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ABSTRACT

The aim of this paper is to introduce and study a new class of topological groups
called PO-topological group. By using some nonstandard techniques, we investigated
some properties of P6-monads in PO-topological group.
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1- Introduction:-

In 1982, Mashhour A.S.et al [6], defined a new version of nearly open sets

which is significant notion to the field of general topology called preopen sets .
There are several important concepts in topology in which can be defined in terms

of preopen sets.

In 2000 Dontchev J.et al[3 ] introduced the concept of pre -8-open sets ,
in this work we use the notion of pre -6-open sets to define and study a new type of
topological groups called PO-topological group, also we study some properties of
PB-monads in Po6-topological group. For this investigation, we need the following
basic background in general topology and nonstandard analysis.

2- Basic Backgrounds in General Topology:-

Throughout this work, (X,t) or (simply X) denotes a standard topological space on
which no separation axioms are assumed unless explicitly stated, we recall the
following definitions, notational conventions and characterizations.
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The closure (resp., interior) of a subset A of a space X is denoted by CIA(resp. IntA).

Definition 2.1: A subset A of a space X is said to be
e preopen set [6] if and only if Ac IntCIA.
e P -openset [2]if and only if Ac ClIntCIA.
e preclosed set[2] if and only if X% Ais preopen set. Equivalently, ClIntAc A.

e B-closed set[2] if and only if X% A is 3 -open. Equivalently, IntClIntAc A

e 0-open set[2] if for each xeA, there is an open subset G of X such that
xeGc CIGc A

e pre-0-open set[2] if for each xeA, there is a preopen subset G of X such that
xeGc pCIGCA.

e sp-0-open set[2] if for each xeA, there is a B -open subset G of X such that
xeG c BCIG c A.

e pd-open set[4] if for each xeA, there is a preopen subset G of X such that
xe G c pIntpCIG c A.

e 0-closed if and only if X% Ais 0-open set.

e poO-closed if and only if X% A is pre-0 -open set.
e sp-0-closed if and only if X% A is sp-6 -open set.
e pd-closed if and only if X% A is pd-open set.

The intersection of all pre-closed (resp., B -closed) sets containing A is called
pre-closure (resp., p -closure) and denoted by pCIlA(resp., BCIA).

The intersection of all 0-closed (resp.,p6-closed,sp-6-closed, and po-closed) sets
containing A is called ©-closure (resp.,p0-closure, sp-6-closure, and pé-closure) and
denoted by CleA(resp., pCleA, spCleA, pClsA).

The family of all pre-open(resp., p- open, 6-open,pre-0-open, sp-6-open, and pd-
open) sets of a space X is denoted by PO(X)(resp., BO(X), 60(X), POO(X), SPOO(X),
and P6O(X) ).

The family of all pre-closed(resp., B- closed, 6- closed,pre-0- closed, sp-0- closed,
and pd- closed )sets of a space X is denoted by PC(X)(resp., BC(X), 6C(X), POC(X),
SPOC(X), and P6C(X) ).

Definition 2.2[4]: A topological space (X,t) is called p-regular(resp., p*-regular) if
and only if for each xeX and each closed (resp., preclosed )set F such that x¢F, there
exist two disjoint preopen sets A and B such that xeA and FcB.

Definition 2.3 [2]: A space X is extremely disconnected if the closure of every open
set is an open set.

Theorem 2.4 [1]: Any union of pre-0-open sets is a pre-6-open set.

Theorem 2.5 [1]: For any space X, the following statements are true:
1) Every pre-0-open set is preopen set.

i) Every 0-open set is pre-6-open set.

iii) Every pre-6-open set is pd-open Set.

Theorem 2.6 [1]:

192



Pé&-Topological Groups in Nonstandard Analysis

1) If X'is extremely disconnected, then POO(X)= P5O(X).
i) If X is p —regular space , then t < POO(X).
iii) If X is p* —regular space, then PO(X)=P60O(X).

Proposition 2.7 [1]:Let X1 and X. be two topological spaces and X = X, X X,
be the topological product,
let 4, € PBO(X;) fori=1,2then 4, x 4, € PAO(X).

Definition 2.8: A mapping f: (X,1) — (Y, p) is said to be
i) Pd-irresolute [4], if f *(G) € P3O(X, 1), foreach G € P&O(Y, p).
i) P&**-continuous [4], if f ~*(G) € T foreach G € P3O(Y, p).
iii) completely preirresolute [2], if f~*(¢) € PO(X,1), foreach G € PO(Y, p).
iv) faintly precontinuous [2],if f~*(G) € PO(X, 1), foreach G € 80(Y,p).
v) strongly faintly precontinuous [2], if f '(G)E€®0(X, 1), for each
G € PO(Y, p).

Note that to define a P&-topological group, we introduce the following new type of
continuity in topological spaces called p@-irresolute function, some characterizations
and relations are obtained for this definition.

Definition 2.9:A mapping f:(X,t) — (Y,p) is said to be PB-irresolute at a point
xE X, if for each pre-6-open set V of Y containing f(x), there exists a pre-6-open set U
of X such that f(U) € V.

If f is P6-irresolute at every point X X, then it is called P8-irresolute.

Theorem 2.10: For any mapping f:(X,t) — (Y,p), the following statements are
equivalent

i) fis Po-irresolute.

i) The inverse image of every pre-6-open set in Y is pre-06-open set in X.

iii) The inverse image of every pre-0-closed set in Y is pre-0-closed set in X.

iv) f(pClg(A)) = pClg(f(A)), for each subset A of X.

V) pCly(fH(B)) © f~*(pCly(B)), for each subset B of Y.

vi) f t(pintg(B)) © pintg(f ~*(B)), for each subset B of Y.

Proof: Straightforward.

Theorem 2.11:1f X is extremely disconnected space, then every pé-irresolute mapping
is pB-irresolute.

Proof: Let f:(X,1) — (Y,p) be a pd-irresolute mapping, and let G € PBO(Y). Then,
by Theorem 2.5(iii) we have ¢ € PSO(Y), since f is pd-irresolute function, then
fHG) e PeO(X).

Since X is extremely disconnected space, by Theorem 2.6(i), we get

fHG) € PBO(X).

Hence f is p&-irresolute.

Theorem 2.12: If X is p-regular space, then every pd**-continuous mapping is

p&-irresolute mapping.
Proof: The proof is similar to Theorem 2.11

Theorem 2.13: If X is p*-regular space, then every completely preirresolute mapping is
p&-irresolute mapping.
Proof: It follows directly from Theorem 2.6(iii) and their definitions.
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Theorem 2.14: For any mapping f: (X, 1) — (Y, p), the following statements are true
i) Every p&-irresolute is faintly precontinuous function.

if) Every strongly faintly precontinuous is p&-irresolute.

Proof: The proof is easy, and therefore is omitted.

Theorem 2.15: Let f: X — ¥V and g:¥ — Z be two pé&-irresolute functions. Then the
composition mapping gef:X — Z is pg-irresolute.
Proof: The proof is obvious.

Theorem 2.16:If a mappings f;: X; — ¥, are p&-irresolute for i=1,2. Then, the
mapping h: X; X X, = ¥, X ¥; defined by h(xg,x2)=(f1(x1),f2(x2)) is also p&-irresolute.
Proof: Let Gy ® G, S ¥, x ¥, , where Gyand G, are pre — £-open sets in ¥, and ¥
respectively, by Proposition 2.7 we have &; X G, € PEO(Y; x 13).

Since f; and f, are p#-irresolute mappings, then £, *(G) € P8O (X,) and

£HG) e PAO(X,) and ™G, x G,) = fiH(G) x £71(G) € PAO(X, x X,).
Which implies that h is p&-irresolute.

Theorem 2.17: Let X, Y1, and Y2 be any topological spaces, and f;: X — ¥, , for i=1,2
are mappings. If a function g: X — ¥, x ¥, defined by g(x)=(fi(x),f2(x)) is a
p&-irresolute then f; and f> are pf-irresolute.

Proof: The proof is similar to Theorem 2.16.

3. Basic Backgrounds in Nonstandard analysis:

In this section, we use E. Nelson's Nonstandard Analysis construction, based on
a theory called internal set theory IST[7] . The axioms of IST is the axiom of Zermelo-
Frankel with the axiom of choice (briefly ZFC) together with three axioms which are
the transfer principle (T), the idealization principle (I) , and the standardization
principle (S), are stated by the following
Transfer principle
Let A(x, ty,ts, ..., t,, ) be an internal formula with free variables x,t4, t5,.... t,
Only then
Vot e, by (Vi A, s, o ) = (W A, E4, 15, o, By
Example 3.1: Consider the following statement:
I v ER, V"X ER, suchthatx.y =x
Applying transfer principle, we have 3 y € R,¥x € R, such thatx.y = x
Thus, we may assert that R has a unique multiplicative identity. Furthermore,
recalling that we can identify R* as a subset of R, we can say that this is 1.

The primary use of the transfer principle is that if one wishes to prove a theorem
about the standard universe, it suffices to prove an analogous theorem with
standard parameters in the enlarged universe.

Idealization Principle (1)

Let B(x,y) be an internal formula with free variables x ,y and with possibly other free
variables then V" 7Mz3axW¥y € Z A B(x,y) = IxvyvB(x,v).

Standardization Principle (S)

Let F(Z) be a formula, internal or external with free variables z and with possibly other
free variables. Then,
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vEIx Ty viz(z €EY) = z € X AF(2).
Every set or element defined in a classical mathematics is called standard.
Any set or formula which does not involve new predicates "standard, infinitesimal,
limited, unlimited is called internal, otherwise it is called external

Definition 3.2 [5]: Let (X,t) be a standard topological space. Then, the PO- monad at a
standard point aeX is defined as follows
PO-monad = N{pCIA ; A=PO(X) and a= A }, and is denoted by ppe(a).

Theorem 3.3[5]: Let (X,t) be a standard topological space, and let acX be any
element. Then, there exists a standard preopen H such that pCIH < ppe(a).

Theorem 3.4[5]: Let A be a standard subset of a standard space X. Then, Ais  pre-6-
open set if and only if ppo(a) cA. for each acA.

Proof: Assume that A is pre-0-open set and let ac A then there exists a standard pre-
open G such that acGc pCIG cA,

by transfer axiom pCIG cA for each G,A and acG= PO(X),

Now ~{PClG; GeGP(a)}c pCIGcA, by Definition 3.2, ppe(a) cA.

Conversely, suppose that ppe(a) <A for each acA, then by Theorem 3.3, there exists a
standard preopen set G such that pCIG < ppe(a).

Thus acGc pCIGCA, for each standard a.

Therefore, by transfer principle, we have ac Gc pCIGCA, for each a.

Hence, A is pre-0-open set.

4. PO-Topological Groups

Definition 4.1: Let G be a standard group and (&, T} be a standard topological space.
Then, (&, 1) is said to be p8-topological group, if the mappings

g:G X G — G,defined by g(x, v) = xyvand

h: G — G,,defined by h(x) = x"1 are po-irresolute.

Example 4.2: Let G=Z, be a group of integer modulo 2, and 7 be an indiscrete space
then the maps

g:GXG—=G,g(x,y)=xv and h: G — G, h(x) = x *are po-irresolute.

Theorem 4.3: Let G be a standard group having a standard topology t. Then (G, 1) is
a standard po-topological group, if and only if the mapping

f:GXG—=G, f(x,v)=xy *ispo-irresolute.

Proof: The proof is obvious.

Theorem 4.4: (G,7) is a standard p@-topological group, if and only if the following
conditions are satisfied

i) For every standard X,V € G and each standard pre-0-open set H containing X.V,
there exist a standard pre-0-open sets U and V of x and ¥ respectively such that
UV EH.

ii) For every standard X € G and each standard pre-6-open set V containing x~ 1 there
exists a standard pre-0-open sets U of x such that U ey,

Where U™t ={x"%xe U}, UV={xv;x €lUandy e V%

Proof: Let (G, 1) be astandard po-topological group,
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and let H be a standard pre-6-open set containing X.V , since the mapping
f:G x G — G,defined by f(x, v) = xy is p6-irresolute, then .
fRRH) ={(x,y) EGXG; f(x,y) €H}
={(x,v) € G X G;x.v € H }is pre-6-open subset of G X G .

Thus, there exist pre-0-open sets U and V of x and V, respectively in G such that
fFTAH)=UXV
Now, U.V ={x.v;x EUand ve V}={x.v; (x,v) e U X V}

= {x.y; (y) € FHHD)Y={x. v f(x,y) € H}

={x.v;x.vyEH}EH

Let V be a pre-0-open set containing X~ since the mapping
h:G — G, definedby h(x) = x~! is pé-irresolute function, then h~2(V) is
pre-6-open set.
Therefore, there exists a pre-6-open set U of x such that 12 (V) = U.
Now U™ ={x"*xeU}

={x"Yxe h ()}

={x"1 hix) eV}

={x"1xtevVicV,

The converse part is obvious.
Definition 4.5: A mapping f: (G, T) — (G", T7) is called po-homeomorphism if
1) fis bijective.
i) fis p6-irresolute.
iii) £~ is po-irresolute.

Theorem 4.6: Let (G,7) be a standard po-topological group, then the following
mappings are p6-homeomorphism.

i) 7,: (G, 1) = (G.7), defined by r, (x) = xa.

i) [.: (G.7) = (G, 7) defined by [, (x) = ax.

iii) f: (G,7) = (G,7) defined by f(x) = x7*.

iv) g: (G, 1) = (G, 7). defined by g(x) = axa™>.

are po-homeomorphism, for a fixed a € G.

Proof: As a sample we proof (i)

Itis clear that 7: (G.7) = (G,7), defined by 7, (x) = xa is bijective mapping.
Let H be a pre-6-open set containing x.a. Since (&, 1) isa p6-topological group , then
by Theorem 4.4, there exists a pre-0-open sets U and V of x and a respectively such
that U.V S H.

Therefore 7, (U) € H .

Hence 1, is pO-irresolute.

Now let v = 7, (x) , then v = xa, x = va~
Which implies that that 7 (x) = -2 (x) = xa~
By similar way one can prove that -ra_l is po-irresolute.

1
1

Theorem 4.7: Let (G,T) be a po-topological group, and let U and V be a subset of
G,g € G, then
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i) If V is a pre-06-open set, then Vg, gV, gV g~* and V™ * are pre-0-open sets.

ii) If U is a pre-0-closed set, then Ug, gUU, gl g~* and V™ are pre-0-closed sets.

i) If V is a pre-6-open set and 4 is any subset of G, then V.4 and AV are pre-0-open
sets.

Proof: (i) and (ii) follow directly from Theorem 4.6 .

(iii) Since, VA = U 4 Va, by part (i),Va is a pre-6-open set,

by Theorem(2.4) , we have VA is pre-6-open set.

By similar way, we can prove that AV is pre-06-open set.

Theorem 4.8:

A non-trivial standard p6-topological group has no fixed point property.

Proof: Let (G,t) be a standard po-topological group, for any a € G such that a = e,
where e is the identity element in G.

The mapping 7,: (G,t) — (G, 1), defined by 7, (x) = xa is pb-irresolute function
Suppose that 7, (x) = x , then xa = x , since x € G and G is a group,

Therefore, a=e, which is contradiction

5. Some properties of PB-monads in pO-topological groups:

In this section, we give some properties of p6-monads in p6-topological groups,
by using nonstandard techniques.
Theorem 5.1:Let a and b be any two standard points in p@-topological group (G, t),
then ppg(a). 1tye(b) S pog(a.b).
Proof: Let x € u,5(a) and ¥ € u,5(b). We have to show that for any pre-6-open set
Wofabin G x.y € W, By Theorem 3.4 there exists two standard pre-0-open sets
U and V of @ and b respectively, then x € U and y € V.
Since (G, T) is a pO-topological group, by Theorem 4.4, for any standard pre-6-open set
W containing a.b, we have U.V = W | therefore x.y € W .
Hence Hyg(a).1ya(b) € pyg(a.b).

Theorem 5.2: Let a be a standard points in p6-topological group (G, T), then

te(a™) = (1pe(2)) ™

Proof: LetV bea pre-6-open set containing a~ . Since, (G, T} is a standard
pO-topological group, by Theorem 4.4 there exists a standard pre-0-open sets U of x
suchthata™* € U™t S V.

Then by Theorem 3.2 1@} € V, ugla) CU,and U™ E V.

Therefore, (1,g(2))™" € U™ €V, as V was an arbitrary standard pre-6-open set,
since POO(X) € PO(X), and since V&pCIV, we have

{u_ﬁef:a]]_l CN{pClV; VeEPO(X, a )= T (a~1).

If we replace a by a~*, we get

1pe(a) € (pe(@) ™

Which implies that pyg(a™) = (ug(2)) ™"

Theorem 5.3:

Let a and b be any two standard points in standard p6-topological group (G,T), then
tpg(a). uya(b) = pyg(a.b).
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Proof: The proof is similar to Theorem 5.1.

Theorem 5.4:
If U is a standard pre-0-open subset of G, then U.a is also standard p6-open subset of G

Proof: Let U be a standard pre-6-open subset of G, and let b £ U, then by Theorem 3.3,
Ity (b} C USF, by transfer principle we have 5 (b) S U,

Now, let ¢ € U. a, then c=da, for some d € U

Iy (d).a C [T I:ﬂ'].;.!palfﬂ] by Theorem 5.3, we have

;epg(d].n c }'.n!pg[dﬂ] = ][Ep,_q(f] ..... (1)

If e € uyglc) then f = ea”* such that

[ € tye 'ifjﬁpa (1) = Hpg (c.a™®) = Hypa (d).

Thus, e = e.a t.a= f.a € ,[.!palzﬂ‘j.ﬂ,

that is ;epglft‘] c ;epg(d].n .......... ()

from (1) and (2), we have ,5(c) = py5(d).a

Hence, p,5(c) C U.a, by Theorem 3.4 we obtain that U.a is pre-6-open set.

Theorem 5.5: Let (G,t) be a standard p6-topological group, then U is a standard
pre-0-open subset of G, if and only if U.a is also standard p6-open subset of G .

Proof: From Theorem 5.4, we have if U is a standard pre-6-open subset of G, then U.a
is also standard pre-6-open subset of G .

It is enough to show that if U.a is a standard pre-6-open subset of G, then U is also
standard pre-6-open subset of G, for any standard element a in G, since G is a group and
a € G, thena™t € G, by Theorem 5.4 (U.a).a~* = U is also pre-0-open set.

Theorem 5.6: 1,5 (e) is a subgroup of a group G, where e is the identity element in G.
Proof: Itis clear that e € uy,g(e), leta, b € p,q(e),

Then, a. b € p,g(e). i,5(e), by Theorem 5.1, we have a. b € pi,,5(e)

Let € p,5(e) ,thena™" € (uyz(e))™ , by Theorem 5.2, a™" € ,5(e)

Hence, 1,5 (e) is asubgroup of G.
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