) and also in [4] that showing
minimizing error bounds as practice by changes boundary condition and the class of
spline. Tables (1-4) in below shows the maximum absolute error between the spline
function and it’s derivatives which defined in (3) but tables (5-8) shows the maximum
absolute error between the spline function and it’s derivatives which defined in [4], and
also we obtain the really, that is the spline function defined in (3) better to use for

interpolating (or approximating) f () than the spline which defined in [4].

Problem: See [4] Consider the function f(x) = xexp (x)and n=9.

Table 1. Absolute maximum error for 5,(x) and it’s derivative.

X 115, () — £ (x) ] |50 () — £ (2] [15.(x) = £ (2]

0 0 0.040999999950664*10° 0.114299999998124* 10

0.125 | 0.71370023779771*107° 0.005220108567627*10°° | 0.082786173249971*10°°

0.25 0.414490441968951*10° 0.100777041822653*10° 0.400793695698454*10°

X IS5 () = £ ()] [s& - 2w [s& - P

0 0 0.075808000000% 102 2.2236800000000* 102
0.125 | 0.106238650823265*10™* | 0.683054349341*10°° 1.4790678032516* 102
0.25 | 0.454875148401257*10* | 1.639703922900*10° 7.4543637610642* 1072

43



Karwan H. Jwamer and Ridha G. Karem

Table 2. Absolute maximum error for 5, (x) and it’s derivative.

X |5, (x) — fF(x)] |5,() = F (=) |5, (x) = F (=)
0.25 | 0.058984558792829*10° | 0.045201727649768*10™° | 0.415491351946074*107°
0.375 | 0.148453526804815%10° | 0.089293177252259 *10™° | 0.080846292460635%107°

0.5 | 0.263634310826433*10° | 0.100019980786570*10° | 0.227012467979293*107°

X 5, (o) = £ () |57 - £ 0 [sF@-ro0)
0.25 0.506538898408238* 10~ 1.774618422900* 102 0.5620257610643* 1072
0.375 | 0.424498833044851*107* 0.863774170369*107° 2.1792936427169* 102

0.5 0.134974504488738*10~* 3.319368150576*10° 11.8736588850705* 1072
Table 3. Absolute maximum error for 5, (x) and it’s derivative.
X |5, (x) — Fx)l |5, (x) = £ ()] |5.() = F (=)
0.5 0.187503756410301*10™° | 0.157623001921792*10* | 0.098249250320759*10°°
0.625 | 0.470748411296462*10° | 0.303969272148485*10* | 0.137164324037542*10°
0.75 | 0.964247415469188*107° | 0.488555956184022*10™* | 0.152300216105239*10°
X [EXEETNES] [s:7@ - Fo sPW-rOw|
0.5 0.230847450448657*10° 0.2480718150577*10 2 0.5341011149294* 1072
0.625 | 0.282941004305926*107° 0.2312009375972* 1072 3.6761489443750% 1072
0.75 0.050649797530333*10° 0.2573828910204* 1072 15.4768095522879* 1072
Table 4. Absolute maximum error for S, (x) and it’s derivative.

X |55(x) — Fx) 155(x) — £ ()] 155" (x) — £ ()
0.75 | 0.93110907681604*10~* 0.317171630944024*1073 0.581399940144500% 103
0.875 | 1.37507711833074*10~* | 0.394877268722116*10° | 0.664878086780618*10°°

1 1.92378540954330%107* 0.485963081908736* 103 0.802474622862981*10°

X | Sg (1) _ f_'_'_l(x:]l Ssl_[ﬁ.) _ fl_(l) H S.SIEI:;L) _ f_-(E_'-El.) H
0.75 0.665112702469*10° 0.1712318910204* 1072 0.15153104477122*107*
0.875 0.815543377493*10° 0.4674651910397*1072 0.41167647943299*107*

1 1.224626163818*107° 0.3731382295229* 1072 2.28474170754271*107*

Table 5. Absolute maximum error for R, (x) and it’s derivative.

X Ry () — fF(x)l Ry () — ' (x) 1Ry () — £ ()

0 0 0 0.341182352500000* 10 *2
0.125 0.130721478797250 2.644457893742201 0.390373071046159*10*2
0.25 2.034423779011657 45.512962248671549 9.000514326405780* 102

x IRy () — £ ()] R o -2 SRS

0 0.348774214000000%10** | 1.173445947000000%10*° | 1.971389178000000*10*°

0.125 | 0.141199926749042*10™ | 0.616595361563811*10™ | 0.892676896114178*10*°
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| 025 | 1328433273864577*10* | 1.058246240669791*10° | 0.186035512133438%10°°

Table 6. Absolute maximum error for R, (x) and it’s derivative.

X IRy (x) — F(x)l Ry (x) — F'(x)] IRy (x) — F" ()
0.25 | 0.603113531229562*10*° | 0.496103988141148*10** | 2.188102389625005*10**
0.375 | 1.396039284183429*10*% | 0.775899877302860*10** | 2.326997000275429*10"*

05 2.551302063985349*10"° | 1.075349478740606*10"* | 2.478581697817677*10"*

X IRy () — £ () ECEAL] ECEER
0.25 | 0.778891494864570*10** | 6.824478543580213*10"° | 1.191572722136656*10""
0.375 | 1.353758044368026*10™ | 1.083268737250599*10™° | 0.073666840817114*10%"

0.5 2.335363227444772%10"* | 4.982807602457182*10"° | 1.044239057296699*10""
Table 7. Absolute maximum error for R, (x) and it’s derivative.
X IR, () — f(x) RS () — F' ()] Ry (x) — £ ()
0.5 0.830464555149896*10*° | 3.296993905180940*10*° | 7.268974788093231*10*°
0.625 | 1.300877868285046*10™° | 4.241133823374287*10™° | 7.827124902395661*10%°
0.75 | 1.893623383824973*10"° | 5.254443003390334*10*° | 8.382096940382363*10*°
X IRY () = £ ()] R0 - 2@ RO - o0
0.5 4.964680029755498*10%° | 1.803210009245722*10*® | 3.147259853203301*10"
0.625 | 4.401176946787137*10™ | 0.286975244362445*10® | 0.197036549111649*10""
0.75 | 4.145543461874368*10*° | 1.310618645750083*10"® | 2.753186777275012*10""
Table 8. Absolute maximum error for R, (x) and it’s derivative.

X |R; (x) — fx)l Ry () — £/ () RS (x) — f" ()l
0.75 | 5.434462147228640%10"° | 0.631910510663058*10%® | 2.678862080328076*10*°
0.875 | 4.406875618723612*10™ | 1.036309377388700*10™ | 3.836308395394652*10*°

1 2.775914504818287*10"° | 1.603572860436344*10" | 5.292958127154512*10%°

x IR () — £ ()] EISEAS]| RY0- o0
0.75 | 0.825180448593744*10*7 | 1.370223304424992*10"7 | 6.904428095224993*10""
0.875 | 1.039028672322542*10"" | 1.960384008048292*10"" | 2.538143141910770*10%"

1 1.292535382687269*10"" | 2.004759090859086*10"" | 1.828141840969094*10""

6. Conclusions

45

In this paper, we conclude that the changes of the boundary conditions and the
class of spline functions together affect on minimizing error bounds in the subject of
lacunary interpolation by spline functions theoretically and practically, also we can use
in the further the same idea for different lacunary data for example (0,1,3), (0,3,5) ...etc.
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