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ABSTRACT

For a wheel W, and a cycle C; the composite graphs W, [X C, is constructed
from the union of W, and C; and adding the edges u,u,,u,v,,v,u, and v,v, , where
u,v, is an edge of W, and u,v, is an edge of C,. The n — diameter , the n — Hosoya
polynomial and the n — Wiener index of W, X C, are obtained in this paper.
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1. Introduction:

For the definitions of concepts and notations used in this paper, see the
references [6, 7 and 8]. Some authors defined the minimum distance between two
nonempty subsets of vertices of a connected graph G by [7]:
d..(A,B)=min{d(a,b):ac A ,beB},
where A and B are nonempty subsets of vertices of a connected graph G.

The n-distance in a connected graph G = (V,E) [4] is the minimum distance from
a singleton vertex veV to an (n-1)-subset S, Sc 'V, that is

d, (v,S)=min{d(v,u): ueS}, 2<n<p,inwhich p is the order of G.
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It is clear that :
d, (v,S)=0; when v €S,
d, (v,S)>1; when v ¢8S.

When n=2 , we get the (ordinary) distance d(u,v).
The n-diameter of G is defined by

8, =58,(G)=max{d, (v,S):ve V(G),|9=n-1,Sc V(G)}. ..(1.1)
The n-Hosoya polynomial of G of order p is defined by
Sn
H,(G;x) =) C,(G,k)x", (1.2
k=1

where C, (G, k) is the number of order pairs (v,S),veV(G),Sc V(G),|9=n-1, such
that d, (v,S) =k, 2<n<p.
One can easily show that [4].
p-1 p-1-degv
Cn(G,l)zp[n _J—VE;G){ 1 ] ..(1.3)
The n-Hosoya polynomial of a vertex v in G , denoted by H, (v,G;x), is
defined [4] by

H,(v,G;x) = > C, (V.G k)x", (14)

k>1
where C_ (v,G,k) is the number of (n-1)-subsets of vertices S such that d, (v,S) =k . It
is clear that

C,(G.K) = 3C, (v,G,K), for1<k<s, (L5)
veV(G)

and

H,(G;x)= D> H,(v,G;x), ...(1.6)
veV(G)

The n-Wiener index of G is defined by
6[1
W, (G) = iHn(G;x)| =2 kC,(GKk).
dx =

In [2], H. G. Ahmed gave the following result :

Lemma: Let v be any vertex of a connected graph G. If there are t, vertices of distance
k>1 from v, and there are t, vertices of distance more than k from v, then

Cn(v,G,k)z(;ljltz]—(nth.# (L7

Definition(1): [1]

Let G,and G, be disjoint connected graphs , and let u,v, be an edge of G; and
u,v, be an edge of G,, then the composite graph G, XIG, is the graph constructed
from G,andG, by adding the edges u,u,,u,v,,v,u, and v,v,. It is clear that
P(G,1 X G,)=p(G,)+p(G,) and q(G; X G,)=0(G,)+q(G,)+4.

To simplify our discussion , we give the following :
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Definition(2):
For every vertex v of a connected graph G and each k, 1<k <3, , we define

N (v) is the number of vertices w of G such that d(v,w)=Kk, and N,(v) is the
number of vertices w of G such that d(v,w) > k.

Finally , it seems to us that it is impossible to obtain the n — Hosoya polynomial
of G;XIG, for any disjoint connected graphs G, and G, in terms of H, (G,;x) and

H.(G,;x).Therefore, in [5], A. M. Ali obtainedH,(G,X G,;x) where G; is a
complete graph and G, is a special graph such as a complete graph, a complete
bipartite, a wheel, or a cycle and in [3]; H.G. Ahmed obtained H, (G,X G,;x) where
G, and G, are wheels W, and W . In the continuation of such work , we take G, as a
wheel W, and G, as acycleCy and find the n — diameter, n — Hosoya polynomial and
n — Wiener index of W, X C,.
2. The n-Hosoya Polynomial of W, XIC,:

The graph G=W,KC, , for aa>6 and B=>4 is shown in Fig. 2.1. It is clear

that p(G) =a + B, q(G)=2a+p+2 and diamG:[BT_lJ+3.

Va—2 uﬂ*:'-
Fig. 2.1. The graph G=W, K C;, a.>6 arHjHS >4

Let V=V(W,)={v,,V,, .. ,v,} and U=V(C;) ={u,,u,, ... ,ug}.
The following proposition determines the n-diameter of G =W, K C,.

Proposition 2.1: For 2<n<p(=a+f) , a>6 and B =4, we have

37—1 +3, for2<n<a-4,

B—;l +2, forao-3<n<a-1,
diam, (G) =| - 1‘

B% +1, fora<n<a+1,

a+2—nJ+1’ fora+2<n<a+pf.
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Proof: For 2<n<a -4, we take Sc{v,,vs, ... ,v, .} and w=ug, (or w=ug,,)
for even B and w=u,,,, for odd . Then, dn(W,S):[BT_lJJrS which is max. of

such values of n .
For a-3<n<a-1, we take Sc{v,,v,,v,, .. v, ;} with |S|=n-1, then

dn(W,S):[BT_lJ+2:diamnG.
Similarly , for a<n<a+1 , we take |S|=n-1 and ScV(W,), then

dn(W,S):{BT_lJH:diamnG. Finally , for a+2<n<oa+fp , we have 2<n—-a <p

diamn(G):diamn_a(CB){WJH:LLE%JH. In this case, we take S

containing V(W,) with the sequence of vertices u,,ug,u,,u and so on to B—1

of vertices of V(C;) . #

B-1> --

3,
SinceH  (G;x) = ZCH(G, k)x*, where §_ is the n-diameter of G determined by

k=1
Proposition 2.1, we shall find C_(G,k), 1<k <3, inordertoget H, (G;x).
Using (1.3) , we get

o] oA

Proposition 2.2: For 2<n<p and a>6 , >4, we have

Cn(G,2)=(B—2)( 3j+(a 3){ 1} (p‘J @ _6){B ] 3@:3
Ay oo LAY e

Proof: From Fig. 2.1, it is clear that N;(v,) =2 and N,(v,) =B—2. Thus, by (1.7)

cn(vl,G,z)z( P J—[B_Z]. ...(2.3)

n-— n-1

N;(v,)=a—-2 and N,(v,)=B—-4.Thus, by (1.7)

C,(v,,G,2)=C,(v,,G,2) = ( j [3_4) ...(2.4)
-1 n-1

N;(v;)=a—2 and N;(v,)=B—-2 . Thus, by (1.7)

C,(v;,G.2)=C,(v,,,G,2) = [ j (B_ZJ. ...(2.5)
n-1 n-1

For i=4,5, ..., a—2,then N;(v,)=a—-4 and N,(v,)=p. Thus, by (1.7)
(P-4} (B
cn(vi,G,z)_{n_lj (n_lj. ...(2.6)

From (2.3) - (2.6) we obtain
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Cn(V,G,Z):(oc—?:)(E:fj (E_j (0— 6)(n J 3([;:3 (E 3 27

Now, we find C,(U,G,2).
N5 (u;)=5and N;(u,)=p-10. Thus, by (1.7)

B B p-5 B p-10
Cn(ul,G,Z)—Cn(uB,G,Z)—(n_J (n—l} ...(2.8)
N;(u,)=4 and N;(u,)=p—7.Thus, by (1.7)
C.(u,,G2)=C 62 =P 3] (P7 2.9

n(u2! ’ )_ n(up—li ’ )_ n—l - n—l . ( . )

For u, ,i=3,4, ...,B—-2,then N;(u,)=2 and N;(u,)=p-5. Thus, by (1.7)

B p-3 B p-5) . B
Cn(ui,G,Z)_(n_J (n—lj’ i=3,4, ...,B-2. ...(2.10)
From (2.8), (2.9) , and (2.10) we get
Cn(U,G,Z):(B—Z)(p_gj—(B )( J 2('[’_7}—2('0_10}. ..(2.11)

n-1 n-1 n-1 n-1

Since C,(G,2)=C,(V,G,2)+C,(U,G,2), then from (2.7) and (2.11), we get
(2.2). #

By the method used in proving Proposition 2.2 , we get C, (G,3).

Proposition 2.3: For 2<n<p and o, > 7, we have

ool ool sl HH
p-7) (p-9) .(p-10) (p-12) (B-7
_(13—8)(n _J—z(n_lju(n_l J—z(n_l j—z(n_J ..(2.12)

Proof: From Fig. 2.1 and by using a procedure that is used in proving Proposition 2.2,
we get:

Cn(vl,G,B):(B_Zj—(B_‘lJ,
n-1) (n-1

p-4) (p-6
C,(v,,G3)=C,(v,,G3) = ( _J [n_lj

voncivon 1)

cn(vi,c;,s):( b J—(ﬁ:ﬂ i=4,5 .., a-2.

Thus,
-2 6
Cn(V,(3,3)=(oc—5)£n El]_(a_&(?]—lj [ﬁ f) [ﬁ J ...(2.13)

Moreover,
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10\ (B-7
C,(4,,6.3)=C, (u,,G.3) =(Fr’]_1 J—[i_l}

7 -12
c..09-c.009 =21 -77%).

Cn(u3’G'3) = Cn(u[}—zve!B) :(p_5J_(p_9],

n-1 n-1
-5 -7
cn(ui,e,3)=(p )—(p j i—45 .. B-3.
n-1 n-1
Thus,

_5 -7 -12 —7
cn(u,G,:s):(B—4)(ﬁ_J—<B—8>[i_J‘Z(E_l J‘Z(ﬁ-lJ

; 2('0_10)—2('0_9]. .(2.14)
n-1 n-1

Since C,(G,;3)=C,(V,G,3)+C,(U,G,3), then from (2.13) and (2.14), we
obtain (2.12). #

We shall obtain C,(V,G,k) and C_ (U,G,k) , for 4 <k <diam (G)=34,.
We assume that 3<n <p, is the order of G, see Fig, 2.1.

It is clear that
N, (v,)=2and N,(v,)=p—-2k ,for 4<k<§,—-2 ,and

N, (v,)= N,(v,)=0,for k=3,-1and 5,>6.
Thus,
-2k +2 -2k
Cn(vz,G,k):(B " J—(B
n-1 n-1

Similarly , for 4<k<3§, -1, (9,25)
N, (v)) =2 and Ny (v,)=p-2k+2,
N5 (V)= N; (v,)=0, therefore , for 4<k <5, we have

C,(v,,G,K)=C, (v,,G,K) =C, (v, ,,G,k) =(B f‘:‘lj—(ﬁ_nz_k; 2} ..(2.16)

j:Cn(va,G,k),for 4<k<3, . ...(2.15)

Finally, for 4<k<§, and i=4,5, ..., a -2
N, (v,)=2 and N;(v,)=pB—-2k +4, thus for 4<k <, , we have
B-2k+6 B-2k+4 .
C,(v;,G,k) = - ,fori=4,5, ..., a-2. ...(2.17)
n-1 n-1
Hence, from (2.15), (2.16) and (2.17), we have
Proposition 2.4: For 4<k <g, and 3<n<p,

Cn(V,G,k)=(oc—5)([3_2k+6]—(a—8)(3_2k+4j—[5_2k+ZJ—Z(B_ZKJ .(2.18)
1 n-1 n-1 n-1

Remark (1): It is clear from Proposition 2.1 that for all values of n ,

144



The n-Hosoya Polynomial of W, 57 C 4

B-1 E+2, for even 3,
B%+3, for odd B.

To find C, (U,G,k), 4<k<3,, we shall consider the main two cases for f3,

namely even or odd .

(a). Let B be even and denoted t=/2:

From Fig.2.1,weqgetfor j=1,2, .., k-3 ,and k=45, .., t-1
N, (u;)=2 and N, (u;)=B—-2k -1, therefore, for k=45, .., t-1

B—2k+1) (B-2k-1) .
Cn(uj,G,k):Cn(uB_H,G,k):( j—( J j=1,2, .., k-3. ..

n-1 n-1
Also, for k=45, ..,t-1,
N, (u,,)=a-3and N;(u, ,)=p—-2k-1, therefore
-2k-4 -2k-1
P — P , for 4<k<t-1.
n-1 1

Similarly , for the same values of k , namely 4<k<t-1,

N, (u,,)=5and N,(u,,)=p—2k—-6 , therefore

p-2k-1 p—2k-6
n-1 j_( n-1

Cn (uk—Z’G! k) = Cn (uﬁ—k+3’G! k) :[

Cn (uk—l’G’ k) = Cn (UB—k+2'G’ k) :(

Also, N, (u,)=4 and N,(u,)=p-2k -3, therefore
p-—2k+1 p—2k-3
n-1 j_( n-1
Moreover , for j=k+1,k+2, ..., B/2 (=t) , we have
N (u;)=2and N (u;)=p-2k-1,for 4<k<t-1.
Therefore , for 4<k <t-1, we get
C.(u.,GK)=C,.(u, .G k):[p_ZkﬂJ—[p_Zk_l]
ne nATRH n-1 n-1 )’
for j=k+1,k+2, ..., B/2 (=t).
From (2.19) - (2.23) , we obtain the following statement .

Cn(uk,G,k):Cn(uﬁ_m,G,k):( J,for 4<k<t-1.

Proposition 2.5: For 4<k<t-1 and 3<n<p, we have

B_2k+11J+2(B_2k_4J+(B—2k+2)(

Cn(U’G’k)=2(k—3)( - p—2k+1j

n-1

n-1 n-—

],for 4<k<t-1. ..

n-1

(2.19)

...(2.20)

(2.22)

(2.22)

..(2.23)

—2(k— 2)([3— 2k —1j _(B-2k- 2)[[3 - 2k1—1j_ Z(p -2k —6}

—2k-3
_z(p ].#
n-1

For the other values of k , we have the following result :
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Proposition 2.6: For k=t,t+1and t+2, 3<n<p, we have:

wewerd ()

(). C,(U,G,t+1) = 2[“_2}
n-1

(. Cn(U,G,t+2)=2(a_5J.
n-1

Proof : (1) For k=t , we have :
N;(u)=1and N;(u,)=0,fori=1.2, ..,t-3,thus
C,(u;,G,1)=C, (uz;,,G,1)=0, fori=12, .., t-3.
N;(u, ,)=a—4 and N;(u,_,)=0,thus
o—4
C,(u._,,G1t)=C (U, ,,G,t)= .
n( t-2 ) ( B-t+3 ) (n—lj
N;(u,,)=4 and N;(u,,)=oa—5,thus
a-1 oa—5
C,(u,Gt)=C, (uy,,, G, 1t)= - .
B N
N;(u,)=3 and N;(u,)=oa—2 , thus
o+l o—2
C,(u,Gt)=C, (u, ,,,G,t)= - .
P (N
Hence , from (2.25.a) - (2.25.d) , we obtain (2.25) .

(1) For k=t+1, we have :

N7 ,(u)=N; (u)=0, fori=12, .., t-2.
C,(u;,G,t+1)=C, (uy,,,G,t+1) =0, fori=1.2, .., t-2.
Nt:+1(ut—1) =o—-5and Nﬁl(UH) =0, thus

5
Co(Uy 1, G t+1) =C, (Uy 1., G, t+1) =(: J.

N;.,(u,) =3 and N;,(u)=a-5, thus

o—2 oa—5
C,(u,G,t+1)=C, (uz,,, G, t+1) :(n—lj_(n _J.
Hence , from (2.26.a) , (2.26.b) and (2.26.c) we obtain (2.26) .

(1) For k=t+2, we have :
Ny, (Uu)=N;,(u,)=0,fori=12, .., t-1.
N:.,(u,)=a-5and N;,(u)=0,thus

Cn(ut,G,t+2)=(a_fJ.

...(2.25)

...(2.26)

..(2.27)

...(2.25.3)

...(2.25.b)

...(2.25.0)

...(2.25.d)

...(2.26.9)

...(2.26.b)

...(2.26.c)

...(2.27.9)

...(2.27.h)

Hence , from (2.27.a) and (2.27.b), we obtain (2.27) . This completes the proof . #
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(b). Let B be odd :

Remark (2): One may check that Proposition 2.5 holds for odd  and for

4sks%,that is C,(U,G,k) isgivenin (2.24) for odd $ and 4£k£—B;1 -

Let t':%,whereﬁ isodd, B>9.

Proposition 2.7: Forodd p and k=t'+1,t'+2 and t'+3, 3<n<p, we have:

%) Cn(U,G,t'+1):(nilj%::fj. .(2.28)
(). Cn(U,G,t'+2)=(§:fj+(z:ﬂ. .(2.29)
. cn(u,G,t'+3)=(“:15j. ..(2.30)

Proof: For each vertex u; , there is no vertex of U which is of distance t'+1, t'+2 or
t'+3 from u;. Therefore , the only vertices of distance t'+1, t'+2 or t'+3 from
each u; are in W, . Moreover , the vertices of U that are of distance t'+1, t'+2 or

t'+3 from vertices of W_ are u,_, , u, and u,,, (and by symmetry u,,, and u,,,).
(I'). For k=t"+1, we have
Ni,1(Up ) =a—5and N, (u.;)=0, thus

-5
cn(ut,1,G,t'+1)=Cn(u,+3,G,t'+1)=(°‘ J. ...(2.28.a)
N;.,(u,)=3and N;,,(u,)=a-5,thus

oa—-2 a-5
C,(u,,G,t'+)=C,(u,,,, G, t'+1) = - . ...(2.28b
B N Aoy -

Nt:'+1(ut’+l) =2 and N:—’+1(ut’+1) =0o- 2 ' thUS
o o—2
C,(u,,,Gt'+1) = - . ...(2.28.c
PN AN e
Hence , from (2.28.a) , (2.28.b) and (2.28.c) we obtain (2.28) .

(). For k=t"+2 , we have

Nt:'+2(ut’—1) = Nt+'+2(ut’—1) =0, thus

C,(u,,,Gt+2)=C, (u,,,;G,t'+2)=0. ...(2.29.a)
N:.,(u,)=a—-5and N/ ,(u,)=0,thus

n-1
Nt:'+2 (ut'+1) = 3 and N:—’+2(ut’+l) = _5 ' thUS

5
C.(Uy, Gt +2)=C, (U, Gyt +2) :(“ j ..(2.28.0)
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~2) (-5
C.(Upy Gt +2)=| | * 72, ..(2.29.0)
n-1 n-1

Hence , from (2.29.a) , (2.29.b) and (2.29.c) we obtain (2.29).

(Hm"). For k=t"+3, we have
Nt:’+3(ut’—1) = N:—’+3(ut’—l) = O ' thUS

C. (U, .G t'+3)=C, (U, G,t'+3)=0. ...(2.30.3)
Nt:'+3(ut’) = N:-’+3(ut’) = O ' thUS
C,(U,,G,t'+3)=C, (U,.,,G,t'+3) =0. ...(2.30.b)
Nt:'+3(ut’+l) = OL—5 and N;r’+3(ut'+l) = O ' thUS

-5
Cn(ut,+l,G,t'+3)=(a J. ...(2.30.0)

Hence , from (2.30.a) , (2.30.b) and (2.30.c) we obtain (2.30).
This completes the proof . #

From (2.18) and (2.24), we obtain C,_(G,k) for 4<k <t-1 foreven 3 as given

next :
C.(Gk)=C,(U,G,k)+C,(V,G,k) , 4<k<t-1,even B,

~ B—2k+6 B—2k+1 p—2k-4 p—2k+1
—(a—S)[ ) ]+2(k—3)( ) J+2[ \1 J+([3—2k+2)[ ) ]

n-— n- n-—

_(a_8)[[3—2k+4)_(B—2k+Zj_Z[B—ZKJ_Z(k_Z)[B—Zk—l]
n-1 n-1 n-1 n-1
p-2k-1 p—2k—-6 p—2k-3
—(B—Zk—Z)[ 11 ]—2[ 11 j—z( N1 j
For other values of k, we have from (2.18) and (2.25)-(2.28):
Cn(G’t):2{[oc+1j+(oc—1}_(&—4}_(&—ZJ_LOL—SJ}_(OL_S)[ 6 ]
n-1 n-1 n-1 n-1 n-1 n-1
4 2
O NN A
o—2 4 2
Cn(G,t+1):Z(n_1J+(a—5)(n_J—(a—8)£n J ...(2.33)

oa—5 2
Cn(G,t+2):2(n _1J+(oc—5)(n_lj. ...(2.34)

The formula (2.31) holds also for odd B and 4<k<t'= % This is required to find

C, (G, k) for other values of k , namely t'+1, t'+2 and t'+3.
Hence, for odd B :

148



The n-Hosoya Polynomial of W, 57 C 4

C.(G,t'+1) = (a—5)(n6_J—(a—8)(n4_1]—2£n2_ J{n"il}(::ﬂ .(2.35)

C.(G,t'+2)= (a—s)(n:]{::f]{z:f) ..(2.36)
, _(a-=3

C.(G,t'+3) _(n _J. ..(2.37)

Now, we can state the main theorem :
Theorem 2.8: For 3<n<p(=a+p), a>8, f>10 we have:

3y 3,
H,(G;x) =Y _C,(G k)x",and W, (G)=>_kC,(G,k)
k=1 k=1
where §, is the n-diameter determined by Proposition 2.1, and C_(G,Kk) is given in

(2.31) for 4sksg—1, for even P; (4sks%, for odd B), and for

k :%,g+l, and %+2, C,(G,k)is givenin (2.32), (2.33) and (2.34), respectively, for
even f; but for k:BTle , % , and B—er5 C,(G,k)is given by (2.35), (2.36) and

(2.37) for odd B. For k=1,2and 3, C, (G,k) is given by (2.1), (2.2) and (2.3),
respectively . #

Remark (3): For 4<a <7 and 4<B <9, one can easily find H_ (G;x) and W, (G) by
direct calculation of C_ (G,k) , 1<k<7.
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