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ABSTRACT

In this paper, the possibility of studying the occurrence probabilities of hydrologic
drought events has been explored. The obtained results were based on the case study of
the annual inflow to Fatha discharge station on Tigris river, Iraq, over the period (1931-
1988). This recorded time series is basically used to evaluate the observed duration and
severity of the drought. The theory of runs is adopted to estimate, both, the probabilities
of duration and severity of the drought. Three stochastic models have been used for
modeling the hydrologic process having short-term time dependence to generate
additional data for statistical inferring of the drought duration. Models such
as(AR(1),AR(2),and ARMA(1,1))have been formulated by means of modern techniques
called (SAMA-2007). The number of the generated series was ranging between 100 to
10000 series. This help in the estimation of the probabilities of drought severity for
which no rigorous mathematical solution is exist yet. Discrepancy in the performances
of  the proposed models have been noticed, especially in their capabilities of preserving
the statistical properties of the observed time series. It is concluded that while a certain
model has a satisfactory performance in preserving certain parameters, it failed in the
estimation of other parameters.

(Keywords: Drought, Stochastic Modeli

2-8 -200922 -12-2009

mailto:almohseen2000:@yahoo.com


Al-Rafidain Engineering              Vol.18         No.6 December 2010

41

.
)(

 .
.

 .)(

 .

.
.

 ,  .
[1](Process)

(Severity)(Duration) .

 . [2]

.
)  ((Theory of Run)

[3] .
   [2] .

[4]
 .[5](Poisson Distribution)

 .[6](Cache la Poudre)
.[7] (return period)

. [8]
(DARMA)

.(risk).
  - .

 .(DARMA)
    .[9]

(Joint Distribution).

.[10]42
 . .(DSIe)DSIe)1 (  

) ()2 (
.

) (
 .

[11] :
 .

)NAO ()(PDF .



 :  )(

42

)risk (.

.
.

 .
.

)(Fattah
1979.[12] Frequency Analysis)
 ((Independent).

 ..
[13]

-3-3 .-3
.

) (
  [2].(Correlation)

(Severity)(Duration).
[1](Fuzzy

Logic).
 .

  58 .
  
(Membership Functions) . )

 ( ) .(
64 .

0-100.
 .58

.
  

.

.
  

 .
:

.1.

.2
.



Al-Rafidain Engineering              Vol.18         No.6 December 2010

43

 .3
.

.
)((threshold)

(a run) .

 .
 .

 .
  (Theory of Runs)[3]

.

)( (Theory of Runs)
[3]) (

).(
  )

 ( .
(DD) (SD)

)1 ( .(DD)
(SD)

 .
 .)1 (

.

(Drought Intensity)DI:

     (DD)

Severity Degree
(SD)

)1   ( .



 :  )(

44

DI = SD / DD                                                           ……………………………………….. (1)
)1 (

 (Variable) (Stochastic Variable)
 .

 .
(SD),(DD)

.

 (DD))(

(joint probability density function,(Joint PDF))
[14] .

N(Threshold)  x0

:

P[N] = P[x1<x0]. P[x2<x0]….. P[xi<x0]. P[xi+1<x0]……. P[xN<x0]                   ……….      (2)

  (DD)(xi,i=1,2,….N)

) (x0

xixi)(
:

xi =(vi – vmean)/ v ……………………….......  (3)
:

vi.
vmean.

v.

(DD)N:

P[DD < N] = P[ N]                                                    ……………………………………….(4)

)2 (
(Probability Density Function)PDF

 (Cumulative Density Function)CDF:

P[x  x0] = p                                              …………………………………………………..(5)

P[x > x0] = q = 1-p                                                      ..……………………………………..(6)

(Exceedance Probability)DD) (
[15]:

P[DD  N] = P[N] +
1

N]P[M,
M

                                                 ………………………….   (7)
P[DD  N]N.

P[N]
N.



Al-Rafidain Engineering              Vol.18         No.6 December 2010

45

P[M , N](joint probability)
NM

.
(Order Statistic)N

x0(p)N .:

 P[N] =  pN  …………………………………………………(8)

P[M , N] =
1M

 pN qM                                         ...................................................................(9)
:

pN

1M
qM =  pN [(1/(1-q))-1] = (1/p – 1) pN ..………………. (10)

)10 , 8()7(:
P[DD  N] = pN +(1/p – 1) pN  = pN(1+1/p – 1) =  pN-1 …………………….(11)

[15][16]:

P[DD = N] = P[DD  N] – P[DD  N+1]                                           ……………………..(12)

  x0:p=q=1-p
)11()12 (:

P[DD = N] = pN-1 – pN = pN-1 (1-p) = pN ……………………….(13)

p (DD))
 ((PDF).

 (DD))(

(Serial Dependence)
 p) (

(Joint PDF):

  P[N] =
0

2121

0

,....,,),....,,(......
x

NN

x

dxdxdxxxxf                      ………………………………(14)

),....,,( 21 Nxxxf P[N]N
.

)14 (  
(First Order Markov

Process) .
xi-1  (Conditional

Probability):

P[xi  x0 | xi-1  x0 ] = P(xi  x0 , xi-1  x0 ) / p                                       ……….…………  (15)

: P(xi  x0 , xi-1  x0 )



 :  )(

46

p)(Marginal Probabilityxix0.
[15][14]

(Bivariate Normal Distribution)
:

P[DD = N] = (1- ) N-1                                        …………………………………………  (16)

:
P[DD = N])N

.(
1.

 = 1/2 + (1/  ) sin-1 ( 1)                                     ………………………………………     (17)

(DD)
(Markov Process)

.

   (ARMA),(AR)

)16 (
(Lag-one Auto-Regressive Model).(AR(1))(Lag-two Auto-Regressive Model).(AR(2))

(Autoregressive-Moving Average)(ARMA(1,1))
.

 (AR(1)) (AR(2))(ARMA(1,1)) .
)(AR(1)(ARMA(1,1))(Correlogram))

(t)3 (
 .)(AR(2)

 .(ARMA(1,1)) [15]
.

[14].
[18],[17]

 .-1.

-1  .

121
AR(1)0.110321 ---- ----
AR(2)0.112524-0.019970 ----

ARMA(1,1)-0.068488 -----0.181088

(Stochastic Analysis Modeling System)  (SAMS-2007))Prof .J. D. Salas
(

 .
[19]:



Al-Rafidain Engineering              Vol.18         No.6 December 2010

47

..
.(Transformations)

.
. .
.  (ARMA(p,q))

.(PARMA(p,q))(AR(1))
(ARMA(p,q)))p=1,q=0).(

..

..

58 )
1988-1931 ()(2

10000,1000,10058) (
(ARMA(1,1) ),AR(2),AR(1))(SAMS-2007) .
    MATLAB(DD)

,,
(SD)) (.

(Histograms)(DD)
 (SD)10.

)2 (1988-1931
.



 :  )(

48

)3 (1988-
1931.

)3 (1=0.109
µ)16 ()N

 .(
MATLAB.

5810000,1000,100 .-2
    .

-2        
  .

-
ARMA(1,1):

-
       AR(2):

-
   AR(1):

)(10000 1000 100 10000 1000 100 10000 1000 100
0.465 0.462 0.706 0.385 0.429 0.250 0.333 0.500 0.308 0.333 0.500 1
0.249 0.308 0.118 0.308 0.286 0.250 0.250 0.083 0.231 0.250 0.083 2
0.133 0.077 0.188 0.077 0.071 0.167 0.083 0.167 0.153 0.083 0.167 3
0.071 0 0 0.154 0.143 0.167 0.083 0.167 0.154 0.083 0.167 4
0.038 0.077 0 0.077 0.071 0.083 0.167 0.083 0.077 0.167 0.083 5
0.020 0 0 0 0 0.083 0.083 0 0.077 0.083 0 6
0.010 0.077 0.059 0 0 0 0 0 0 0 0 7

-2  
ARMA(1,1)100

)16 (
) .  -2.(

)     AR(2),AR(11001000
10000 .-2)ARMA(1,1

70.6%5810000
)  AR(2),AR(130.8% 25.0%.),5,46 (

)ARMA(1,1100
.

-0.3
-0.2
-0.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

012345678910

  

)(



Al-Rafidain Engineering              Vol.18         No.6 December 2010

49

)4  (58.

)5  ()16(.

)6  ()ARMA(1,1100.

-3
  MATLAB

 .-3
10000,1000,100.

0

0.1

0.2

0.3

0.4

0.5

1234567

  )(



 :  )(

50

1000,100
AR(1)10000

)10000 (.

.(8),(7)
AR(1)10000

.

-3    
  .

-
ARMA(1,1):

-
       AR(2):

-
   AR(1):

)3(10000 1000 100 10000 1000 100 10000 1000 100
- 0.231 0.353 0.250 0.333 0.167 0.250 0.333 0.231 0.250 0.333 10-0
- 0.462 0.412 0.250 0.167 0.417 0.250 0.167 0.385 0.250 0.167 20-10
- 0.154 0.059 0.250 0.083 0.167 0.250 0.083 0.154 0.250 0.083 30-20
- 0 0.118 0.167 0.333 0.083 0.167 0.333 0.077 0.167 0.333 40-30
- 0 0 0 0 0.083 0 0 0.077 0 0 50-40
- 0 0.059 0.083 0.083 0.082 0.083 0.083 0.077 0.083 0.083 60-50
- 0.154 0 0 0 0 0 0 0 0 0 70-60

)7  (58

)8  () AR(110000.

65          55           45          35           25           15            5

65 55 45 35 25 15 5



Al-Rafidain Engineering              Vol.18         No.6 December 2010

51

- 4  
 .

 .
)
SAMS-2007 (

 . .

(Aikaike information criterion, AICC)(Schwarz information criterion, SIC) .
-5                                .

-4
.

-5.

AICCSIC
AR(1)61.50861.350
AR(2)63.71165.388

ARMA(1,1)63.71065.387

-5AR(1)AICCSIC

.

 .

.
 .

) (
) (

 .
(Operational Hydrology) .

)3( 1
3

3

75.789 7 0.1093 13.520 42.970

123.600 6.95 0.0761 12.670 42.660 AR(1)
100122.100 6.82 0.0772 12.680 42.660 AR(2)

117.600 6.863 0.0774 12.960 42.870 ARMA(1,1)
119.000 6.995 0.0834 12.900 42.840 AR(1)

1000117.600 6.912 0.0843 12.910 42.840 AR(2)
117.600 6.863 0.0780 13.020 42.930 ARMA(1,1)
117.400 6.885 0.0799 13.030 42.940 AR(1)

10000116.000 6.816 0.0807 13.030 42.940 AR(2)
116.400 6.824 0.0780 13.020 42.930 ARMA(1,1)



 :  )(

52

.

 .
 .

.

.

1989.

1. Al-Mohseen, K. A.,"Drought Assessment for Fatha Region using Fuzzy Logic Approach", Proceedings of
the Georgia Water Resources Conference, University of Georgia. Athens, Georgia,27-29 April, 2009.

2. Dracup, J. A., Lee, K. S., and  Paualson, JR,  E.  G., "On the definition of Drought", Water Resources
Research, Vol. 16, No. 2,297-302, 1980.

3. Yevjevich, V., " An objective approach to definitions and investigations of continental hydrologic
droughts", Hydrology Papers No. 23, Colorado State University, Fort Collins, USA, 1967.

4. Sen, Z., ‘Statistical analysis of hydrologic critical droughts’, Journal of Hydraulics Division, ASCE ,
106(1), 99–115,1980.

5. Chang, T. J., "Effects of Drought on Streamflow  Characteristics", Journal of  Irrigation and Drainage
Engineering, ASCE, Vol. 116, No.3,1990.

6. Frick, D. M., Bode, D., and Salas, J. D., "Effect of drought on urban water supplies. I: Drought Analysis",
Journal of Hydraulic Engineering, ASCE 116(6), 733–753, 1990.

7. Fern´andez, B., and Salas, J. D., ‘Return period and risk of hydrologic events. I: Mathematical
formulations’, Journal of Hydrologic Engineering, ASCE 4(4), 297–307, 1999.

8. Chung and J. D. Salas, "Drought Occurrence Probabilities and Risks of Dependent Hydrologic Processes",
Journal of Hydrologic Engineering, ASCE,Vol.5,No.3,2000.

9. Kim, T. W., Vald´es, J. B., and Yoo, C., ‘Nonparametric approach for estimating return periods of
droughts in arid regions’, Journal of Hydrologic Engineering ASCE 8(5), 237–246,2003.

10. Pandey, R. P. & S. K. Mishra & Ranvir Singh & K. S. Ramasastri,"Streamflow Drought Severity
Analysis of Betwa River System (India)", Water Resour. Manage., Springer Science22:1127–1141,2008.

11. Sarlak  N., E. Kahya and O. A. Beg," Critical Drought Analysis: Case Study of Goksu River (Turkey) and
North Atlantic Oscillation Influences", Hydrological Journal, ASCE ,2009.

12. Fattah, Majda M., "Flood and Drought Characteristics of Tigris River", MSc. Thesis, College of
Engineering, University of Mosul, 1979.

13. ""  
1988.

14. Goldman, D., "Stochastic Analysis of Drought Phenomena", US Army Corps of Engineers, Hydrologic
Engineering Center, July,1985.

15. Sen, Z.,"Wet and dry periods of annual flow series", October, ASCE,HY10,1503-1514,1976.
16.  Feller, W.," An Introduction to Probability Theory and its Applications, Vol. I, 3rd Ed., Wiley, New York,

1968.
17.  Salas,  J.  D.,  J.  W.   Delleur  ,  V.  Yevjevich,  and W. L.  Lane," Applied Modeling of Hydrologic Time

Series", Water Resources Publications, Littleton,Colorado,1980.
18. Kottegoda, N. T.," Stochastic Water Resources Technology", Halsted Press, John Wiley and Sons,

NewYork,1980.
19. Sveinsson O.  G.  B.,  J.  D.  Salas,  W.  L.  Lane,  and D.  K.  Frevert, "Stochastic Analysis, Modeling, and

Simulation (SAMS)Version 2007,USER's MANUAL, Computing Hydrology Laboratory, Department of
Civil and Environmental Engineering, Colorado State University, Fort Collins, Colorado, 2007.

–


