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ABSTRACT 

As a generalization of regular rings, we introduce the notion, of m-regular rings, 

that is for all Ra , there is a fixed positive integer m such that ma  is a Von-Neumann 

regular element. Some characterization and basic properties of these rings will be given. 

Also, we study the relation-ship between them and Von-Neumann regular rings,  -

regular rings, reduced rings, locally rings, uniform rings and 2-primal rings.  
Keyword: m-regular rings,regular rings, reduced rings, locally rings, uniform rings -  
and 2-primal rings.   
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 صخالمل
يوجد عدد   Raعلى أنها لكل   m-ت المنتظمة من النمط كتعميم للحلقات المنتظمة, قدمنا الحلقا     

يكون منتظم. في هذا البحث درسنا المميزات والخواص الأساسية له وكذلك   ma بحيث أن mصحيح موجب ثابت 
, والحلقات المختزلة والحلقات -والحلقات المنتظمة من النمط   m - العلاقة بين الحلقات المنتظمة من النمط 

 المحلية والحلقات الموحدة. 

, حلقات منتظمة, حلقات مختزلة, حلقات محلية, حلقات  m-: حلقات منتظمة من النمطكلمات المفتاحية 
 -موحدة, حلقات موحدة من النمط

1- Introduction 

Throughout in this paper, R denotes an associative ring with identity. For a 

subset X of  R, the right (left) annihilator of  X  in R is denoted by r(X) (l(X)). If  

X={a}, we usually abbreviate it to r(a) (l(a)). We write J(R), Y(R), Z(R), N(R), P(R) for 

the Jacobson radical, right singular ideal, left singular ideal, the set of  all nilpotent 

element of  R and the prime radical of  R respectively. 
A right R- module M is called p- Injective, if  for any principal right ideal aR  of R  and 

any right R- homomorphism of aR  into M can be extended to one of R  into M. The 

ring R is called right p- Injective if RR is p- Injective [12]. An ideal I of a ring R is said 

to be essential if and only if  I has a non-zero intersection with every non-zero ideal of 

R. A ring R is called − regular, if for each a in R , there exist a positive integer n and 

an element b in R such that 
nnn baaa =  [7]. A ring R is called reduced if 02 =a   implies 

0=a  for all a in R [10]. A ring R is said to be reversible if 0=ab  implies 0=ba  for 

all a in R [3]. Finally a ring R is said to be right (left) duo if every right (left) ideal is a 

two-sided ideal of R [2]. 
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2-  m - Regular ring 
This section is devoted to give the definition of m-regular rings with some of its 

characterization and basic properties. 

A ring R is said to be Von-Neumann regular (or just regular) if and only if for each a in 

R there exists b in R such that a=aba [8]. 

 
Definition 2.1 [5]: 

        Let R be a ring, if  there is a fixed positive integer 1m  such that for all elements 

a of  R, ma  is regular ( )mmm baaa = . Then we say that R is m-regular, and it is left 

(right) m-regular if ( )1 1m m m ma xa a a y+ += =  for some ,x y R . The ring R is (left 

or right) m-regular if all its elements have this property. 

Examples : 9843 ,,, ZZZZ  are m-regular rings. 

Note: clearly that when  1=m  , then R is regular ring, but the converse is not true by 

the following example : 

Example [5]: The endomorphism ring of ( )pZQG p=  is (left, right) 2-regular but 

not regular. 
Proposition 2.2: 

If  y  is an element of a ring R such that mmm yaaa −  is regular element for a 

fixed positive integer 1m , then a is m-regular . 

Proof : 

Let  mmm yaaax −=  

Since x  is regular, then xuxx =  for some Ru . 

Hence mmm yaaxa +=  

                ( ) ( )m m m m m m m ma a ya u a a ya a ya= − − +      

                ( ) ( )1 1m m m m m ma ya u a y a a ya= − − +    

                ( ) ( )1 1m m m m m ma ya u a y a a ya = − − +
 

 

                ( ) ( )1 1m m m ma ya u a y y a = − − +
 

 

Therefore 
mmm zaaa = ,where ( ) ( ) yyauyaz mm +−−= 11 .■ 

Theorem 2.3: 

A ring R is m-regular if and only if  
ma R  is generated by idempotent for every 

Ra  and for a fixed positive integer 1m . 

Proof:  

Let Ra . Choose an idempotent e in R and there exists a fixed positive integer 

1m , such that 
ma R eR= . Take 

me a b=  for some Rb , then 
ma ec=  for some c 

in R, so 
m m mea a ba=  and .m mea e ec ec a= = = . Therefore mmmm baaeaa == . Thus R 

is m-regular.  

Conversely: It is clear.  
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Theorem 2.4: 

If  R is m- regular ring without zero divisor element, then R is a division ring. 

Proof :  

Let Ra0 . Since R is m- regular ring, then there exists b in R such that 
mmm baaa = , then 

( ) ( )( )mmmmmmm baaabaabaaa −=−=−= − 110 1 . Since 0a  , then ( ) 011 =−− mm baa . So  

( )( )

( ) 01

012

=−

=−−

m

mm

baa

baaa

   

So 01 =− mba  

Thus mba=1 , implies that ( )11 mba a−= . 

Hence a is a left invertible. Now, since ( )11 mba a−= . Then ( )1ma a ba a−= . Hence 

( ) ( )11 0maba l a−−  = . So ( )11 ma ba −= , implies that a is a right invertible. Therefore R 

is a division ring. ■ 

Theorem 2.5:  

If  P is a primary ideal of a ring R , and if pR /  is m-regular, then P is maximal. 

Proof :  

Let Ra , then pRpa /+ . 

Since pR /  is m-regular ring, then there exists  pRpb /+  such that 
mmm papbpapa ))(()( +++=+  

             pbaa mm += . 

So  pbaaa mmm − , thus  ( ) pbaa mm −1 .  

Suppose that  pam  , then ( )1 ,
nmba p n z +−   . 

Now, ( ) ( ) ( )1 1

1

1 1 1
nn k m km n m m

k
k

ba c b a a p
− −

=

 − = − − 
  
 . 

Let  ( ) ( )1 1

1

1
n

k m kn m

k
k

z c b a
− −

=

= − . 

Then pzam −1  and so ( )( )papzp m ++=+1 . Therefore ma p+  has an inverse and 

hence   is a division ring . Therefore P is maximal.  

Theorem 2.6:  

Let R be a ring with ( ) ( )mm arar +1  for a fixed positive integer 1m  .Then R is 

m-regular if  ( )arR /  is m-regular. 

Proof :  

Suppose that ( )arR /  is m-regular ring, then for any ( ) ( )arRara /+ , there 

exists ( ) ( )arRarb /+  such that  

( )( ) ( )( ) ( )( ) ( )( )
m m m

a r a a r a b r a a r a+ = + + +  

( ) ( ).m m ma r a a ba r a+ = + So ( )m m ma a ba r a−  . 

Hence ( ) 0=− mmm baaaa  
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That is  ( ) 011 =−+ mm baa  

So ( ) ( )mmm ararba − +11  

Hence ( ) 01 =− mm baa  

Thus mmm baaa = . 

Therefore R is m-regular.  

 

Recall that, a ring R is called bounded index of nilpotency [4] if there  exists a positive 

integer n such that 0=na , for all nilpotent elements a in R. 

As a result of Theorem 2.6 we obtain the following corollary: 

Corollary 2.7:  

A ring R is m-regular if and only if R is bounded index of nilpotency and R/r(a) 

is m-regular for all Ra . 

Theorem 2.8:  

Let I  be an ideal of R. If  IR /  is a right m-regular and I is a right n-regular. 

Then R is right mn-regular. 

Proof :  

Let Rx  , then IRIx /+ . 

Since IR /  is right m-regular, then there exists IRIy /+  such that: 

( ) ( ) ( )11
++=+

+
yIxIx

mm
 which implies that Iyxx mm +=+ +11   and hence  

Iyxx mm − +1 . Since I is right n-regular ideal, then there exists Iz , such that 

( ) ( ) zyxxyxx
nmmnmm 111 +++ −=− , implies that  

( )
( )

2
1

1 1 2 1

2!

m
n

mn mn m mn m
x y

x x x y x x y

+

− + − +− + − + =  

( ) ( ) zyx
yx

xyxxx
nm

m
mmnmmnmmn












+−+−

++
+

−+++ 11

21
21

!2
  

Then

zyx
yx

xyxxx

yx
yx

xyxxx

nnmmn
m

mmnmmnnmn

nnmn
m

mnmmnmn









+−+−

+−+−=

++++
+

−+++

+
+

−+−

11
222

21

222
211

!2

!2





 

So



























+−+−

+−+−

=
++

+
−−

−
+

−−

+

zyx
yx

xyxx

yx
yx

xyx

xx
nnm

m
mmn

nn
m

m

mnmn

1
222

31

1
222

31

1

!2

!2





 

Thus yxx mnmn 1+= , 

where 
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zyx
yx

xyxxyx
yx

xyxy nnm
m

mmnnn
m

m









+−+−+−+−= ++

+
−−−

+
−− 1

222
311

222
31

!2!2
  

Therefore R is a right mn-regular .  

Proposition 2.9:  

Let R be a ring in which every maximal right ideal is m-regular. Then R is right 

non-singular ring if  ( ) ( )arar m   for all Ra  and a fixed positive integer 1m . 

Proof:  

If  ( ) 0RY , then there exists ( )RYa0  such that 02 =a . First suppose that 

( ) RaraR + . Thus, there is a maximal ideal M such that ( )aR r a M+  .Since M is 

right m-regular , then there exists bM and a fixed positive integer  1m   such that 

baa mm 1+= . It follows that   ( ) 01 =− abam , that is ( ) ( ) ( ) Mararab m −1 . Hence 

M1 , a contradiction. Therefore ( ) .RaraR =+  In particular, 1=+ dar  for some 

r R  and ( )d r a .Then ara =2 . Thus 0=a , that is ( ) 0=RY .  

Proposition 2.10 :  

Let R be m-regular ring, then ( )RJ  is nilideal. 

Proof:  

Let )(0 RJa , then )(RJam  . Since R is m-regular, so there exists c R  

such that 
m m ma a ca= . 

Hence ( )1 mca−  is invertable, so there exists Ru  such that ( )1 1mu ca− = . It 

follows that ( ) 0m m m mu a a ca a− = = . Thus a is nilpotent element .Therefore J(R) is 

nilideal.  

Corollary 2.11:   

Let R be a reduced m-regular ring. Then ( ) ( )0=RJ . 

Proof :  

If  ( ) ( )0J R  , then there exists ( )RJa  with Rb  such that ,mmm baaa =  

then 0=− mmm baaa . 

Hence ( ) 01 =− mm baa . Since ( )RJa , that is ( )RJam   and ( )RJbam  , therefore 
mba−1  is invertable. 

Then there exists an invertable Ru  such that ( ) 11 =− ubam , implies that 

( ) mmmm aubaaa =− . Thus 0=ma . Since R is reduced. Therefore 0=a .  

Preposition 2.12 :  

Let R be semi-prime m-regular ring. Then the Center of R is right and left m-

regular ring . 

Proof :  

Let 0 a  ( )Cent R , the Center of R, and let 
2 0a = , then 

2 0a R = , which 

gives 0aRa = . Since R is semi-prime, then a=0[6 p. 9.2.7]. Therefore )(RCent  is 

reduced. 
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Now, let )(RCentc ,then there exists  Rb  and a fixed positive integer 1m  such 

that mmm bccc = (R is m-regular).If we set ( )RCentbcd m = 32 . Now, 
3211 bccdc mmm ++ =  

                bbcbcccbbbcccc mmmmmm ==  

                   bbccc mm=  

                   bcm 1+=  

Since R is m-regular , then every element is left and right m-regular, hence 
mm cbc =+1  

( ) ( )( )dccdccdcc mmmmmm 1121 +++ −−=−  

                     ( ) ( )2 2 1 1 1 1m m m m m mc c d c dc c d c d+ + + += − − +  

                     ddccdccdcc mmmmmm 111122 ++++ +−−=  

                     02112 =+−−= ++ mmmmmm cdccdccc  

Since )(RCent  is reduced. Thus 
1 0m mc c d+− =          

Then 
1m mc c d+=  and 

1m mc dc +=  

Therefore )(RCent  is right and left m-regular ring .  

Proposition 2.13:  

Let I be any right ideal of a duo ring  R. Then an element a of  I is m-regular if 

and only if it is m-regular element in the ring R. 

Proof:  

Let a be m-regular element in I, and let b be any element of the ideal (a) 

generated by a in R. Then we have iiavuavuanab +++=  , where n  is a positive 

integer  and u and v are elements of R. Since a is m-regular element then there exists an 

element Ix  such that 
mmm xaaa = , 1m  is a fixed  positive integer. 

Consequently 

[ ]m m

i ib na ua av u av= + + +  

( ) ( ) miiavuavuana +++=  

 ( ) ( ) ( ) ( )
( )

( )

2

1 2

2!

m m m i i

i i

m

i i

av u av
na ua na ua av u av na ua

av u av

− − + 
= + + + + + + +

+ + 

 

 

Hence we have b ( )a ', where ( )a ' denotes an ideal generated by a in I. Therefore b is 

m-regular and the element a is m- regular element in R. The converse part is clear.  

Proposition 2.14:  

A ring R is m-regular ring if and only if ( )mar  is direct summand with every 

principal left ideal for a fixed integer 1m . 

Proof:  

Suppose that ( ) RRaar mm = , for every a in R and a fixed  positive integer 

1m . In particular 1=+ mbax , then 
mmmm abaaxa =+ . S0 

mmm baaa =  .Therefore R 

is m-regular. 
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Conversely: Assume that R is m-regular ,then for each a in R mmm baaa =  for some b 

in R, then ( ) .01 =− mm baa So ( ) ( )mm arba −1  . Now, since ( )mm baba −+= 11  then 

( )mm arRaR += . Now to prove  ( ) 0=mm arRa  . Let ( )mm arRax  , then mRax  

and 0=xam  and so mbax = for some b in R then 0=mmbaa . So 0=ma . Therefore 

x=0.  

3- The Relation between m-Regular Ring and Other Rings 
 In this section we give the relation between m-regular rings and regular rings, 

reduced rings, local rings , regular−  rings and uniform rings. 

Proposition 3.1 :  

Every reduced regular ring is left and right m-regular ring. 

Proof :  

    Let R be a regular ring, and let  , then there exists an element Rb  such 

that abaa =  ,then 0a aba− = . It follows that ( )1 0a ba− = , that is 

( ) ( ) ( ) ( )1 mba r a l a l a−  =  . Hence ( )1 0mba a− = . So 1m ma ba += , that is R is left m-

regular ring. Now, ( )1 0ab a− = , implies that ( ) ( ) ( ) ( )1 mab l a r a r a−  =  . Thus 

( )1 0ma ab− = . So 
1m ma a b+= .Therefore R is right m-regular ring.  

Corollary 3.2:  

Let R be a ring whose maximal right ideals are right m-regular. Then R is right 

and left m-regular, if ( ) ( )arar m   for all Ra , and a fixed positive integer 1m . 

Proof:  

Let Ra0 . We claim first ( ) RaraR =+ . If not, there exists a maximal 

right ideal M containing ( )araR + . Since M is a right m-regular ideal, then there exists 

Mb  such that baa mm 1+= . It follows that ( ) 01 =− abam , that is 

( ) ( )ararab m −1 , then ( )arab−1 , since Ma  then Mab  and so 

M1 ,contradiction. Therefore ( )araRR += . In particular dar +=1  for some 

Rr  and ( )ard  . Hence adraa += 2
 implies raa 2=  and then by Proposition 

(3.1) ,R is a right and left m-regular ring.  

Proposition 3.3:  

Let R be a ring whose maximal right ideals are right m-regular. Then every right 

R-modules is p- injective if ( ) ( ).arar m  , for all Ra . 

Proof:  

By a similar method of proof used in Corollary (3.2) , we have raa 2=  for some 

r in R, then araa = . Now, let LaRf →:  be any right R- homomorphism, and let 

( ) Lyarf =  [L is an R- module]. Then for any Rc ;   

( ) ( ) ( ) yacacarfaracfacf === . This means that every right R-module is p-

injective.  

Lemma 3.4: [9] 

If  R is a right p-injective, then J( R) = Y( R). 
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Corollary 3.5:  

Let R be  m-regular ring. Then r(a) is essential in R for any a in R, if the set of 

non units elements is an ideal of  R, with ( ) ( )arar m   for a fixed positive integer 

1m . 

Proof:  

Let S be the set of non units element . Then S is contained in unique maximal 

ideal M by (p.158 in [11] ), that is; J(R) is a unique maximal left ideal of R. Hence 

RRa   and )(RJa , and J(R) is m-regular ,that is J(R) is a right m-regular and hence 

by Proposition(3.3) R is p-injective  module, which implies that J( R) =Y( R) by Lemma 

(3.4). So, )(RYa , therefore r(a) is essential.  
 

Recall that, a ring R is said to be uniform if all non zero- ideal of  R is essential. 
 

Recall that, a  ring R is said to be local [6] if it has a unique maximal ideal. 
Proposition 3.6:  

Let R be a right m-regular ring, satisfies ( ) ( )arar m   for all Ra . Then R is 

local ring if and only if R is uniform ring. 

Proof:  

Let R be a right m-regular , if  R is local, then for all non- zero element Ra  

, aR  essential . Now, if RaR  , then there exists a maximal ideal M such that MaR  

and since R is local ring , then M=J(R) that is )(RJa , then every ideal is right m-

regular and by Proposition(3.3).That is R is right p-injective and by Lemma (3.4) ,we 

have )(RYa , that is r(a) is essential for every Ra  and hence R is uniform ring. 

Conversely: Assume that R is uniform , that is r(a)  is essential for every Ra  , and 

hence  )(RYa . Since R is right m-regular and by Proposition(3.3).That is R is right 

p-injective and by Lemma (3.4) ( ) ( )Y R J R= . Thus )(RJa . Hence (1-a) is 

invertible. Therefore R is local ring by [6, Proposition 10.1.3].  

Proposition 3.7: 

Let R be a reversible ring. Then R is reduced ring if every maximal essential 

right ideal of  R is right m-regular. 

Proof :  

Let Ra0  such that 02 =a  . If there exists a maximal right ideal M of  R 

containing ( )ar , then M must be an essential right ideal. Otherwise ( )erM = , 

Ree = 20 , since R reversible, then ( ) ( )a M r e l e = =  hence 0ea =  and we 

get ( ) ( ) ( )e l a r a M r e =  =  that is 02 =e , contradiction. Hence M is essential 

and  so M  is right m-regular, then there exists Mb  and an integer 1m  such that 

baa mm 1+=  . 

It follows that ( ) 01 =− abam , that is ( )marab−1  since R is reversible. Then 

( ) ( )arar m = , so ( ) Marab −1 , and we get M1 , contradiction. Therefore R is 

reduced.  
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Theorem 3.8: 

Let R be local ring. Then R is m-regular if and only if R is -regular ring with 

bounded index of nilpotency. 

Proof :  

Let R be m-regular ring. Then it is obvious that R is  -regular with bounded 

index of nilpotency. 

Now, let Ra , then if  RaR  , then there exists a maximal ideal M such that 

MaR .Since R is local ring, then ( )RJM =  that is )(RJa  and by Proposition 

(2.10), ( )RNa , that is there exists a positive integer n such that nnn baaa == 0 . But 

R has property bounded index of  nilpotency. Therefore R is m-regular ring. Now, if 

RaR =  and RRa =  (Since R is locally). 

Then  1=ar  and 1=ca , for some Rrc ,   

That is ara =2
 and aca =2

 

Hence raa mm 1+=  and 
1+= mm caa , for a fixed positive integer 1m . That is R is right 

and left m-regular . Therefore R is m-regular.  
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