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ABSTRACT

Depending on the production function, irrigation water cost function and the sale price of yield, previously,
lengthy mathematical expressions have been developed to estimate the optimal levels of water used in deficit irrigation,
that would maximize yield (W,,), under water limiting (W,,), and under land limiting (W,) and the amount of water that
leads to income equal to income of W, when land is limited (W), and that leads to farm income equal to farm income of
Wi, when water is limited W,,, . Therefore, in this paper, firstly the previous lengthy expressions for (W) and (We,,) Were
simplified. Secondly, simple expressions for both (W) and (W) were derived under presence of rainfall. Thirdly, very
simple mathematical relations between (W, & W,) and (W, & W,) were derived in order to determine much easier

expressions than those previously derived for W, and W,,, respectively, with and without rainfall.
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1. INTRODUCTION

The increasing use of irrigation water has
led to a deterioration in water in many areas. In
the race to boost agricultural productivity,
irrigation will become more dependent on poorly
developed and almost uncontrolled water sources
[1]. Irrigated agriculture needs to contribute an
increasing share of food production to meet the
growing demands of the growing population. In
the face of climate change impacts, many arid and
semi-arid areas suffer from water shortages.
Drought and increased water demand have led to
the need for irrigation water management. Water
stress negatively affects plants. Depending on the
degree and extent of water deficit stress, plants
growth and the physiological functions can be
limited and affected [2], [3].

Water shortage is the main impediment
of agricultural production, so agricultural research
in arid and semi-arid areas is mainly focused on
the relationship between crop production and
water use. The challenge in agriculture is to
increase the economic return from the lowest

amount of water, which is either reducing water
consumption with increasing production, so-
called irrigation water management, or increase
production with a fixed amount of water
(agricultural management) that will eventually
lead to more water production. Irrigation water
management to increase production will not be
the same in all areas. In areas where sufficient
water is available, full irrigation can be an
appropriate option while in areas where water is
limited; irrigation is considered an appropriate
strategy for more efficient use of resources
available water.

The use of management strategies to
achieve sustainable production as the economic
dividend is an appropriate  management.
However, in all cases it is necessary to know the
relationship between water and production (the
productivity equation) in order to achieve
sustainable production in optimum quantities of
irrigation water. Crop production functions is a
convenient tool for irrigation management and
yield response estimation in Water scarcities [4].
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A number of researchers have developed
production functions in multiple forms, and the
available equations can be used to derive and
develop productivity equations. [5], [6], [7], [8]-

The objective of this research is firstly, to
simplify the lengthy equations that derived by
(English, 1990 and Capra et al., 2008) for the
optimum water level at which net income equals
that at full irrigation when land is limited (W),
and when water is limited (W,,). Secondly, to
derive expressions for both (W) and (W) under
presence of rainfall. Thirdly, the main objective is
to derive easy to apply equations for both (W)
and (W) depending on irrigation water level
that, maximizes yield per unit land (Wy,), and that
maximizes net income per unit land (W,), and that
maximizes net income per unit of water (W,)
which can be found with simplified equations and
much easier than the previously derived
equations.

2. THE PROPOSED METHODOLOGY
2.1. Conceptual model

By adopting the production function
y(w) =a+bw+cw?(kg or tonha') and
irrigation water cost function of C(w) = A+ Bw
($ha™) and the sale price of yield P, W is the
amount of irrigation water, W,, which represents
the amount of irrigation water that will maximize
yields, can be found by setting the derivative of
production function to zero, Y (w)/0w=0.

Where y(w) = yield/unit land (kg or tonha™).

C(w) = cost/unit land ($ha™).

a, b, ¢ = production function constant.

A, B =irrigation water cost function constant.
P= sale price of yield ($kg™ or $ton™).

W = the amount of irrigation water (m* ha™').

The net income function of applied
water il(w) = P * Y(w) — C(w)($ha™), the net
farm income from all irrigated land ($) If(w)=
il(w) *Area. When land is limited, the amount of
irrigation water that gives maximum profit or
income (w;), can be found by setting the
derivative of the income function to zero
OiL(w)/ow= 0. The amount of irrigation water
that gives maximum farm income when water is
limited (w,) can be found by taking the derivative
of the farm income function and set it to zero
oIf(w)/ow=0.

W, represents the amount of irrigation
water that leads to profit or net income equal to
the net income of W, when land is limited
il(wm)=il(wg), when irrigation water is limited
W,y, represents the amount of irrigation water
that leads to profit or net farm income, equal to
the net income of the farm when using Wm

If(wm)= If(wey). Figure (1) shows the quadratic
production function and irrigation water cost
function and Wy,, Wjand W,.

Gross income
Prifit zone

Cost

Gross income & cost

W, W W,
Applied Water

Figure 1: The quadratic production function,
the irrigation water cost function, and Wy,, W,
and W,,.

2.2 General mathematical composition
Using quadratic production function and
linear cost function, [9] presented general
expression of W, W, and W, and lengthy
equations with two factors Z; and Z, to be
compensated in equations 6A and 7A in order to
determine W, and W,,, respectively

Y(w) = a + bw + cw? (1A)
C(w) =A+Bw (2A)
W, = -b/2c (A)
W, = (B — bP)/(2Pc) (4A)
Wy, = ((Pa—A)/(Pc))"® (54)
Wy =2 (6A)
Wew

= (—Z, + [Z3 — 4Pc(Pa— A]®%)/(2Pc)  (7A)

Where
pbz  bB\]1*°

Z, = |(Pb - B)? — 4pc (2= - 2)|

4c 2c

Pb? — 4Ac + 4Pac
2b

Z2=

Also [10] presented lengthy equations for
W, and Wey,. [11] gave full expressions of Wy,
W, and W,, with the quadratic production function

Al-Rafidain Engineering Journal (AREJ)

Vol. 25, No.1, June 2020, pp. 32-40



Haqqi I. Yasin: Water Management Under Deficit Irrigation 34

and quadratic cost function and also presented
lengthy equations for W and W, with two
factors Z; and Z, as shown in the equations 1B-
7B.

Y(w) =a; + b;w + ¢;w? (1B)
C(w) = a, + b,w + c,w? (2B)
by

W, = o, (3B)

W= b, — Pb, 4B
P 2(Pey — ) (4B)

_ ((Paj—-ay) 05

w, = (Fe=2) (58)

We, = (b, — Pby + Z1)/2(Pc; — ¢3) (6B)

Wew

_ —Zy + 73 —4(Pa; — a;)(Pc; — ¢,]%°

B 2(Pcy —¢3) (7B)

Where

Zl = (Pbl - bz)z - 4’(PC1

by pp, - bZpe. —
_Cz)( 1(Pby—by)  "1(Pcy cz>]

2¢ 4c?

0.5

_ 4(Pay—az)c1-bE (Pci—cp)

Z
2 2bicq

(a1, b1, ¢1), (82, by, c) = production and cost
functions constants respectively.

In presence of rainfall, using quadratic
production function and linear cost function [12]
modified full expression for W, W, [7]also
presented full expressions for W, W,, W,, but,
without expressions for W, and W,,,, as shown
in the equations 1C-5C.

Y(w') = a' + b'w' +c'w’? (10)

C(w) =A +Bw (2C)
bl

Wy =--5—-R (30)

W=7 R (40)

W, = ((P (@ +b'R+ 'R —A)/(Pc)*S (5C)

Where a’, b', ¢' = production function constants in
presence of rainfall. R =rain. w'=w+R

3. RESULTS AND DISCUSSION
3.1. Current research derivation

As mentioned above the optimum water
levels wg and w, were derived previously but
their derivation were complicated and lengthy. To
achieve the main objective of our study, simple
expressions for wg and we, with different
production and cost functions were very essential
to derive simple mathematical relations between
W, W, WW in order to determine Wy and Wey.
Therefore, firstly the lengthy equations that
derived by [9] were simplified as shown in
equations 8A, 9A respectively. As their
derivations were complicated and lengthy, they
were given in Annex A.

W,, = (2B — Pb)/(2Pc) (84)
W,,, = 2(A — Pa)/(bP) 98)

Using both quadratic production and cost
functions, simple expressions were derived in
compare to the lengthy equations that previously
derived by [11] with two factors Z; and Z,. As
their full derivations were complicated and
lengthy, they were given in Annex B.

_2¢;by_by(Pcy + ¢3)
‘o 2¢,(Pcy — ¢3)

(8B)

_ ch(az - Pal)

W.. =
o b; (Pc; —¢3)

(9B)

3.2. Derivation of rained condition

Under rained condition full expressions
for W and W,,, were derived using quadratic
production function and linear cost function as in
equations 6C and 7C respectively and their full
derivation are given in Annex C.

(2B — Pb")
o= T opa R (6C)
Wew
2(A—P(a’+ b'R+ c'R?)
= (70)
P(b' + 2c'R)

3.3. The relationship between W, W, and W,
The current study presented simple
mathematical relations to determine wg and weg,

Al-Rafidain Engineering Journal (AREJ)

Vol. 25, No.1, June 2020, pp. 32-40



35 Haqqi I. Yasin: Water Management Under Deficit Irrigation

depending on wp,,, w;, ww in irrigation and rainfall
cases, Simple expression was derived for W,
depending on Wy,, W,. From equations 3A and
8A as follow

We = B/Pc+ wy, (10)
From equations 3A and 4A results:
w; = B/Pc+wp, 1

From equations 10 and 11 results simple relation
to determine wy as in equation (12).

We = 2W) — Wy, (12)

The  comprehensiveness  of  this
relationship can be verified by using the values
of equations 3B and 4B in equation (12) to find
the amount of equation 8B or to verify its
application by using the values of equations 3C
and 4C in equation (12) to find the amount of
equation 6C, and figure (2) shows the relation
between (W /Wy, & wi/wy,).

1
Wey Wi 2WyWi,)-1

0.8

= 0.6
g

v 04
e

0.2

0

0.5 0.6 0.7 0.8 0.9 1

WI'Wm

Figure (2): Relation between (we;/wy, & w;/wy,).

3.4. The relationship between W,, W,, and W,
Simple expression was derived for W,
depending on W,,, W,,. From equation 5A results

A= (%—WWZ)P (13)

Compensation for the value of A (eq. 13) in
equation, 9A produces:

Wy = —2cwi, /b (14)
from equations 3A and 14 results

Wey = Wi/ Wiy (15)

It can be wverified from the
comprehensiveness of this relationship in its
application by using the values of equations 3B
and 5B in equation (15) to find the magnitude of
equation 9B or verification by using the values
of equations 3C and 5C in equation (15) to find
the amount of equation 7C. Figure (3) shows the
relation between (W, /Wi, & Wy, /Wp,).

08 | W, /W, ~(W,/W,)"2
E 0.6
z
5 0.4
g .
0.2
0
] 0.2 0.4 0.6 0.8 1

Ww/Wm

Figure (3): Relation between ( Wy, /Wi, & Wy, /Wy, ).

4. CONCLUSION

It is easy to fully express the amounts of
irrigation water referred to above W, W,, W, ,
regardless to the formula of both the productivity
function or the cost function, but there is a great
difficulty in fully expressing each of the water
quantities W, and W, . So the research presented
equations (12) and (15) or figures (2) and (3)
where through them and amounts of water W,
and W,,, can be easily found depending on the
amount of water Wn,, W, W,,.
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Annex A
y(w) = a + bw + cw? ; C(w) =A+Bw
dy(w) -b
“ow =b+2cw =0 ; Wm_Zc
Deriving We: il(wp) =P *Y(wy) — C(wp,), il(wg) = P * (wg) — C(wg))

2
il(wm)=P*(a+bwm+cwr2n)—(A+me)=P*(a——+—

il(we) = P x (a + bwg + cw?) — (A + Bwy)

il(wy) =il(wy) , Pa— 2

4c
bB

2c

0

2
Pcwe” +(Pb — B) we + %

—A+2%=Pa+wael+Pcwelz—A—Bwel

—Pb+ Bi\/PZbZ — 2PbB + B? — 4Pc %Hpc‘%

Wer = 2Pc
_ —Pb+ B+ vP?b? — 2PbB + B2 — P?b? + 2PbB
el ™ 2Pc
W, — 2B=Pb
el =™ “opc
Deriving Wey,:
If(wy,) = (P * y(wy,) — C(wy,)) * Area , Area = r//—T

(8A)
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— 2 2
If(wp) = % * [P * (a+bwy + cwp?) — (A+ Bw,] = ZEWT [Pa - % + P:c —-A bz%
—2Pac bP 2cA
If(w,,) =WT*[ e —B]

If(Wey) = % % [Pa+ Pbw,y, + Pcwep2 —A — Bwey ],  If(wy) = If(Wey)

—2Pac  bP  2cA WT 5
WT*[ 5 +2_+T_B]= * [Pa + Pbw,,, + Pcw,,2 — A — Bwy,,]
ew
_Zl;ac Wew + bziwew + %wew — B wg,, = Pa+ Pbw,,, + Pc w2 — A— Bwew
+Pcwen? + [bzi - % ZPSC ]wew +Pa—A=0 ........x(2b)

2bPcwy,,2 — [Pb? — 4cA + 4Pac]w,,, + 2Pba— 2bA =0

—(Pb% — 4cA + 4Pac) + /P2b* — 8P.b2 cA + 16c2 A + 8PZb%ac — 32Pac? A + 16P2a%c? — 16P2bZac + 16Pb2cA

WEW

4bPc
—(Pb?-4cA+4Pac)++/(Pb2+4cA—4Pac)? -b
Wew = 4bPc Ve Wm =53¢
2A — 2Pa
Wey = (9)
Annex B
DerivingWe: Y(w) =a; +b;w+c,w? |, C(w) =a, +b,w+c,w? |, wy = ;—El
1

il(wy) =P*Y(wp,) — Clwp) =Px*(a; + bywy, + c;wi) — (a, + bywy, + c)w?

il(wp,) = Pa; + Pbyw,, + Pc;w? —a, — bywy, — c,wi

—b b? -b b?
il(wy,) = Pa; + Pb; (Tll) + Pey (4_Clz> —a,—b, (ﬁ) —c, <4_(:12>
1 1

bzbs  czbs? pbs? bzby  czbs?
—a, + - = pa; ————a,+ -
2 b3y 2 2¢q 4cq2

pb12 pb12
+ = 5
2cq 4cq 4cq

2cq 4cq

il(wy,)=pa; —

il(Wel): pa; + pblwel + pC1We12 —az; — bZWel - CZWelz ’ il(VVm) = il(VVel)

_pbi® byb;  cpby?

= pa; + pbyw, + pcywy? —a, — b,wy — C, Wy 2
2, 2T 50 40,2 pa; — PpDyWep T PCyWe 2 2Wel 2Wel

pa;

pb12 _ b,b, n C2b12

=0
4c;, 2¢;  4cy?

Welz(pcl —¢3) + we(pby; —by) + —

2¢,b,b, N c,2b,?

2 2
—(pb, —b,) + \/szlz — 2pbsby + by” — P2b,” + 2pb,b, — P2 4 e
1

W = C1 C1 c,?
el 2(pcy — ¢3)

~(pb1-bp) [0y~ 2212 b,

Wel = 2(pes—cz) V& T W=
_2¢1by —by(pey + ¢3)
Wel = (88)
2¢,(pcy — ¢3)

Deriving Wey:

If(wp) = (P *y(wp) — C(wy,)) * Area = % * [P+ (a; + bywiy + ¢, Wh) — (82 + bywiy + c)wi ]
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WT
If(wy,) = ot [Pa; + Pbyw, + Pc;w2 —a, —b,w,, — c,wi ]

m
—2WTc pbi?  pby? bybs  czbq? —2WTcq pb1 bybs  cbq?
If(w,,) = Llpa, — P S LE, [ S E - L.
(Wp) = by pa, 2¢q 4cq a+ 2¢q 4cq2 by pa; 4cq a+ 2¢4 4cq2
2 —
If(wew) - [pal + pblwew + pclwew —a; — bzwew — CoWew ] ) If(wm) - If(wew)
2pa;cw pbyw, 2c,a,wW c,byw,
pa; + pblwew + pcl"vew2 —az— bZWew - C2Wew2 + = = = + boWew — == 0
b, 2 b, C1
pby  2pajc;  2ayc C2b1>
2( _ ) ( _ _ _ —
CL—Cy)+w +pa; —a, =0
Wew " (PCq 2 ew |\ b, b, 2¢, ba, 2
Wew
_(pby | 2pajc;  2ax¢c; czbl) b,%p? _ pc,by? 4a,%p2c,? 2 _4pajac,? 4a,%c,2
~ ( 5 +—bl o 2 i\/ + p?ajc; —paye Tee +7blz +p2a;c Tz T Pal + b2
2(pcy — ¢3)
4pa;ac,? C22b12 PC2b12
.\[Pazcl—ib > + a,c, +—4c 2 T ¢ —pasc, + a,c, —4p2asc; +4payc, +4pasc, —4ayc,
1 1 1
b 2pa;c 2 azc cyb b 2pa;c 2 azc cyb
_(M+P11_ 21_21)+ (p1 P11+ 2C1 21)
2 by by by by 2¢q
Wew =
2(pcy —¢3)
pbq 2pajcCq 2a2c1 Czbli(pbl 2pa1c1 2azcq Czbl) b
2 b b 2 b 2 -
Wew = 1 1 €1 by 1 €1 , -ve , Wy = 1
2(pci—c3) 2¢q
pbi1 2pajcy 2apcy, c2by pby 2pajcy 2azcy cgbg 4pa1c1 4azcy
_ 2 by j by j 2Cq 2 b1 b1 ) ch) b1 b1
Wew = — =
2(pcy—cz) 2(pcy—c32)
_ 2c1(a2—Pa1) 9B
1(Pc1—c2)
Annex C
Deriving W
YW)=a'+bw+c'w? ; w=(wtR), C(w)=A4+Bw
Y (w+R)=a'+b' (w+R) +¢' (W+R)?=a’"+ b w+b'R+c’ w? +2¢'wR+c'R?
dy(w+R —br
M=b’+2c’R+2c’w=0 , wWp=—-—R
ow 2¢/

ll(Wm) =Px Y(Wm) - C(Wm)
illwy,)=Px*(@+ b'wy, + bR +c’' w2 +2c wyR+ ¢'R?) — (A + Bw,,)

illw,)=P=x|a" + b R+CR2+(b'+2CR)<—b,—R>+C( R)] <A +B( o R))

_ Pb'? Pb'? Bb'

il(wy,) =Pa’ +Pb'R+ Pc'R? — 'R— Pb’'R — Pb’'R? — 2Pc’R? + o + Pb’'R+ Pc’'R?% — S0
+ BR

tw) = P ar Pb'*  Bb’

HWm/) = B = T o0
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il(wg) = Pa’ +Pb'R+Pc'R2+ P(b’ + 2¢'R)w,; + Pc'wg 2 — A — Bw,,, il(wy,) = il(wg)
12 Pb’2 Bb, ! ! p2 ! ! 1] 2
Pa' — A +2_c’_A+BR =Pa' +Pb'R+Pc'R* + P(b' + 2¢'R)w,; + Pc'w,* — A — Bw,,
Pb”®  Bb’
PC’WEI2 + (Pb’ + 2Pc'R+ B)w,; + Pb'R + Pc'R? + T - T —BR=0
—(Pb/ +2Pc/R+ B+VP2b'?+4P2 b'Rc! +4P2R2¢' >~ 2Pb/ B—4PBc/ R+B2—4P2 b/Rc/—4P2R2c! 2—P2b’' 2+ 2Pb/ B+4PBc'R
We) = 2pPc!
2B-Pb’
w = 22 R (60)
Deriving Wey:
If(w,,) = il(wy,) * Area , Area =2 , Wy, = >R
Wm 2cr

If(W,,) = il(W,,) * Area = [P{a + b(W,, + R) 4+ c(W,, + R)2} — A — BW,,] * %

WT
If(W,,) = [P(a +b'R + ¢'R%) + Pb'W,, + Pc'W2 + 2Pc'RW,, — A — BW, |

P(a’+b'R+c'R?)

[f(Wpn) —WT[ +b'P +PC'W, + 2PcR— -~ B],

P(a +b'R+c'R?)

If(We,,) = WT +b'P+ Pc'Wey, + 2PCR———— B|,  1f(Wy) = If(We)

P(a’ +bR+CR2)+P’W A _P(a’+b’R+c’R2)+P,W A
W W, T We e T W
PZW,,, + PC'W2.W,,, — AW,,, = PZW,, + Pc'W,, W2, — AW,,

Pc’'W, W2, — (PZ + Pc'W2 — A)W,,, + PZW,, — AW,, = 0

_ PZ+Pc'W2 — AF/(PZ+ PC'W2)? — 2A(PZ + PC'W2) + A2 — 4PC'W,,, (PZW,,, — AW,,)

ew ™ 2Pc’'W,,
_ PZ+Pc'W2 — A F P272 + 2PZPC'WZ + P2c'* W2, — 2APZ — 2APC'WZ, + A? — 4P2C'ZW2 + 4Pc’ AW
- 2Pc'W,,,
_ PZ+Pc'W2 — AF/(PZ— Pc’'W2)? — 2APZ + 2Pc' AW, + A?
ew 2Pc'W,,
_ PZ+Pc'W2 —A¥F/(PZ— Pc’'W3)? — 2A(PZ — Pc'W;) + A2
ew 2Pc'W,,
_PZ+Pc'W2 —AF/(PZ— Pc’'WZ —A)? PZ+Pc'W2 —ATF (PZ— Pc'W2 —A)
ew 2Pc’'W,, B 2Pc'W,,
_PZ+Pc'W2—A+PZ— Pc'W2—A 2(PZ—A) [P@@+b'R+c'R?)—A]
ew 2Pc'W,, - 2PC'W,, per [ — R]

_2[A-P(a’ +b'R+ c'R?)]
ew P[b’ + 2¢'R]

(70)
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