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Abstract

Fourier series will be utilized for the solution of simply supported beams

with different loadings in order to arrive at a free vibration. The equation of the
2 4

g f +c? 8_3: =0
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One of the methods of solving this type of equation is the separation of the
variables which assumes that the solution is the product of two functions, one
defines the deflection shape and the other defines the amplitude of vibration with
time.

Modes of deflection with and without time along the beam were drawn for
certain cases.

Good agreement has been obtained between the results of the present
study and that determined by Timoshinko[11].

free vibration is
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Notation:

EI Flexural rigidity of the section of the beam.
L Length of beam.

w(X) Load function.

(I)(x) Function of distance.

Y(t) Amplitude of vibration with time.
t Time

X Distance

m Mass

C Constant

Q) Natural frequency of the beam.
(0 Vo/c

Introduction:

The study of large amplitude of simply supported beams can be traced to
the work of Kreiger[1] wherein the governing partial differential equations were
reduced to ordinary differential equations, and the solution was obtained in terms
of elliptic functions using a one-term approximation. Similarly, Butgreen[2] gave
the solution for the large amplitude vibration problems of hinged beams based on
the classical continuum approach. Srinivasan employed the Ritz-Galerkin
technique to solve the governing nonlinear differential equation of dynamic
equilibrium for free and forced vibration of simply supported beams and plates
[3, 4]. Evenesen[5] extended the study for various boundary conditions using the
perturbation method.

Ray & Bert[6] carried out experimental studies to verify the analytical
solutions for the nonlinear vibrations of simply supported beams and compared
the solution schemes such as the assumed space mode, assumed time mode and
Ritz-Galerkin methods and concluded that the latter two are better than the
former. Pandalai & Sathyamoorthy [7] developed model equations for the
nonlinear vibrations of beams, plates, rings and shells using Lagranges equations
and highlighted the difference in the nature of the model equations for beams and
plates, rings and shells.

Lou & Sikarskie[8] employed form-function approximations to study the
nonlinear forced vibrations of buckled beams. Rehfield [9] used an approximate
method of nonlinear vibration problems with material nonlinear effects for various
boundary conditions.

Mustafa [10] used Laplace transformation method to solve the free
vibration of simply supported beams.
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Theory and Application

The partial differential equation (p.d.e) for free undamped transverse vibration of
beams is [11]:

2 4
8_;/+028_i/:0
ot ox

EI

where 02 =—

m
One method of solving this equation is by the separation of variables;
it assumes that:

y(x,1) = o(x)Y (2) ©)

where (I)(X) is a function of distance along the beam defining its deflection shape

(1)

when it vibrates and Y(t) defines the amplitude of vibration with time.

Substituting equation (2) for equation (1) yields:

o* o
d(x) an +cY (1) aq;(f) =0 3)

The equation (3) is rewritten so that the variables x and t are collected together
into separate terms as follows:

M _ 1 Y@

o(x) ' Y(t) o

Since each of the variables x and t are independent variables, then each side of

4

. . 2
equation (4) is equal to a constant, say
It may be rewritten down to two ordinary differential equations that have to be
satisfied:

c* %) _ o

)
o(x) oxt
Rearranging equation (5) yields:
0*(x) o’
o) =0 (6)
P I o(x)
2
: 4 _0
Putting 0L = —- yields: (7
c
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84(1)()(7) _ 0(,4(|)(X) =0 (8)

ox?

Equation (8) can be rewritten as:

(D4 —(14)(1)()6) =(0  where D;E

ox
The auxiliary equation is:
D*—a*=0 ©9)
Analysing equation (9) yields:
(D* —a?)D?* +0?)=0
then
D* =o? D* =—a?
and
D =*a D = tia
The general solution is given by:
d(x) = ¢, sin ox + ¢, cos ox + ¢5 sinh ax + ¢, cosh ox (10)

where Cl ’ Cz ,C 3 and C4 are constants

and
1 2
1 Y(t):(,f (11)
Y ot
Rearranging equation (11) yields:
2
a@y O} 0Y()=0 (12)
t
And rewriting (12) as:

(D +0*)Y () =0
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where Dv = é
ot
Or

D*+w&* =0

and
D? = _y?

Then

D =+io

Then the general solution is given by:

Y(t) = Acoswt + Bsin ot (13)

Substituting equations (10) and (13) for equation (2) yields:
Y(x,t) =(Acoswt + Bsinmt)(c; sinox + ¢, cosox

. (14)
+¢; sinhox + ¢, coshow)

The complete solution for a particular structure requires expressions for
the displacement, slope, moment and shear at the supports which must be
substituted for (14). This procedure will yield three coefficients in terms of the
forth and will also yield a frequency equation from which (® may be evaluated.
The final coefficient expression is a magnitude of vibration that would require
acknowledging of the initial conditions of motions.

For the simply supported beams the boundary conditions are:

2
N0)=0 and  EJ fo 0,6)=0 (15a)
2
y(L,1)=0  and EIZXZ(L,z) =0 (15b)

Substituting equation (a,b) for equation (14) yields:

0 =c;sinal +cysinhol
And

0 =—c,sinal +c; sinhol
Then 0 = 2¢4 sinhall
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since sSinh oL # 0
Then Cy = 0

Hence what is left with is the relation 0 = ¢; sinh a.L

A non-trivial solution (Cl * O) only exists if SIn oL, = 0 = sin nmw
which means:

ol =nm

nt
And O0 = —
L

From equation (7)

2_2
2 W N7

(04 = — =
C I?

n’n® [EI
o= —
I? m

Where @ is the natural frequency of the beam.
Substituting equation (15a) for equation (14) to obtain:

- . . AT
y(x,t) =Y (A, coswt + B, sinwt)sin T
n=l1
Where An and B ,, are constants which can be obtained from the initial

conditions:
For initial displacement:

y(x,0) = f(x)
and initial velocity:
oy

—(x,0) =

v (x,0) = g(x)

The constants An and B 5 can be obtained as follows:

Substituting initial displacement for equation (16) yields:
> nm
f(x)= ZAn sin— x
n=1 L
Equation (17) is half range sine series[12]

Then
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2 h nm
A, =— | f(x)sin— xdx (13)
"L (3[ L
Substituting initial velocity into equation (16) yields:
> . NT
g(x)=> @B, sin—x (19)
n=1 L
Then

2 b nm
B, =— |g(x)sin — xdx (20)
o~ 0fg( )sin=

1- Intermediate Concentrated Load:

If P is the concentrated load acting at distance X; from the left side of the

beam as shown in Fig. (1).

lp

5
v

Fig .(1)
then the load function is:
i u
0 0<x<x;—=
2
. u u
w(x)=|lim 2 X ——<X<X|+— 1)
u—0 iy 2 2
u
0 X, +5<x<L

The differential equation relating the deflection and the load is:

4
d'y _w) .
dx* El
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Representing the load w(x) by half range sine Fourier series [12]
& . NT
w(x) =) C,sin—x
n=1 L
where
2k nm
C,=— j w(x)sin— xdx
L; L
Substituting equation (21) for equation (24) then

C,= ghm I£s1n T dx
Lu—>0 L

Integrating equation (25) gives:

sinu
lim——=1
u—0 U
Then
2
C,= 2P in T —X
L L

Substituting equation (26) for equation (23) then

nm
w(x) = Z “sin —x1 sin T

(23)

(24)

(25)

(26)

(27)

In order to get the deflection due to the static load, it was assumed that the

deflected shape represented by half range Fourier series:

y= Zb s1n—x

Which satisfies the boundary conditions of simply supported beams.

Substituting equations (28) and (27) for equation (22)

then
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4 _4

Zn ® b sinCx= Z— sin " x, sin - x (29)
L L EIL L L

which yields:
2pL’ . nm

b, = f 7 Sin—ux, (30)
n'm L

Substituting equation (30) for equation (28) then
© 2pl® . nm nm
y(x) = ‘f 7 Sin—x; sin—x (31)
n=1Nn L L

which represents the deflection equation due to the intermediate concentrated
load.

If the load is suddenly removed the beam will vibrate freely and the initial
displacement is the deflected shape at t=0, that means the equation (31) gives
initial displacement in this case, then

3
y(x,0) = f(x) = Z 2PL -sin nLn X, sin nLnx (32)

substitutes equation (32) for equation (17)

* 2P . nn . N7 . HNT
T Sin——x; sin—x=3% 4, sin—x (33)
o BT L L L
That means:
© 2P . nn
A4,=Y sin— x; (34)

As the beam was at rest when the load was suddenly removed then the
initial velocity is zero. That is:

g(x,O):%(x,O)zo 35)

If equation (35) is substituted for equation (16)

The value of B ,, Will be zero substitutes An and B ,, into equation (16) then:
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© 2P nm nm
x,t sin — Xx; Sin — X COS W (36)
Y1) = Z e L L

Which is the equation of free vibration for simply supported beam load by
concentrated load at distance x, from the left end removed suddenly at time t=0.

ir, - L
17
Then
= 2P} . n7r. nmw
X, t sin X Ccoswt
) = Z W B 2 L

Which is the same result that obtained by Timoshinko[11].
2- Partially Distributed Uniform Load:

Assuming that w/unit length the intensity of the uniform load acting at

distance X, from the left side of the beam as shown in Fig. (2).

¢ W/unit length
AN X Tvn 4}
vIIT i
X X
\ 4
VI
Fig.(2)
The load function is:
0 0O<x<x
wx)=|lw X;<x<X, (37)

0 x,<x<L

Representing the load w(x) by half range sine Fourier series [12]

w(x) = Z C, smfx (38)
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Finding C ,, from equation (24) after substituting equation (37) for equation (24)

then:

= 2 stinn—nxdx

0

C

n

Integrating equation (39) to obtain:

2w nm nm
C,=—|cos—x, —Ccos—Xx
nT L L

Then the solution of equation (38) becomes:

nt

w(x) = Z {cos—xz—cos%xl}smfx

no] AT

Substitute equation (28) after rearranging the equation to obtain:

2wt [ nm nm }
b, = —5 5| COS—X; —COS—X,
n El L L

Substituting equation (42) for equation (28) then

y(x) = Z

n= 1I’l TC
Substituting equatlon (43) for equation (17) gives:

2wL* [ nm nT }
A, =——5 | C0S—x; —COS—X;
n El L L

2wL? nm nm nm
cos—x2 —COS— X [sin—Xx
L L

If equation (35) is substituted into equation (16)

(39)

(40)

(41)

(42)

(43)

(44)

The value of Bn will be zero, substituting An and Bn for equation (16) then:

I IV
v = e

=/ ST El

61

nm nT . NT
COS— X, —COS——X; |SIN—— X COS®f
L L L

(45)



Al-Rafidain Engineering Vol.14 No.2 2006

which is the equation of free vibration for simply supported beam loaded by
uniform load acting at distance X, from the left side end and removed suddenly
at time t=0.

If x,=0and x, =L
Then

© Awr?
y(x,0)= —
n=1

. nw
5 SIn — X COS ®!
—n o El L

Which are the same results obtained by Timoshinko[11].

3- Intermediate Variable Load:

If (Q/unit length) the intensity of the uniform load acting at distance X,
from the left side of the beam is as shown in Fig. (3).

ﬂ <+ Q/unit length

III i
X xiv
v
X1 Fig.(3)

then the load function is:

0 0<x<x
w(x) = L(x—xl) X; <xX<X, (46)

(X, -x)

0 X, <x<L

From equation (24) Then:
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X
22 o ysin™ vy @47)
L xZ(xz —X) L

Solving equation (47) to obtain:

sin ﬂx —sinﬂx
c - 20L L™’ L™ (48)

" (x, xl)n2 2 _ nn(x —x;)
L

(cos M —cos ™ x )
L L
then the solution of equation (23) becomes:

sin nn sin nn
— X, —SIn—X
2QL 2 L 1

w(x) = Z sin nLTc x

2 2
nmx —Xx nm nt
n= 1('x2 xl)n T _(O(Cossz—CosLxl)

(49)
From equation (28) after rearranging the equation to obtain:
! sin " x,—sin "y |
; 200 L L (50)
n 6_6
T (X —X nmx—x nt nrt
(x2 =3) —(—1)( cos Xy~ cosfxl)
Substituting equation (50) for equation (28) yields:
sin "y —sin T x
e 2QL5 7 . A (51)
y(x) = z - sin — x
(x2 x)| nn(x—xp) nm nm L
———(c0Os—Xx,—COS—Xx;)
L L L
Substituting equation (51) for equation (17) gives:
sin " x—sin " x
o0 5 ATl T
4,=3 20L L L (52)

n=11 °n (xz x)EI _M(cos@x —cosﬂx)
L L
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If equation (35) is substituted for equation (16),

the value of B ,, Will be zero, then substituting An and B ,, for equation (16) to

give:

sin mtx sin mtx
0 2 L5 AT T 1~
y(x,0) =) Q

. nT
e sin — x cos ¢
a1 n T (X, — xp)EL | nm(x —xp)

nm nm
(cos—x,—Ccos—x)
L L

(53)
which is the equation of free vibration for simply supported beam loaded by a
uniform load acting at distance X, from the left side end and removed suddenly
at time t=0.

Numerical example:

The following properties of a simply supported beam with uniformly distributed
load will be considered to draw the mode shape of deflection: L=Im,
E=200000 MPa , 1=1.0666*107 m* , w=300 N/m, m=7850kg/m" .

The relationship between deflection and the distance for these examples are
shown in Fig.(4, 5) which are identical to that obtained by Timoskenko[11].

Conclusions:

The Fourier series method with separation of variables is suitable to be used for
the solution of free vibration of beams. As the method is trigonometric (sine and
cosine), then the deflection modes are of the same shape for different types of
loads.

The solutions obtained are identical to those by Timoskenko[11] and Mustafa[10].
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2
5 L
4 L
=
£
5 3t
B
]
T
&
2k
1 L
D 1 1 1 1 1 1 1 1 1
a 0.1 oz 03 04 05 0B 07 08 0% 1
Distance (m)
Mode 1
4 T
£
=
=
i)
k=)
]
a
_4 1 1 1 1 Il 1 1 1 1
] 0.1 0.2 0.3 0.4 05 06 07 0.8 0.9 1
Distance (m)
Mode 2
245
£
E
s
k]
=
n
o

25 | | | | | . . | |
0 0.1 02z 03 04 05 06 07 08 09 1
Distance (m)

Mode 3
Fig.(4) Modes of deflection along the beam
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Deflection {rm)

Deflection (mrm)

Fig .(5)

Deflection (rmm)
w

@ =519rad/se

i 1 1 1 1 1 1 1 1 1
0 0.1 nZ 03 04 05 0B 07 08 08 1
Distance( rm)

Mode 1

w, =20.77 rad / se

1 h 1 1 1 1 1 1 1
a 0.1 02 03 04 05 0B OF 08 09 1
Distance( m)

Mode 2

@, =4675 rad/sec

1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 OF 08 08 1
Distance( m)

Mode 3

Modes of deflection with time along the beam
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