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Abstract

This paper included an analytical study of a two dimensional (radial and transverse)
heat flow through annular fin variable thickness analytically depending on the group of
resistances by derivating the major equations of conduction and convection. The total
resistance equation of fin is derived to be general and simple model to calculate the heat
flow and to study the effect of fin parameters on it.

A numerical solution is added to prove the validity of the analytical solution by
using a grid generation transformation-algebraic method to regulating the irregular mesh on
the fin surface.

 Finally, the results show a good agreement between the two solutions using a wide
range of fin parameters and this study is supposed to facilitate the designing of fin to the
designer.
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Nomenclature

m2Fin surface areaA

W/m2. KHeat transfer coefficienth

W/m. KThermal conductivityK

Number of grid in transverse directionM

Number of grid in transverse directionN

WHeat transfer from fin numericallyQFn

WHeat transfer from fin theoreticallyQFth

mInner radius of finri

mOuter radius of finro

C/WLongitudinal resistanceRL

C/WMaterial resistanceRm

C/WSurface resistanceRS

C/WTransverse resistanceRt

CTemperatureT

CBase temperatureTb

CFluid temperatureTf

C/WTotal resistance theoreticallyTRth

mInner fin thicknesswi

mOuter fin thicknesswo

horizontal direction in physical modelr

Vertical direction in physical modelz

Horizontal direction in calculated model

Vertical direction in calculated model

Inclination of fin thikness
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1. Introduction:
Annular fins find numerous applications in compact heat exchangers: in specialized

installations of single and double-pipe heat exchangers, in electrical apparatus in which
generated heat must be efficiently dissipated, on cylinders of air cooled internal-combustion
engines. Many researchers work in this field for a long time ago until now.

Higges [1] studied the heat transfer from annular fins of triangular profile with
variable heat transfer coefficient from the base to the tip. He found that the increase in the
heat transfer coefficient will cause the decrease in the efficiency of the fin.

Kundu & Das [2] studied the analysis and optimization of annular fins with variable
heat transfer coefficient along the fin surface. They determined analytically the temperature
profiles fin by using the Frobenius expanding series. Simplifying assumptions like arc
idealization and the insulated fin tip condition have been relaxed and a linear variation of
the convective heat transfer coefficient along the fin surface has been taken into account.

Kahwaji [3] conducted a numerical and electrical analogue study of the thermal
performance of annular fins of constant thickness under one and two dimensional heat flow
assumption. He suggested a new simple method for correlating the fin rate of heat transfer
which depends on the grouping of the different thermal resistances of the fin in a (driving
force / resistance) form model. Where TRth is the total resistance of the fin and the term
under the square root is the two - dimensional material resistance, while the other term is
the surface resistance. The above form of correlation was found to give an accurate
representation of the heat transfer from the fin.

Al-Makhyoul [4] conducted detailed experiments to validate the resistance model in
[1] experimentally. The experiments covered both the natural and forced convection heat
transfer modes using fins of different materials and dimensions. The results indicated a
good agreement between the suggested model and the experimental findings, where the
calculated and measured heat fluxs were found to be within less than (8.33%) in the natural
convection tests and (11%) in the forced convection tests.

Kahwaji and Al-Makhyoul [5] derived analytically the total resistance model by
using the variable heat transfer coefficient in two dimensional heat flow for annular fin
constant thickness by using a finite difference method using SOR technique. The study
covered a wide range of fin parameters and heat transfer coefficient models. The results
were in agreement and proved the validity of the suggested equation model and this model
can be used in the constant or variable heat transfer coefficient in the heat transfer
calculation for annular fins.

Al-Niamey [6] investigated the outlines experimentally of the total resistance model
for the heat dissipation when they are applied to longitudinal fin at a constant heat transfer
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coefficient was constant. The study covered the natural and forced convection heat transfer
in order to cover the wide range of heat transfer coefficient, lengths, thicknesses and heat
flux. A finite difference technique was used to prove the validity of the experimental
results. Finally, the results proved the validity of the suggested model where the maximum
difference between the experimental and the numerical solutions was 8.6% and 14% in the
natural and forced convection experiments respectively.

The above literature indicated that [1 and 2] were concerned with the heat flow
through extended surface by using either charts or a computer program, while the
researchers [3 to 6] were concerned with the studying of the heat transfer calculations
depending on total resistance model for annular and longitudinal fins with constant
thickness and their results were good. This model  is distinguished as the simplest one to be
used compared with those which are used either  in charts or a computer used in the heat
rate estimation. In this paper, the total resistance model will be derived analytically for the
annular fin by using variable thickness (trapezoidal cross section area) and studied the
effect of fin parameter of all resistances that to be affected on the heat flow through fin and
its validity will be numerically investigated to high range of parameters. This model makes
it easy to  the designer to choose the parameter of fin through the design.

2. The Analytical Solution:
The analysis for the heat transfer through the annular fin with trapezoidal cross

section by using the resistances model can be divided into three terms, longitudinal,
transverse and surface resistances as shown in figure (1) .
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Figure (1) schematic diagram for the semi- fin
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For the longitudinal resistance, the heat transfer equation according Forrier theorem
can be written as follows:

dr
dT)dA(kq    …(1)

The longitudinal resistance will be as:

rz2
drkR L  ,  where wo

)riro(
)rro)(wowi(

2
1z    …(2)

ro

ri
2L r)wiwo(r)ri*woro*wi(

dr
k4
riroR    …(3)

After simplifying the equation above and carrying out the integration for equation
(3), the longitudinal resistance can be written as follows:

k4
ro

)ri(ln)riro(
R L    …(4)

where: )ri/ro(  , )wowi( , )ri*woro*wi(    …(5)

The transverse resistance could be obtained by using a Forrier heat equation carried
out the integration, the transverse resistance yields:

dz
dT)dA(kq    …(6)

after integration the transverse resistance is given as:

)riro(k4
wocos)wowi(R 22t  where

riro
wowi1tan               …(7)

The surface resistance analysis includes both sides of fin and the equation of surface
resistance is given as:

TdAhq )(     …(8)

)riro(h2
cosR 22s     …(9)

The total resistance for the annular fin trapezoidal section is:
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th TR

)TT(
QF   …(11)

3. The Numerical Solution:
Many equations could be applied for any type of fin. All of these equations were

derived from the general heat conduction equation under different simplifying assumptions
and boundary conditions:
1-The heat flow and temperature distributions throughout the fin are independent of time.
2-The fin material is homogenous.
3-There is no heat source inside the fin.
4-The heat flow from the fin surface at any point is directly proportional to the temperature

difference between the surface and surrounding fluid at that point.
5-The thermal conductivity of the fin material is constant.
6-The heat transfer coefficient is constant or variable along the fin surface.
7-The temperature of the surrounding fluid is constant and the base of the fin is isothermal.

The assumptions above are inherent with the two-dimensional conduction equation
in polar coordinates that should be solved numerically in order to investigate the validity of
the total resistance model. The fin was divided in to the radial and transverse directions to
(N and M) from divisions. The thickness of each one was ( r and z) in the radial and
transverse directions.

The general equation for the temperature distribution in the two dimensional heat
flow case can be shown as:

0.0
z
T

r
T

r
1

r
T

2

2

2

2

…(12)

In this paper the grid generation algebraic method is used to convert the irregular
mish on the fin surface to the regular mish by transforming the physical coordinate (r and z)
to calculated coordinate (  and ) as shown in figure (2) with equal interval between the
nodes (  and  equal 1.0).

r

z

Figure (2) the transformation method to regular grid
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Every term of the general equation is converted to calculate the coordinate ( , ) and
the equations can be written as:

r
*T

r
*T

r
T [7] …(13)

z
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T [7] …(14)
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The derivatives TandT,T,T,T 2

2

2

2

2

 undergo to central finite difference Tyler

series for temperature with respect to  ,  as:

x2
)j,1i(f)j,1i(f

x
f  and
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)1j,i(f)1j,i(f

y
f …(15)
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z
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zr4
)1j,1i(f)1j,1i(f)1j,1i(f)1j,1i(f
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T2

…(17)

Jac
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r
[7] …(18)

Jac
1z

r
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Jac
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z
[7] …(20)

Jac
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z
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Where Jac is Jacobian matrix and the derivatives randr,z,z  undergo to central

finite difference Tyler series for temperature with respect to  ,  as equations (15)

zrz
z
rJac [7] …(22)
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By making a derivative to the equations (18 and 19) with respect to (r) and equations (20
and 21) with respect to (z) the result will be as:

zzzzJacz
Jac

1
r 2

22

r22

2

   …(23)

rrrrJacr
Jac

1
z

2

2

2

z22

2

  …(24)

zzzzJacz
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1
r

2

2

2

r22

2

   …(25)

rrrrJacr
Jac

1
z 2

22

z
j,i

22

2

   …(26)

Where, ( Jacr and Jacz ) represented the derivative of (22) with respect to r and z and, where
(Jac , and Jac  ) represented the derivative  of (22) with respect to  and .

The derivatives zandr,z,z,r,r 22

2
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2

2

 undergo to central finite difference

Tyler series for temperature in equations (16 and 17) with respect to  ,  .
After simplifying and substituting the equations above, the equation of temperature

distribution in the interior node is yield as:

DCBA
E)1j,i(DT)1j,i(CT)j,1i(BT)j,1i(AT)j,i(T     …(27)
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when 1<i<N and 1<j<M
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The temperature distribution in the axis which divided the fin to two similar parts
can be investigated as follows:

0
z
T     …(33)

0
z

T
z

T
z
T   …(34)

z

1
z

*)2j,i(T)1j,i(T4
z

*)j,1i(T)j,1i(T
3
1)j,i(T               …(35)

when 1<i<N , j=1
randT are calculated for T,r with respect to  as:

x2
)2j,i(f)j,i(f3)1j,i(f4

x
T     …(36)

To calculate the nodes for the temperature distribution in the tip of fin, we must use
the backward difference for Tyler series as:

0
r
T     …(37)

0
r

T
r

T
r
T     …(38)

r

1
r

*)1j,i(T)1j,i(T)j,2i(T)j,1i(T4
3
1)j,i(T     …(39)

when i=N , 1<j<M
zandT are calculated for T,z with respect to  as:

x2
)j,1i(f4)j,i(f3)j,2i(f

x
T     …(40)

To calculate the nodes for the temperature distribution in the surface of fin, we can
use the heat balance method depending on the backward difference for Tyler series and the
points around the point T(i,j) as:

1E
T1D)1j,i(T*1C)j,1i(T*1B)j,1i(T*1A

)j,i(T f    …(41)

where:
A1,B1 and C1 represent the (kA/dx) on the surface in each point around T(i,j).
D1 represents the heat conductance (hA) between the surface of fin and ambient.
E1=A1+B1+C1+D1     …(42)
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The temperature for the corner points can be calculated as:
2/))1M,N(T)M,1N(T()M,N(Tand2/))2,N(T)1,1N(T()1,N(T        …(43)

n

1i
)Tf)j,i(T(rS2*hQFn     …(44)

Where, S is the distance of interval on the fin surface.

4.Results and Discussions:

Figure (3) shows the effect of fin length on the longitudinal, transverse and material
resistances. Fin length is increase by the increasing of the outer radius of fin when the inner
radius is constant. It is clear that the increase in fin length leads to the decrease in the
transverse resistance  which makes its effect very small. On the other hand, it is noted an
increases in the longitudinal resistance and generally the material resistance. When the fin
is long, the effect of resistances is neglected which makes this length not economic.

Figure (4) represents the effect of length of fin on the longitudinal resistance by
using many values of thermal conductivity. Generally, the increase in fin length causes an
increase in the longitudinal resistance because the increase in the surface area, and this
increase is clear at low value of thermal conductivity. When (k) value starts to increase, the
increase in the resistance becomes small, and (k) value is being more effective from the
surface area on the longitudinal resistance.

0.00 0.02 0.04 0.06 0.08
Outer radius (m)

0.00

0.04

0.08

0.12
ri=0.015

Rm

RL

Rt

Figure (3) the relation between longitudinal resistance and fin length
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The effect of fin length on the transverse resistance is clear in the figure (5). The
increase in the fin length leads to an increase in the surface area and, then a decrease in the
transverse resistance. At the small fin length, the increase in the (k) value leads to a
decrease in the resistance, while when the value of (k) becomes high, the effect of (k) will
be slight. Generally, the transverse resistance curve decreases sharply when (k) is small
while the inclination of curve decreases when (k) is at a high value.

0.00 0.01 0.02 0.03 0.04 0.05
Length of fin

0.00

0.50

1.00

1.50 k=50

k=100

k=200

k=300

k=400

Figure (4) the relation between longitudinal resistance and fin length
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Figure (5) the relation between transverse resistance and fin length
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Figure (6) shows the relation between the surface resistance with length of fin.
Generally, at the same length, the increase in the heat transfer coefficient leads to a
decrease in the distribution value for heat transfer coefficient and, then a decrease in the
convective resistance and finally the surface resistance. At the same heat transfer
coefficient, the convective resistance decreases with the fin length because of the
increase in the fin area and, then the decrease in the surface resistance.

The total resistance is to be formed from the longitudinal, transverse and surface
resistances, by the above analysis for each term. Generally, the increase in fin length
leads to a decrease in the total resistance because when fin length increases the surface
area is increased and makes a decrease in the surface resistance more than an increase in
the longitudinal resistance as shown in figure (7). The curve starts to fall sharply from
the infinite value, when the length of fin is very small and, then becomes approximately
constant with the increase in length.
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Figure (6) the relation between surface resistance and fin length
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Figure (7) the relation between total resistance and fin length
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Figure (8) represents the change in the heat flux with the length of fin. The heat
transfer will increase gradually along the fin .The material resistance increases and the
surface resistance decreases with the length that will cause an increase in the temperature
gradient and then an increase in the heat transfer from the fin. When the length is small, the
rate of heat transfer is to be low and increases gradually with the length of fin until being
constant and makes the increase in fin length not economic. The numerical results show a
good agreement and confirm the validity of the total resistance model.

Figure (9) shows the effect of thermal conductivity on the resistance. The increase
in the thermal conductivity causes the longitudinal resistance to be decreased
hyperbolically, accordingly the total resistance is also decreased in the same pattern. It is
clear that at the high value of thermal conductivity the surface resistance becomes the
determining factor and the total resistance remains almost constant. Generally, the high and
low values of thermal conductivity make the effect of the transverse resistance very small.
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Figure (8) the relation between the heat transfer resistance and fin length
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Figure (9) the relation between group of material resistance and thermal conductivity
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Figure (10) shows the effect of the heat transfer coefficient on the surface and total
resistance. The resistances fall sharply from infinity at the small value of (h) as the
numerical value of the heat transfer coefficient approaches the thermal conductivity of the
fin material. The total resistance starts to decrease slowly because the material resistance
then becomes the determining factor in the process. Accordingly, an increase in the heat
transfer coefficient lessens the surface resistance against transverse heat flow.

Figure (11) shows the relation between the heat transfer and the total resistance in
logarithmic curve. The heat transfer results which are computed numerically and
analytically and plotted together for a wide range of outer radius (0.02-0.06)m, heat transfer
coefficient from (20-280) W/m2.  K, thermal conductivity from (50-400) W/m.  K and fin
thickness from (0.001-0.005) m. All points appeared on the same straight line which
indicate the sufficiency of the proposed model and its adequacy to describe the phenomena
of heat transfer through annular fins variable thickness. The results between the total
resistance model and analytical and numerical solution show a good agreement as an
evidence to prove the validity of the total resistance model.
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Figure (10) the relation between resistance and heat transfer coefficient
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Figure (11) the relation between the heat flow and total resistance
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5.Conclusions:
the important conclusion in this paper is derivative a general equation to calculate

the heat transfer from annular fins with variable thicknesses analytically and numerically by

dependence on the group of resistances in the radial and transverse directions.
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