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Abstract

This study presents a nonlinear analysis using the finite element method to predict
the ultimate load and mode of failure for reinforced concrete deep beams with web
openings. Materials nonlinearities due to cracking, plastic flow or crushing of
concrete and yield conditions of the reinforcing steel are considered. The capabilities
of the proposed model have been examined and demonstrated by analyzing five
reinforced concrete deep beams with web openings.
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beams, web openings.
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Introduction

The exact analysis of reinforced concrete deep beams with web openings presents
formidable problems. Existing methods of predicting ultimate strength involve either
elastic theory or semi-empirical equations, neither of which is entirely satisfactory [1-
5]. Elastic methods of analysis have been used to predict the location and magnitude
of tensile stresses due to openings in deep beams. Although elastic theory is useful for
obtaining an under-standing of the way in which the beams carry load, it does not
predict the collapse load. Once the first crack has appeared in the beam, the
assumption of a homogeneous elastic beam 1is no longer valid. Some
recommendations have been made following experimental investigations of the
subjects; of particular note is the truss analogy which led to the development of a
semi-empirical design equations for ultimate strength. These equations are found
complicated, approximate and a more rigorous solution to the problem is desirable
and cannot be used to predict the failure modes of deep beams [6, 7]. It is recognized
that finite element methods can provide realistic and satisfactory solutions for
nonlinear behaviour of reinforced concrete structures. It is hoped that the finite
element analysis proposed in the present study is a step in the right direction.

Finite Element Idealization
The aim of this study is to develop a simple finite element model which leads
to a satisfactory prediction of the behavior of reinforced concrete deep beams with
web opening under monotonic loading action. Therefore, two different finite element
idealizations are required; idealization for concrete and idealization for reinforcement.

Concrete Idealization
Concrete is idealized by 2-D plane stress elements. A variety of finite
elements are presently available for use in the plane stress analysis. Isoparametric
elements have enjoyed considerable appeal because of their simplicity and versatility.
Among them, and may be the most widely used, is the eight-noded quadrilateral
element. This element has been adopted in this work for concrete idealization. The
complete formulation for this element can be found in finite element text [8].

Reinforcement Idealization
Reinforcement is represented by two-noded axial element embedded any
where within a concrete element along local coordinates lines. Perfect bond between
the concrete and steel is existed.
Because full compatibility between the bar and basic concrete element is
assured, the line of the bar is defined by using the same functions as the basic element

[9].
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Materials Modelling

Concrete
Concrete behaviour in compression

A perfect plasticity approach is used to model the compressive behavior of
the concrete. A dual criterion for yielding and crushing in terms of stresses and strains
is considered, which is complemented by a tension cut-off representation. The yield
condition is formulated in terms of the first two stress invariants /; and J,as [11]

F(L+J2) =[0(3J5) +ali]"* =00 (1)
where [Jand [Jare material parameters and oy is the effective stress obtained from a

uniaxial compression test. Relating this expression to Kupfer et al [10] results, the
material parameters are obtained as

a 1,0.35560 and [JJ101010] )

and the final expression of the yield criterion can be written in terms of stress
components, thus

flo) = {1.355 [(02x+c2y+c2z)—(cls/,§cy+cxcz+cycz) (Tt Ty I
0.3556) (6x+oy+0,)} 3)

where o, has a null value in plane stress
problems. 0'14 PRESENT CRITERION

In the perfectly plastic model oy is
taken as the ultimate stress f°. obtained
from a uniaxial compressive test. An elastic
response is assumed up to when the
effective stress reaches f°. after which a
perfectly plastic response follows until the
crushing surface is reached. Figure (1)
compares the yield criterion with the

STRESS
CRITERION

MAX,

experimental results of Kupfer in biaxial )%
stress space [11]. TENSION
The crushing condition Fig.(1): The yield criterion

The crushing condition is a strain-
controlled phenomenon. By a direct conversion of eqn. (1) into strains, the crushing
condition can be written as follows:
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BBI)+al; =6 “)

where /; and J, are strain invariants and &, is a maximum compressive strain
extrapolated from uniaxial test results and is expressed in terms of strain components
of plane stress analysis as

1.355[ (e F6%y-6x8,)+0.757", ]10.355ecu(extey) = £ (5)

Crushing or compressive type of fracture is assumed to occur when the effective total
strain reaches the maximum compressive strain in a uniaxial compression test. Once
crushing has occurred the concrete is assumed to lose all its characteristics of stiffness
at the point under consideration.

Concrete behaviour in tension

The response of concrete under tensile stresses is assumed to be linear elastic
until the fracture surface is reached and is governed by a maximum tensile stress
criterion. Cracks are assumed to form in planes perpendicular to the direction of
maximum principal tensile stress as soon as this reaches the specified concrete tensile
strength f. A smeared crack representation is assumed and the cracking strain €. can
be expressed as

€= (6)

where E . is the concrete elastic modulus. Tension stiffening characterizes the post-

peak behaviour where the descending part of the stress-strain relationship is modeled
by a bilinear decay function (Fig. 2). The parameters a; and o, are the tension
stiffening parameters. The choice of specific values for these parameters is very
difficult because they have no physical significance. A numerical study by Al-
Manasser and Phillips [12] on the effect of these parameters on the nonlinear solution
of reinforced concrete deep beams has shown that best prediction was obtained when
setting a; = 10 and o, = 0.6.

Due their rough nature, concrete cracks are capable of transmitting shear
forces. These forces will induce normal stresses which tend to stiffen the cracked
concrete. In the current model the ability of concrete to transfer shear force across the
crack interface is accounted for by introducing a reduction factor, Bs, to the shear
modulus of uncracked concrete for cracked concrete. This factor is given by [13]

Bs = &{al _ % }0.1 7)

a, -1 &£

cr

where ¢, 1s the strain normal to the crack direction. The variation of s with strain is
shown in Fig. (3). At strain greater than « ¢, a value of Bs=0.1 is used for numerical

stability.
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Steel Reinforcement

The mechanical properties of steel are well-known and understood. Steel is
homogeneous and has usually the same yield strength in tension and compression.

In the present study a bilinear elasto-plastic model with strain hardening is
used for steel bars.
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Fig. (2) Tension stiffening model Fig.(3) Shear retention model

Nonlinear Solution Technique

The nonlinear analysis is based on the modified Newton-Raphson iterative
procedure which is used to calculate stresses, strains and residual forces [8]. Every
Gauss point is checked, at first, in order to determine whether loading or unloading
takes place, and then in order to establish whether any crack closes or forms.
Depending on the results of the previous checks, changes are introduced to the stress-
strain matrices and consequently, to the stiffness matrix of the structure. Based on
these modified matrices, displacement, strain and stress corrections are evaluated. In
order to decide when the iteration should be terminated, a convergence criterion is
required. In the present study, convergence is checked by the displacement
convergence criterion.

Applications

Although there have been extensive tests on solid deep beams, there are only
few published results on deep beams with web openings. Kong et al. [2] performed an
extensive series of experiments on deep beams with web openings. Among the beams
tested by Kong et al. [2] five beams have been chosen to examine the proposed finite
element model.
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Description of the Beams

All beams, which are identical in
geometry and longitudinal reinforcement,

had a thickness of 100 mm and dimensions as ~ -
shown in Fig. (4). The differences between Beam ref. No. J.(MPa) | f, (MPa)
these five beams were in the web

reinforcement patterns (Fig. 5) and concrete NO-0.3/4 43.7 4.09
properties  (Tablel). The longitudinal NWI1-0.3/4 36.8 3.94
reinforcement consisted of one 20mm | NW2-0.3/4 43.4 3.43
diameter deformed bar of 430 N/mm’ yield NW3-0.3/4 46.2 3.8
strength, anchored to external steel blocks at NW7-0.3/4 42.9 3.74

Table(1): Concrete properties
of the investigated beams.

the ends. Web reinforcement consisted of 10mm diameter deformed bar stirrups of

450 N/mm? yield strength.
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Fig. (4) Beam geometry Fig. (5) Web reinforcement patterns
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Finite Element Representation

Taking advantage of symmetry, only one half of the
beam is considered. The finite element mesh typical of all
beams investigated which consists of 68 elements, where
the loading and supporting plates have been included in the
mesh, boundary conditions, and loading used in the
analysis are shown in Fig. (6). The position of bar elements
is indicated by the dotted lines.
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Fig.(6) The FE mesh
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Discussion of the Results

The predicted behaviour and the comparisons between the computed and
experimental results are summarized below.
Load-deflection relationships and deformed shapes

The load-deflection experimental results are unavailable, thus the following
discussion will be restricted to the computed load- deflection only. The analytical
load-mid-span deflection relationships are shown in Fig. (7). It can be seen from these
relationships that the presence of the web reinforcement and its arrangement has an
influence on the beams response. The absence of web reinforcement in beam NO-
0.3/4 caused a reduction in load-carrying capacity and ductility where the failure is
brittle and sudden. Improvements were significantly noted on response of the beams
with different web reinforcement patterns. The best advantage could be gained by
reinforcing the beam above and below the opening.
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200.0 —

175.0 400.0 —

150.0 =

] 300.0 —
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Fig.(7) Load-deflection relationships
Fig. (8) contains representations of the magnified deformed shapes of the
beams at ultimate load. These shapes indicate that deformation occurs mainly by
relative rotation of three distinct blocks of the beam: one above the opening, another
below the opening and the third between the opening and the end of the beam [5].
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NO-0.3/4

Fig. (8) Magnified deformed shapes

NW3-0.3/4

NW7-0.3/4

Modes of failure and ultimate loads

The general failure modes of reinforced concrete members are represented by
the occurrence and development of cracks. The predicted and experimental cracking
patterns of the beams at failure are shown in Fig. (9), and the occurrence of cracking
is indicated by short lines, whereas crushed concrete is indicated by black spots. In all
the beams, diagonal cracks appeared first at loads ranging from118 kN to120 kN,
being initiated at the bottom left corner of the opening. As the applied load was
increased diagonal cracks were developed, approximately parallel to the original
ones, and propagated both ways towards the support and loading point. Diagonal
cracks are the obvious feature here as well as considerable damage around the
opening and at point of application of loading. Note also the presence of horizontal
cracking at the top left corner of the web opening. Flexural cracks (vertical cracks)
also appeared in all beams. These cracks hardly penetrated the depth of the beams at
mid-span.

% |
NO-34 16 =0
: TE,’L ' Fig. (9) The predicted and
A of 116 16| experimental crack patterns
T WY vow
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Fig.(9) continued

Table (2) shows the comparison between predicted and measured ultimate
loads. It clearly demonstrates that a significant increase in the ultimate load of a beam
with openings by use of web reinforcement, particularly if the reinforcement protects
the regions above and below the opening. The comparison study in Table (2) shows
that the present finite element model is more consistent than Kong’s et. al estimates
[2] and strut-and-tie approach [6]. It is also noticed that Kong’s empirical equation
cannot be used for beams NW1-0.3/4 and NW2-0.3/4.

Table (2): Ultimate loads comparisons

Beam ref. | Measured, Predicted, kN R P, | P
No. P Ref. (2), | Ref.(6), Present, B | b | B

kN P; P> P; P i P

NO.-0.3/4 240. 367. 316. 241. 1.531132]1.0
NW1-0.3/4 420. Hok 446. 472. *kE 1 1.06 | 1.12
NW2-0.3/4 580. Hok 619. 565. *k* 1 1.07 | .97
NW3-0.3/4 620. 651. 643, 660. 1.05]1.04 | 1.06
NW7-0.3/4 720. 591. 771. 618. 0.82 | 1.07]0.86

Stresses distribution
Although tests on beams provided useful recommendations on the strength of
rein-forced concrete deep beams, the data so developed do not provide information in
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terms of a comprehensive stress distribution format in critical regions. However,
finite elements technique provides a unified understanding of the pattern of stresses
within the beam.

Typical stress distributions over the longitudinal section of the beam NO-0.3/4
are show in Fig. (10). From these diagrams it can been seen that a higher compressive
stresses are concentrated at the upper left and lower right corners of the opening
corners, support region, and the plate of loading. A high tensile strength concentration
at the upper right and lower left corners of the opening and the bottom region of the
beam. The paths joining the support and point of application of loading are subjected
to the maximum shear stresses.

(a) stresses in x-direction (b) stresses in y-direction (c) shear stresses

Fig. (10)- stresses distribution for beam NO-0.3/4
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Elastic bending stress at centerline of beam ool
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Fig.(11):Horizontal-Bending
stress distribution for beam
NO0-0.3/4
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Conclusions

It is well recognized that the exact analysis of reinforced concrete deep beams
is a complex problem; provision of openings in the web aggravates the situation and
makes the beam highly indeterminate. However, such openings are often unavoidable
because of the requirements of accessibility and of accommodating utility ducts. Up
till now, no code pro-vision existed for design of such beams. Besides, there are very
few published papers that include the analysis of deep beams with web openings and
with web reinforcement. In the present study a nonlinear finite element model has
been introduced.

The numerical method of analysis developed in the present study is capable of
providing useful information about the responses of reinforced concrete deep beams
with web openings under monotonic load conditions. When a good knowledge of the
material properties of the beams is available, the behviour of the beams is predicted
with reasonable accuracy.
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