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ABSTRACT
The aim of this paper is to study the existence, uniqueness and other properties

of solutions of certain Volterra-Fredholm integral and integro differential equations.
The tools employed in the analysis are based on the applications of the Banach fixed
point theorem coupled with Bielecki type norm and certain integral inequalities with
explicit estimates.
Keywords: Existence and uniqueness of solutions, mixed Volterra-Fredholm type,
Banach fixed point theorem, integral inequalities, Bielcke type norm, continuous
dependence.
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1. Introduction

Consider the nonlinear Volterra-Fredholm integral and integro differential equations of
the form.

x(t) = f(t, x(t),jk( t,o, X(0))d, 'T h(t,o, x(o))do), ...(L.1)
and a )

X(t) = f (t,x(), [k(t,0,x(0))do, [ h(t, 0, X(0))do), (12)

x(a) = x,
for —wo<a<t<b<-+oo, where X, f,k,h are real vectors with n components and

- denotes the derivative.
Let R" denotes the real n-dimensional Euclidean space with appropriate norm denoted
by |.| and R the set of real numbers. Let | =[a,+) ,R, =[0,), be the given subset

of R and assume that khec(I?xR",R") for a<s<t<b<+om,
fec(IxR"xR"xR",R").

163



Akram H. Mahmood & Lamyaa H .Sadoon

Integral and integro differential equations arise in a variety of applications their study is
of great interest .Many authers studied the equations of the forms (1.1) and (1.2) and
their special and general versions with different view points, (see [1, 2, 3, 5, 7, 8]). The
purpose of this paper is to study the existence, uniqueness and other properties of
solutions of equations (1.1) and (1.2) under various assumptions on the functions f, k
and h. The main tools employed in the analysis are based on the application the Banach
fixed point theorem, coupled with Bielcke type norm and the integral inequalities with
explicit estimates given in [6] .

2. Existence and Uniqueness

We first construct the appropriate metric space for our analysis [4]. Let g >0 be
a constant and consider the space of continuous functions c(l,R") such that
sup|x(t)|/eﬂ“‘a) <o , and denote this special space by c,(I,R"). We couple the

linear space c,(1,R") with suitable metric,

|x(t) - y(t)|

AR
and a norm defined by

- x(t)
M =sp

The above definitions of d; and ||; are variants of Bieleckis metric and norm [6].
The following Lemma proved in [4] deals with some important properties of

d; and ||; :

Lemma (2.1): If B > 0 isa constant, then:

i) dj isametric space,

ii) ||; is a norm,

iii) (C,(1,R"), |.|;) is a Banach space,

iv) (C4(1,R"),d) is a complete metric space.

Our main results concerning the existence and uniqueness of solutions of equations
(1.1) and (1.2) are given in the following theorems .

Theorem (2.1):

Let L,N>0,M>0,5>0,7>1 be constants with B=(L+N")y, suppose that the
functions f,k,h in equation (1.1) satisfy the conditions

|f(tu,v,w)— f(t,T,V,W) SMﬂu—U|+|v—\7|+|w—v_v|} ..(2.1)
k(t,s,u)—k(t,s,o)| < Lju -1

Ih(t,s,v) —h(t,s,V)| < Njv-V| ...(2.2)
and

1 t b
d, =Wy f(t,O,_!k(t,a,O)da,!h(t,o,O)da <o
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If M@+ E) <1 , then the integral equation (1.1) has a unique solution x € C,(I,R") .
v

Proof:
Consider the following equivalent formulation of equation (1.1),

x(t) = f(t, x(t),j.k(t,o-, x(a))da,j.h(t,a, x(c))do) -

- f(t,O,jk(t,a,O)da,Th(t,a,O)da)+ f(t,o,jk(t,a,O)da,fh(t,a,O)da)

(2.3)

For tel, we will show that (2.3) has a unique solution and thus equation (1.1) must
also have a unique solution.

Let xeC,(I,R") and define the operator T by

(Mx)(t) = f(t, X(t),jk(t, o, X(O'))da,j).h(t,a, X(o))do) -

- f(t,O,jk(t,a,O)da,Th(t,a,O)doH f(t,O,jk(t,o,O)da,j'h(t,a,O)da)

(2.4)
Now, we shall show that T maps C,(I,R") into itself. From (2.4) and using the
hypotheses, we have

(M) ()

|TX|; =sup oht-a)

tel

ss,tu!oeﬁ%) f(t,x(t),j‘k(t,a, x(a))da,ih(t,a,x(a))da)—

—f (t,O,j.k(t,o-,O)da,j.h(t,a,O)dO') +

f(t,O,jk(t,a,O)da,_Th(t,a,O)da)

+sup L
el e/

1 t b
<d, +SUP gy M { |x(t) +I L|x(a)|da+j N|x(a)|da}

a

=d, + M{supﬂ+ Lsup
tel

eﬁ(t’a) tel eﬂ(t’a)

t

so-ay X(0)]
Ie —eﬁ(”’a) do+
a

1 8 x(o)|
)
+N Stlele oha) !e ofloa) do

165



Akram H. Mahmood & Lamyaa H .Sadoon

t
Ieﬁ("’a)da +

<d,+M ﬂx|; + L|x|°; sup D
a

+NJ|X sup

B(o-a)
Ie do
s tel eﬂ(t 3) }

w0 1 et 1 et
:dl+M|X|ﬂ{1+LstgPe/’(“a)( F; )+NStLejlpeﬁ(t_a)( F; )

w 1 eft™_q 1 eftd_1
Sdl+M|X|ﬂ{1+LstgPeﬂ“a)( F; )+Neﬂ(b—a)( 5 )

=d, +M|x” 1+1(L+ N*)t whereN™ =N(1-
1 B ﬂ

1
VICEY )

=d,+M |x|;{1+ 1}< e

v
This proves that the operator T maps C,(I,R") into itself. Now, we verify that the
operator T is a contraction map.
Let u,veC,(l1,R"). From (2.4) and using the hypotheses we have

(Tu)(®) - (TV)(®)]

eﬂ(t_a)

d,; (Tu,Tv) :sup|

tel

=stglpeﬁ+a) f(t,u(t),jk(t,o-,u(o-))da,ih(t,o-,u(o-))da)—

— f(t,v(b), j k(t,o,v(o))do, } h(t,o,v(o))do)

< stulpeﬁ(% M { lu(t) —v(t)|+ j Liu(o) —v(a)|da+j N|u(o) —v(a)|da}

a

lut) —v(®)| 1t pea (o) V(o)
M{t P 3P Lj € Ve do+
(o-a) |U(O') _V(O-)|
8Dy eﬁ(t 2) j e ofoa) do

t
J.eﬂ("_a)da +
a

<M {d;’(u,v) + Ld;’(U,V)StlEJP A ta)

© 1 " o—-a
+Nd; (U’V)StgP S _[eﬂ‘ 'do }

. 1 eﬂ(t*a) -1 1 eﬁ(b*a) -1
= Mdﬁ (U,V){l-f- LStl;IIp eﬂ(tfa) ( ﬂ )+ N Stglp eﬂ(t—a) ( IB )
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. 1 eﬁ(t—a) -1 1 eﬁ'(b—a) -1
<Md; (u,v){1+ Lstgupeﬂ“’a)( 5 )+Neﬂ(b’a’( 5 )
=Md; 142 (L+ N bwhereN” = (N L
= Mdj (u,v) +E( +N)pwhereN"= (N - =)

= M(1+l)d;’(u,v)
v

Since, M (1+ E) <1, it follows from the Banach fixed point theorem see[4] that T has a
v

unique fixed pointin C,(1,R") . The fixed point of T is, however, a solution of
equation (1.1) .

Theorem (2.2):
Let L,N, 3, M,y be as in theorem (2.1) .Suppose that the functions f,k,h in equation

(1.2) satisfy the conditions (2.1) ,(2.2) and

t S b
d, :s,tg!oeﬁ(% X, + j f (s,0, j k(s,o,0)do, j h(s,o,0)do)ds| < o

If M(1+1)<1, then the integro differential equation (1.2) has a unique solution
xeC,(I,R").
Proof:

Let xeC,(I,R"), and define the operator S by

(sx)(t) = X, +Jt‘ f (s, x(s),.s[ k(s,o,Xx(0))do, j’. h(s, o, x(o))do)ds —

—j f(s,O,jk(s,a,O)da,Th(s,a,O)da)ds+j f (s,o,jk(s,a,O)da,jh(s,a,O)da)ds,

for te |, the proof that S maps C,(I,R") into itself and is a contraction map, can be

completed by closely looking at the proof of theorem (2.1) given a above with suitable
modifications. Here, we omit the details .

3. Estimates on the Solutions

In this section, we obtain estimates of solutions of equations (1.1) and (1.2)
under some suitable assumptions for the functions involved in them.

Lemma (3.1):
Let u(t) eC(I,R+),r(t,s),l(t,s),%r(t,s),%l(t,s) eC(I?%,R,) be non decreasing in

tel.
If
u(t) <c+ [ r(t,s)u(s)ds+ [I(t,s)u(s)ds ..(3.1)

For t el where ¢>0 is a constant, then
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u(t) < Bexp(jg(s)ds ...(3.2)
Fortel, Wh;re

‘o 50
g(t) = r(t,t)+£ar(t,s)ds+£al(t,s)ds ...(3.3)
and
B=c+ j I(a,s)u(s)ds ...(3.4)

Proof: Define a function w(t) be the right hand side of (3.1). Then, w(t) >0, w(a) =B.
u(t) <w(t) ,w(t) is non decreasing in t and

w'(t) =r(t, u(t) + j% r(t,s)u(s)ds+ i% I(t,s)u(s)ds

<(r(t.t)+ j%r(t,s)ds+ T%I(t,s)ds)u(s)

Let g(t) =r(t,t) +j§ r(t, s)ds+'b[§l(t, s)ds

w'(t) < g(t)u(t) < g(t)w(t) ...(3.5)
The inequality (3.5) implies the estimate
w(t) < Bexp( j g(s)ds) ...(3.6)

Using (3.6) in u(t) <w(t) we get the required inequality (3.2).

Lemma (3.2): Let u(t),p(t)eC(l,R+),r(t,s),l(t,s),%r(t,s),%l(t,s)eC(lz,Rg be

non decreasingin tel. If

u(t) < c+j p(s)[u(s) +jr(s,a)u(a)da+T|(s,a)u(a)da] ..(37)
Fortel v?/here c>0 iz a constant, then a
u(t) < B[+ [ p(s)exp([[p(c) + g(0)]do)ds], ...(38)

For tel, where g(t) and B isasin Lemma (3.1).

Proof: Define a function w(t) to be on the right hand side of (3.7). Then, w(t)>0,
w(a)=B, u(t) <wf(t) ,and w(t) are non decreasing in t. Then,

w(t)=c +'|t' p(s){u(s) + i r(s,o)u(o)do + _T I(s,o)u(o)u(oc)do }ds
and

w'(t)= p(t){u(t) + j. rt,o)u(o)do + I I(t,0)u(o)u(o)do }
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Put: v(t)=u(t)+ 't[ r(t,o)u(o)do + T I(t,o)u(o)u(o)do

Then,
w(t) < p(t)v(t)

V'(t) = u(t)+r(tt)u(t)+j6(t0) u(o)do +ja(ta)

u(o)do

V(1) < OV +VOIrt. ) +;@f(t %) 4 Ial(t,a) do |

.ot
V(1) < p(t)v(t) + g(t)v(t) ...(3.9)
The inequality (3.9) implies the estimate
v(t) < Bexp(f p(s) + g(s)ds) ...(3.10)

Using (3.10) in u(t) < v(t), we get the required inequality (3.8).
First, we give the following theorem concerning the estimate on the solution of equation
(1.1).

Theorem (3.1): Suppose that the functions f,k,h in equation (1.1) satisfy the
conditions
| (t,u,v,w)— f(t,T,V,W) SAﬂu —U|+|v—\7|+|w—v_v|} ...(3.11)

k(t,o,u)—Kk(t, o, V)| < r(t,o)u—V]

..(3.12)
Ih(t,o,u) —h(t,o,v)| <I(t,o)u—V]

Where, 0<A<1 is a constant and r(t,o),I(t, a) r(t o),— I(t o)eC(I?,R,). Let

Cc, =sup <oo. If x(t),t el is any solution of equation
tel

f(t,o,jk(t,a,O)da, j h(t,5,0)do)

(1.1), then

xojs( ;=

jeXpUq(s)dsJ ...(3.13)

fortel,where E =c; +Il(a,s)u(s)ds and

a

q(t) —ng(t) ...(3.14)

in which g(t) is as defined in Lemma (3.1).

Proof: By using the fact that the solution x(t) of equation (1.1) satisfies the equivalent
equation (2.3) and the hypotheses we have

Ix(t)] <

f(t,O,j.k(t,a,O)da, j h(t,o,0)do)| +

+ f(t,x(t),j-k(t,a, X(t))da,j.h(t,a, x(t))do) - f(t,o,jk(t,a,O)da,ih(t,a,O)da)
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t b
<c + A{ |X(t)| +fr(t, 0')|X(t)|d0'+ I I(t, a)|X(t)|d0'} ...(3.15)
From (3.15) and using the assumptions 0< A<1, we observe that
&, A A
IX(t)] < TRt A.!:r(t,a)|x(0)|da+1_ A!I(t,a)|x(0)|da ...(3.16)

Now, an application of Lemma (3.1) to (3.16) yields (3.13).
Next, we shall obtain the estimate on the solution of equation (1.2).

Theorem (3.2)
Suppose that the function f in equation (1.2) satisfies the condition

|f(t,u,v, W) — f (40,7, W)| < p)fu — 0] +|v V| +|w-w|| ..(3.17)
Where peC(l,R,) and the functions of k,h in equation (1.2) satisfy the conditions
(3.12). Let

< 00

t s b
C, =sup|x, + j f (s,0, j k(s,o,0)do, j h(s,o,0)do)ds
tel a a a

If x(t),te 1, isany solution of equation (1.2), then

IX(t)] < E2{1+ [ p(s)exp([ {p(o) + g(o-)}do-)ds} ...(3.18)
For tel, where E, =c, +j'l(a, s)u(s)ds and g(t) is as defined in Lemma (3.1) .

Proof:
Using the fact that x(t) is a solution of equation (1.2) and that the hypotheses we have

x(t)] <

+]

t
a

+

X, +j f (5,0,jk(S,G,O)dO‘,ih(S,O‘,O)dO‘)dS

f(s, X(S),j k(s,o,x(o))d a,jl h(s,o, x(o))do) -

- f(s,O,jk(s,a,O)da,ih(s,a,O)da) ds

<¢, +j p(s){ IX(s) +iF(S,6)|x(a)|d0'+il(s,a)|x(a)|da}ds ...(3.19)

Now, an application of Lemma (3.2) to (3.19) yields (3.18) .

4. Continuous Dependence

In this section , we deal with the continuous dependence of solutions of
equations (1.1) and (1.2) for functions involved in them. Consider the equations (1.1)
and (1.2) and the corresponding equations

y(t) = f &y, [K(t.oy (@), [ (t,0,y(0))do), ..(4.2)

and
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y'(t)=f, Y(t),i‘iz(t@y (G))dﬁ,zﬁ(tﬁ, y(o))do), (42)

y@=y,
For te |, where k,h eC(1?xR",R") for
a<s<t<b<o,where f eC(I xR"xR"xR",R").

The following theorems deal with the continuous dependence of solutions of equations
(1.1) and (1.2) for functions involved in them.

Theorem (4.1)
Suppose that the functions f,k,h in equation (1.1) satisfy the conditions (3.11) and

(3.12). Furthermore, suppose that

fty®).[k(t.oy(@)do [h(t.o,y(e))do) -

- f(ty). [K(t,0,y(0))do.[h(t.o,y(o))do) [<e

Where f,k,h and f,k,h are the functions involved in equation (1.1) and (4.1), &, >0
is an arbitrary small constant and y(t) is a solution of equation (4.1). Then, the solution
X(t), tel of equation (1.1) depends continuously on the functions involved on the
right hand side of equation (1.1).

Proof :
Let u(t) =|x(t) - y(t)|,t 1, using the facts that x(t) and y(t) are the solutions

of equations (1.1) and (4.1) and the hypotheses we have

u(t) < |f (t, x(t),jk(t,a, X(a))do-,jh(t,o-, x(c))do) -

- f(t, y(t),jk(t,a, y(o))da,jh(t,a, y(o))do |+

+ £t y(®). [k(t.0, y(0))do. [ h(t, o, y(o))do) -

- f(t.y@). [k(t.o,y(e)do, [t 0, y(0))do

uft)<eg + A{u(t) + _t[ r(t,o)u(o)do +_T I(t, a)u(a)da} ...(4.3)
From (4.3) and usin; the assumption t;at 0< A<1, we observe that

u(t) < 1flA +ﬁ ; r(t, G)u(a)da+ﬁ.i.l(t,0')u(0')d0' ...(4.4)
Now, an application of Lemma (3.1) to (4.4) yields

|x(t) - y(t)| < (i"’Ajexp(iq(s)ds) ...(4.5)
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b
Where q(t) is defined by (3.14) and E; = gl+J.I(a,s)u(s)ds. From (4.5) it follows that

the solution of equation (1.1) depends continuously on the functions involved on the
right hand side of equation (1.1) .

Theorem (4.2)
Suppose that the functions f,k and h in equation (1.2) satisfy the conditions
(3.17) and (3.12). Suppose that

[ = Yol + [| (5, ¥(5), [ k(s.0, y(0))da, [ (s, 0, y(o))do) -

— f(s, y(s),j'IZ(s, o, y(a))da,i h(s,o,y(o))do) [ds<e,

Where f,k,h and f,k,h are the functions involved in equation (1.2) and (4.2), &, >0
is an arbitrary small constant and y(t) is a solution of equation (4.2) . Then the solution
X(t), tel of equation (1.2) depends continuously on the functions involved on the
right hand side of equation (1.2).

Proof :
Let u(t)=|x(t)—y(t)|, tel, using the facts that x(t) and y(t) are the solutions of
equations (1.2) and (4.2) and the hypotheses we have

t

u(t) < |X0 - y0| +J. f(s, X(S),j-k(s,o: X(O'))dO',J-h(S,O', X(o))do) -

a

a

— f (s, y(s),jk(s, o, y(a))da,j h(s,o,y(o))do) |ds+

t

+j f(s,y(s), j k(s,o, y(o))do, j h(s,o, y(o))do) -

a a

— f(s, y(S),j‘E(S,O', y(O'))dO',j)‘I’_I(S, o,Y(o))do) |ds

<e, +j p(s){u(s) + j r(s,o)u(c)do + T I(s, o-)u(o-)da}ds ...(4.6)
Now, a; application ?)f Lemma (3.2) toa(4.6) yields

() - y(©)| < 54{1+ [ p(s)exp([ {p(o) + g(a)}da)ds} ..(47)

b
For tel, where E, :gz+jl(a,s)u(s)ds and g(t) is defined in Lemma (3.1). From

(4.7), it follows that the solution of equation (1.2) depends continuously on the
functions involved on the right hand side of equation (1.2).
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